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I'’ATO MAOHTH

10 teby0¢ mOL KPATAS EXEL 1AL 101OLOPPIQ. GOV OIVETAL UE TI] GVOTOOH VA UN TO 01aAfA0ELG"
TOVAGY10TO UE THY EVVoLa oV A1afalels éva alAo Sifilio Lo vo kaTovoReelS TO TEPLEYOUEVO TOD.

Ipéyuori, o1 aoknoels Tov oo divel o KadnyNTHG ooV eival yio va. gpyaoctels povog. liati
70 Va. AOOEIS ia. GOKNON GHUOLIVEL TOAAES POPES O)l UOVO OTI EYEIS KOTAVONTEL THY OVTIGTOLYN
Occopnriri OAn aAda kou ot EEpeis va. T xpHoIHOTOINOEIS Lo, V. ONIIOVPYELS, VO, OVOKOADTTEIS 1
va emfeforvers kdt karvoovpyio. Kai avto Eyel idiaitepn onuooio yia 6éve, tov ioto. Aev umopel
TOPG, VoL EYEIS KOl 00 TH PLA000EI VoL LDVEIS uovog yawpic fonbeia tig aoknoels, yio vo. vidbelg
T YOPaG aVTHS THS ONUIOVPYLAS, THS AVOKAIDWIG.

Tpéner va Epeig ot otaw dvoroledeoar oty ADon Wiag GoKNoNG, TIG L0 TOAAES POPES VITAPYEL
KGTo10 KEVO atn yvaan ¢ ovtiotoyns Gewpiog Inyaive miow Aoiwov oto d1doktixo PifAio
KdBe popa mov ypeldEeTol va EVIOTITEIS Kol V. COUTANPHOCELS TETOL0, KEVA. Omwodnmote mpiv
KOTOTIOOTELS UE TH ADOT] TWV 0OKHOEWY TPEREL VoL aldOaveaal kaToyog T Gempiog mov d10dyThKeg.

Extog and v karavonon e Gewpiog umwopel va fondnbeic oty Abon piag aoknong omxo
10 TOPAOETYUOTO KL TIC EPOPUOYVES TTOV TEPLEYEL TO O100KTIKO 00V PiffAio. Av mopol’ avta dev
UTOPELS VO TPOYWPHOEILS, aT0 TEAOS TOV PiffAiov cov Oa Ppelg pao abvoun vmodeIln Tov aoPaims
Oo. o d1cvroAbver.

2Tg eldyioteg mEPITToELS mov Eyovtog eCaviinoel kabe mepifwpio mpooraleiog de Ppiokerar
N mopeia Tov 00NYEl aTn ADON THS GOKNONGS, TOTE KoL LOVO TOTE UTOPEIS VO, KATAPDYEIS
0’ aTO TO TEVYOG KO UAALOTO. YL0. VO, OLOPATEIS EKEIVO TO TUIUA THS ADOHS TTOV GOV EIVAL OTAPAITHTO
Y10, VO. OOVEYIOELS HOVOG.

Ovaoi1aotikd. Lo1mov dev 10 ’ YeIg ovAayKkn avTo T0 TEVY0G. 20V TOPEYETOL OUMS YIo TOVS ECHG
Adyovg:

a) [0 vo. uropeic va ovykpivels tig Aboeig mov 00 Pprxeg.

p) Ta va oe mpopvlaler amd avedova «Jvadpioy.

y) [1a va awal Aadel Tovg yovels 6ov amo avtioTolyn OlkOVOULKY EXPAPVVON.

0) Lo va éyeig ead kat o1 copUaONTES GOV THY 1010, GVAAOYH OCKNOEMY TTOV EIVOL ETOL EMIAEYUEVES,
aote vo. eCooporilovy Ty umédwan e VANG.

&) Lo va gpyalecor ywpic to ayyos vo eCoopalioeis omwaoonmote yio kabe pabnuo tig Aboeig

TV AOKNOEWDV.

10 1e0y0¢ OV KPOTAS EIVaL JOITOV PIAOS. Na. TOD CVUTEPLYEPETAL OIS 6 EVaY PIAo TOV Exel
0€L TPLV OO GEVA TNV TAIVIO, TOV TPOKEITOL VO, OEIS [I] TOV ENITPEWELS VO, GOV OTOKOLDWEL TV
«omobean» mp1v deig kou ov 10 Epyo. Meta pmopeite, va ovliytioete. H adyrpion twv courepacudtmy
Qo eivour evorapépovoa. kai TPOTAVTIOS EXWPEANG.

(Am6 to Tunpa MLE. tov I1.1.)






KE®AAAIO 1

1.1 HENNOIA TOY AIANYXMATOX
1.2 TPOXOEXH KAT AQAIPEXH ATANYXMATQN

1. T va pun petakivnBei To copo ypelaletan
VoL EPOPROCTEL SOvan

SB ——(Fi+Fa+ Fy s Fa s Fs),

2. (1) 'Exovpe dradoyud.:

d+7=F+6

BA=TA.

Apa, 10 TeTphmievpo ABIA givor mapaAAnAdYpOpLLO.

(i1) 'Exovpe dradoyucd:

@-71=[# -4
74| [a
(TCA) = (BA).

Apa, to TETPATAEVPO ABIA £xEl ioEG dloyDVIES.
(ii1) Ao ta epotpata (i) kKo (ii) TpokvETEL OTL TO TETPATAEVPO ABIA givan

TAPAAANAOYPOLLLO LLE 10EC dlaydVIES, Apa givatl opBoydVio.
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3.(0) X=d+f (i) X=-d+p-7 (i) X=C--5+7-f—a.

4."Exovpe d1ad0ytKd:
AB + AT’ = AA+ AE
AB-AA=AE - AT
AB=TE

Apa, to TeETpanAevpo BATE givar TopaAAnAdypopLpLo.

5."Exovpe:

AB - AT = (OB -0A) - (OI" —04)
= OB -OA-OI +0A
:5§—@Z+@3+53
= OB +OA.

6. 'Eoto O 10 kévipo Tov eEaymvov. I'vopilovpe
0Tl 01 TAEVPEC TOV KAVOVIKOV €50ydVOL
etvar ioeg pe v aktiva tov. Emopévog
(AB)=(BI')=(I'A)=(0A)=(0B)=(0I') =
=(04) ko Gpa ta tetpanievpo OABI kal

=i

OBIA givon péppot. 'Etot £xovpe

—_— e _ —— —

TA=0A-0OI' =BI' -AB = -d.

7."Exovpe:
PPy + PyPy + PP + 4P + PPy + PPy =

=(RP +RP +PR)+(RR +PR +RP)=RR +PP =0+0=0.



1.3 TIOAAAITAAXIAXMOX APIOMOY

ME ATANYXMA

A" OMAAAX
- , .1 - . .
1. To dvvopa o ivor yvopevo tov Betikod aptBpod H HETO &, EMOUEVAG Elval
o
. - , , , o 1 . 1 .
OLOPPOTIO LLE TO O KOt EXEL LETPO 16O pE |a0| = H-a = H-|a| =1.
o o

2. (1) 'Exovpie drodoyika:
l(m&)—l(mﬁ)
2 3
3(X+d)=2(X+f)
3%+3d =2X+2f8
X=28-3d
(i1) "Eyovpe dtadoyixd.:
X+3(@+f)=4(d - f)-3%
X+3d+3f =4d -4 -3%
X+3%=4d —4f -3 -3d

_7B

x|
Qy

4

Xl

B
o ——
2P

-

3."Exovpe drodoyikd:
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4. (i) Hpogovag etvol AB =B +a.
¢ ‘Eyovupe Swadoykd:
AE +EB = AB
2EB+EB = AB
3EB = AB
EB - AB.
3
Apa, ﬁ:%(ﬁm)
o 'Eyovpe: ﬁzﬁ—ﬁzﬁ+&—2d’zﬁ—&'
¢ 'Eyovpue dwadoyixd.:
AE = 2EB
AE — AA=2(AB - AE)
AE — AA=2AB -2AE
3AE =2AB + AA
3AE =2d - f

— 1 -

AE =28~ f)

o ‘Eyovie drodoyika:

AE =2EB
TE-TA=2(IB-TE)
TE-TA=2IB-2TE

3TE = TA+2IB
3TE =-2d +2(f - @)

3TE =28 -4d
ﬁ:%(zﬁ—@

— 1 . _._z > =
BT = (46 -2f) =S 2 - ).
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(ii) Exovpe ET = %(2& — B) xat AE = %(207 — B), emopévac ET =2AE xat apa.

to A, E xou I givar cvvevBetokd.

5. '‘Eyovue AT =G + B xot TE = 3¢ +3f =3(d + ). Enopévac TE =3AT Kkt
apata A, I' kar E gtvon suvevBetoxd.

6. Me onpeio avapopds éva and ta K, A, M, yia mapadetypa to K, 1 166tto ypaeeTon
S0 00y IKA:

—KA-3KB -2(KA-KB) = (KA-KB)+3(KM - KA)
~KA-3KB -2KA+2KB = KA—KB +3KM —3KA
KA =-3KM.

Apa ta K, 4, M glvon cuvevdetoka.

7. Eyovpe TA+ﬁ+r_z’:%(E+E)+%(ﬁ+ﬁ)+%(ﬂ+ﬁ§)

—_— — —— —  ——  ——

—_— —— —— —— ——

8. Eyovpe OK +OA+OM :%(OB +OI +OI" +OA +0A +OB)
=%(207+2O_B'+20_F')

~O0A+OB +0T.

9. "Eyoupe E+ﬂ+ﬁ+ﬁ:(ﬁ+ﬂ)+(ﬁ+ﬂ)
=2AN +2IN
=2(AN +IN)
=-2(NA+NT')

=-2.2NM =4MN
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10. 'Exovpe AB=TB-TA
= —,uﬁ+ LAB

=(A-u)AB

Qote AB = (A- /,t)A_B" Kot emopéveog A —p=1.

11."Eyovpe AE = AE - AA
=(AAB +kAT)—(kAB + L AT)
=(A-x)AB —(A-Kk)AT
=(A-K)(AB - AT
=(A-x)[B
=(x—A)BI.
Apa AE / /BT .

B OMAAAX

1. Apkeiva dgi&ovpe 0Tt EA = AG. Ipdypatt av wépovpe 10 A ®g oNpeio avapopds,
toTE EYOVLE!

FA-AA-AF
3B+ Lar

3 3
l— —
=§(AB+AF)

1 —
= 3 -:2AM  (6mov M to péco g BI)
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2. 'Exovpe EZ =AZ —-AE = 1-AB -k - AA

El = AT — AE = AB + AA—k AA = AB +(1- k) AA.
, K .
Emeidon A =——, éyovpe
k-1

ﬁz%ﬁ—xﬂz%(ﬁ—(l{—l)ﬂ) Ko ﬁz@—(l{—l)ﬂ.
K— K—

[Hopoatnpodpe 6nEZ = Llﬁ Apa EL/ /EZ, omote ta E, I, Z efvar cuvev-
Os1aKd. K=

3. «'Ecto xﬂ+yﬁ+zﬁz6 Kot x+ y+z =0. Tote épovpe
X(AA-AK)+ y(AB - AK)+ z(AT —AK) =0
—(x+y+z)ﬁ(+xﬂ+yﬁ+zﬁ=6
xﬂ+yﬁ+zﬁz6
Opoimg 0modeKVIETAL KO OTL: OV xAA+ yﬁ+zﬁ =0«kot x+y+z=0, 101¢
xﬂ+yﬁ+zﬁ:5.
¢ 'Ecto xﬂ+yﬁ+zﬁza Ko x/ﬁ+yﬁ+zﬁ =0. Tote £yoovpe
(xﬁ+yﬁ+zﬁ)—(xm+yﬁ+zﬁ):6
x(KA—AA)+ y(KB - AB)+z(KI — AT') =0
xKA+yKA+zKA=0
(x+y+z)ﬂ:6

KO, ETEON KA # 0, éyovpe x+ y+z=0.
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. K ——
4. ¢'Eyovue MA:—I-MB
M—W:—%(@—W)
LOA—).OM =-xOB +KxOM

),O_A'+K(ﬁ:(1<+l)m

—— AOA+xOB

OM =

K+A
apo ?:la+1<ﬁ
K+ A

. . . Ad—-xB
o Eyovpe MA = EMB Kot opoimg Ppickovpe O6tL T = a—Kﬁ.
-K
5. Av mapovpe 10 A g GNHEID avaPOpag, TOTE EXOVHE 4 r
A B

—_— — —— —— ——

& 2AM = AB + AT - AA
& 2AM :E+E+ﬂ—ﬂ,awob AT = AB + AA

< 2AM =2AB

& AM = AB
< M =B.

Apa, to {ntoduevo onpeio gival 1 KopveN B TOL TAPUAANAOYPALLLOV.
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6. Av mdpovpe MG oNUED OVAPOPAS LLL0. KOPVPT] TOV TETPATAEVPOD, Y10 TOPASELY AL
mv A, 10T€ £YoLLE:
AMN = AA- BT B

4(AN - AM )= AA— (AT - AB)
{gﬂhﬂy§F}XLﬁﬁﬂi
2AB+2AA-2AT = AA— AT + AB
AB+AA= AT
AB+AA=AB+BI'
AA=BI.
Apa, 10 ABIA givar TopoAAnioypoppo.
7. Av O givan éva onpeio avo@opds, 10te EXOLLLE:
AA'+BB'+IT'=0A'-OA+O0B’'—OB +0I"' —OI"
:(@+(ﬁ+TF)—(07+073'+07)
-30G'-30G
=3(0G’ -0G) = 3GG’
8. Me onpeio avapopdg to A €govpe:
3MA-5MB +2MT" =-3AM —5(AB - AM )+ 2(A" - AM))

= -3AM +5AM —2AM -5AB +2AT"
=2Al —5AB mov sivor otafepod ddvoopua.

9. (i) Enedn] to tpiyova KAB kot KIA givar 6pota, 1oyvet

(K[) (KA (4 1
(KA) (KB) (AB) 2’

Emopévac, etvon (KI') = %(KA) kot (KA) = %(KB), omoTE EY0VUE

EF:-%KZ Ko EZ:-%EE

(i1) T va dei&ovpe 0t Ta onpeia 1, K, 4 ivor cvvevbeiaxd, apkel vo dei&ovpe

6t KI / /KA. pbypatt, Exovpe
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[
— — _"KA--KB

— KL +TA® 1] — — _ — —

KI = 2+ -2 . 2 = (KA+KB) xor KA=KA+KB, oot

KI :—%E{ KoL Gpo KI / /KA.

1.4 XYNTETAI'MENEX XTO EIIIIEAO

A" OMAAAX

L () [x=2ex=-279x=2

(i) x| <2 -2<x<2

(i) |[y|>2e y<-21qy>2

=-X y=X

) |x|=py|ex=yhx=—y

Xy
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2. H andotoon evog onpeiov K(w,v) amd toug aEoveg x'x kot y'y givat |v| Ko | y|
avtiotoiyws. 'Etol égovpe:

Toto A:2 kol ya
INato B : 4«3 v K(u,v)
Il
lNotol: 6 x5 |v|
lNoto4d: |ﬁ+2| Kot |a—1| =l o
0 H X
Twto M : |y| xan [X].

3. () Tova givar & = 0 apkel 22 —4=0xon A2 —31+2= 0, omdte A =2.

(ii) T v lvon & #0xand@ [ 1X'x apKel 22 —4#0xkmA>—31+2=0,0n6te A =1.

4. Twvo sivor @ = B apkeiva givor 1> —31+2=1>—51+6 kot

2 2 , . , 22 =4 .
207 =31 -2 =-31"+71—2. Etc1 £y00L€ TO GLOTNLO ) , omoTE
SAT-101=0

A=2.

- x 1
5.'Exovua&//ﬁ®‘4 ‘:O<:>x2—4:0<:>x:21’1x=—2.
X

Mo X =2 givan @ = (2,1) kon B = (4,2) =2(2,1) = 2d, dnrodyy @ 11 5.

T X =-2 givar & = (=2,1) ko f = (4,-2) =—2(-2,1) = —2&, dmradny f N @

Apa 1 ntodpevn Ty tov X givann X = 2.

6. 'Eva 81dvoopo, cuyypapuptko pe to 0 0o éxerm popefy AU kot agpod Oa éxet kot
dumhacto LETpo Tpémel |MT| = 2|U|. Emopévog |l||LT| = 2|LT|. Apa |A| =2 omdte
A =212, Apa, to {nrovpevo didvocpo givar i to (6,8) 1 to (—6,—8).

—_—

7. (a) OT :%T, OA=i

+
~.
S

I 12 == .~ == > 1=
=—i+—j, OZ=2], OK=2i+—],
> 2] J 2]

OH =2i +].
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1o —

— 1l 2 = e la — L = o 1o
TA=—i+j, KA=—-i—-=j, HA=-i, KA=—i+—j, HO=——1,
(5] Sit X 5/ 5

e

ZA=1-2j, KZ==2i+>].

N | W

8. (i)' Eotw M (X,0) 0 onueio tov d&ova xx mov toaméyet and ta onueio A kot B.
Tote €yovpe:
2 —2 —2
< MA =MB

- - — 2 JEE
(MA) = (MB) < |MA| = [MB| < |MA|" ~|MB

S (X+1)+6° =(x+9)* +2° © 16x =48 = x =-3.
Apa 1o {ntodpuevo onueio eivar to M (-3,0).
(ii)) 'Eoto N (0,y) to onpeio tov a&ova y'y mov woanéyel and ta A kot B. Mg

avaroyo Tpomo 6mmwg oto (i) Bpiokovue Y = -3 kat dpo to {nrovuevo onueio
givairto N (0,-3).

B" OMAAAX

1. Av A(x, ), B(xy,1,), T (x3,15), A(X,, Ys) koar E (x5, ;) €ivar ot Kopu@ég Tov
TEVTOYDVOL, TOTE £YOVUE TOL GLGTNHLOTOL.

X +X, =3 Yi+Y,=5
X, +X% =6 Y, +Yy, =7
ZiigX+X =8 ko X, 1<y, +Y, =5
X, +Xs =6 Y, +Ys =2
Xs +X =3 Y, +y, =1

® Me npocbeon tov e&icmoemy Tov 2, kath pédn Bpicrkovue

X+ X, + X+ X, + X =13,
Opmg X, + X, =6 ko X, + X5 = 6, emopévag X, +12 =13, dpa X, =1 kot Sradoykd
Bpiokovpe X, =2, X, =4, X, =4, X =1.

® Mg avaloyo tpémo emthvovpe To chotnpa X, kot Bpickovue y, =1, y, =4,
=3, ¥, =2, ¥; =0.

Emopévag ot kopupég tov mevtaydvou givar ta onueio A(l,1), B(2,4), I'(4,3),
A(4,2) xou E(1,0).
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2. Av A(x;,y,) xou B(x,,y,) elvar ta onpeia, tote Ta. X, KL X, £ivar ou pileg g
gkicmong x> — (A% —4A +3)x—17 = 0. H tetunuévn tov pécov tov tuiuatog AB

X +X% A—41+3 21 -4)+3
2

4o A7 —40-5=0

eiva ion pe KOl EMOULEVOG

kondpa A=51 A=-1.

3. Eoto 0ntta onueio M, (x,,4,), M,(x,,4,), M;(k;,4;) xou M ,(x,,4,) glvor
péoa v mAevpav AB, BT, IA ka1 A A TeTpamAiedpov Tov £xel Kopueés A(X,, 1),
B(x,,5,), T'(x;,y;) xav A(x,,Y,). Tote 6a woydet

K1=% Ko )LI:%
K2=X2;X3 K(ll)?:%
K3—X3;X4 Kalﬂg:%
K4—X4;X1 K(ll),“:%,

omote Oa Eyovpe

X+ Xy + X5 + X,
K +K=——"——"—"=K, K,
2

Kot

YitYotYsty,

M+A = 5 =4+,

4. Osopodpe ta onpeia A(q,,B), B(a,,B,) ku I'(x,y). And v Tpryovikn
avVIGOTNTO £XOVLE:
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(FA)+(I'B) > (AB)

\/(x_al)2+(y_ﬂl)2 +\/(x_a2)2 +(y_ﬁ2)2 2\/(0‘2_0‘1)2 +(/32_B|)2~

5. Zyedialovpe Ta &, E Kol T pe kown apyn O ko
¢0t0 OA =, OB = B xatOP =T. And to népog P
o0 T pépvovpe mopdrinleg Tpog Tovg popeic TV
OA a1 OB ko oynuatifovpe o TopoANAGYPOLLILO
OI'PA.
Oa sivar OA = x-OA = x@ kot OF = y~OT3€ yB, ©

omov x,y € R. And tov kavova Tov TopoAAnAoypapLov Exovpe OP =0A+0I" ,

dhadn 7 = xd + yB, mov eivar kon 1 {nrodpevn Exppoo.
®a amodeifovpe 6T ot aplBpoi X kot Y ivar povadikot.
"Eotw Ott ioyvet ko 7 = x'd + ' . Tote éxovpe Sradoyikd:

x&'+yﬁ = x'o_i+y'ﬁ
(x=x"a =(y'=y)pB.

r
Avirov X—Xx' =0, dnhadn X = X, 101 a = y—)f-ﬁ mov onuodiver 6t a /1
7oV givan dromo. Emopévag X = X', omdte kot y =Y. Apa.to T ekppaletor kotd

—

LOVOSIKO TPOTO MG YPOUUIKOS GLVSVAcHOC TV & Kat 3.

1.5 EXQTEPIKO 'INOMENO AIANYXMATQN

A" OMAAAX
1. (i) Eyovpe d-B=(-1)-2+3-5=-2+15=13

(2d)-(-3B)=—6d - =—6-13=—-78

-

@-p)-QGa+p)=3d*+da-f-3d-f-p
=31 +3%)=2-13- (2> +5)
~30-26-29

25
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(i) Eyovpe - =0< (k,A)(2,5) =0 < 2k + 51 =0.

Ta Stovdopato U eivar kdbeta 6to B Kot peta&d Toug GUYYPOLUIKE.

2. 'Eyovpe
U-(IW+w)=Tu -V+u-w=T74+4)+(6+0)=56+6=62

i (7 -) =524 = 2445

|(ii - V)| =|8W] = 8|w| =8-6 = 48

(|@|%)- v =il| - 3) =5 -24 =245

3. (i) Ipéner @ - (& + Af) =0. Exovpe & (d +Af)=ad> +Ad-f=1+A-1=2+1
Emopévog A+1=0< A =-1.

(ii) Opotog B-(d+2B)=0< B-d + 1> =0 1422 =0 A==

4. 'Eoto v = (x,y) 10 diGvucpa mov {ntaue. Tote Oo toyvet:
i-v=0 3x-2y=0
pl=1 ey =1

Amd ™ Aon Tov GLGTHNATOG PpicKovpe
2 3 ]

(x ):(L i)r(x ):(_
A VRNl AL NERRE

5. 'Eyovpe
i 1lveiv=0
o Bd-f)(kd+2B)=0<3ka>+6a-f—xdf -2 =0

<:>3-1(-4+6'2-3~%—K-2~3‘%—2‘9=0<:>K=O

6. (i) 'Exovpe
07~B=0<:>4K+3=0<:>K=—Z

(i1) 'Eyovpe
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|&|.‘B‘cw%=4x+3®\/x2 +1-/42 132 -%:4“3

@ﬂ~ K +1 =4k +3
2
VK2 +1-5J2 =8k +6.

Yyovoupue ta péAn g terevtaiog eEicmong oto teTpdymvo kot Bpiokovpe
T* + 48Kk —7 =0 xaréyovpe Kk =1/7 | k = —7. A6 TIC TIES AVTEC TOV K PIOVO
n k =1/7 enoinBever v e&icwon. Apa k =1/7.

; 1
(i) &/ /f | |=0o3k-d4=0cr=2
4 3 3

<l

u-

*-v=(2&+4ﬁ)-(&—ﬁ)=2|&|2—2&‘-ﬁ+4ﬁ-&—4‘ﬁr

7. Av ¢ givarn yovio tov dlovocudtov U ko V, 1618 cuve = . Opog etvon

<l

|ui

2 - 12 1
=2|d| +Zd.ﬁ—4‘ﬂ‘ :2+2.1.1.[_5]_4:_3_
li” = (26 +4f)* = 46> +166 - B +16 5 =4+16[—%j+16:12’
onote |U’|:2\/§.

<!

f=@-py=a’>-2d-+p =1—2-(—1j+1:3,

omdte \7| = /3.

. -3 1, 2r
Enopévag ocovve = ——, Gpo o =—.

—_—= , Gpa
233 2 3

8. Eyoope & L(@-B)od-(d-p)=0cd’—a-f=0

2 o = o s |&>
< |al =|a|-‘ﬁ‘-cov(a,ﬁ) < oov(d, f) =15

8

9. 'Eyovpe -V =(|&|ﬁ+‘ﬁ‘&)(|d’|ﬁ—‘ﬁ‘&')

N 12 12 12
:|&’|2ﬂ2—‘ﬁ‘ 6{2:|5£2‘[3 —‘ﬁ‘ & =o0.



23
- =5, L o= - =2 L o= I 2
10. Exoons V- =(f’d~(@-B)B)-B=|f] @ B)-@- B[ =o.
11. (i) Exovpe AB =(6-3,-4+2)=(3,-2) kot [A=(-1-1,2-5)=(-2,-3).
Enopévoc AB-TA=(3,-2)-(-2,-3)=—6+6=0.
(i1) Emedn AB-TA= 0, ta dtavdouata AB xot TA givan k6010,

12. Ecto B =Ad+ P, 6mov P L d. Eyovpe Stadoyuké
G-f=2rd’+p-d

a-p=xlaf
2(—-8)+(—4)-5=1-20
-36 =201
a=-8_2
20 5

Enopéveg B = —%o_i +p

Tehkd ﬁ:—g (—2 —Ej

13. H o dtoydviog Tov napakknkoypauuov Ba éyet pKog ico pe |(50! +2 /)’) +(@-3 /)’)|
Kot 1 GAAn ico pe |(5a + Zﬂ) (ad - 3ﬂ)|

‘Exovpe |(5d +2)+ (@ —3p)| =l6c - B, onére
6 - BI*= (62— B’
=36a>-12d-f +f*
o2 I ~|2
= 36| ~12-- f-ouv4s” +|B|

:36.8—12.2\/53.%”

=288-72+9
=225, ondte |66 — | =15.

Opoimg Bpiokovpe 611

l5a +25)- (@ -3B)| =lad +5p] =
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14. ‘Exovue AB- AT + AB-TA= AB (A" + TA) = AB - AA
= AA-poP  AB =5-3(~1) = -15
B" tpémog: AB-Al + AB-TA= AB-AA =(-3,4)-(5,0) =—15.
15.G) |éi+ | =|ail+|3] @‘mﬁr =(|&|+‘BD2
=@+ By =(|al+|])
o a+2d- o =af +20al |5 +[B]
o |af +26-+ | =|af +2[al|] +[]
<d-B=lal-|p]
o al-|floovia. )= a] 5]
& oov(@. f)=1
=d ™ B.
(i) Ja|-{] =[] (1@ {3]) =@+ py

& al-|Blovvi. ) =lal |f
S Gov(&jﬁ) =-1
sa T B.
B OMAAAX
1. Eyovpe 220> +22u(@ - f)+ 1> B> 20 < (Ad + uB)’ = 0, mov woyvet.
To "=" toybeL, av kat pévo av Ad + uff =0 1, 1odvvape, Ad = —puf.

Av A #0, 161 & = T'uﬂ, omdte o / /B, mov eivan Gromo.
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Emopévag A =0, omdte uﬁ =0 ko apa p=0.
Apato "=" 1oydet, av Kot povo ov A = u =0.

2. (i) Exyovpe |7+ +[d —v|" = @+¥)* + @ —v)?

=i’ + 20 VAV i =20V
=2 +2v? = 2|l + 2]’
s 1. . 1. - 1 . . | R
(1) 'Exovpe Z|u+v|2 —Z|u—v ? =Z(u+v)2 —Z(u—v)2

1 L

1

-2 -2 o o )
=—W +2u-v+v)—— W -2u-v+v

2 )7 )

- - - o o o
=—uU-v+—u-v=u-v.

N | —

1

2

3. (i) Av w givonn yovia tov a K B xarto U oynuotiCel pe 1o o yovio ¢, ko pe
10 f yovia ?, TOTE EYOVLLE:

a - |fla-+al
0=l +[d] @)
al-flovven =| Bl af +1af* flovvo
- ooves =] Bt + oovo)
R
i

oLV, = (1+ovvw). (D

Opoimg &yovpe: U=‘ﬁ‘6¢'+|§i|3
-0 =|p|-@ B)+lal- B
S, - N - N =2
‘ﬁ‘-|u|cuv<p2 =‘ﬁ‘~|a|~‘ﬁ‘cova)+|a|~‘ﬁ‘
|ﬁ|-cuv<p2 :|&'|-‘E‘(l+cova))
jil-|B]
GLVY, =W(l+cuva)). 2)
Amd tig (1) xou (2) éyovpe GLVE, = CLVY,, PO @, = @,.

(ii) fm:(\E\&+|&|ﬁ)(\ﬁ\&-|&|ﬁ)
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L2 ~ - -
=‘ﬁ‘ 56'2—|07|2ﬁ2=072ﬂ2—072[32=0.

Enopévag i LV xar eme1df o popéac tov U Syyotouei ) yovia tov & xor 8,
0 popéac tov V Siyotopel v mapominpopoticy yovia tov o ko .

4. (i)'Exovpe dadoyikd:

—

20+B+7=0
20+ f =7
4G° +4df + B =77
4-4+4Gf+1=9
ap=-2 (1)

Av gpyactovpie avaAdy®e, Bpickovpe OTL:
B-7 =37 d=-6. )

(i1) 'Etot, Aoym tov (1) ko (2), £xovpe

Lo a2
Gov(a,ﬂ)—|§|.‘ﬁ‘—ﬁ——l

Opoimg

ouv(B,7) =1 kat cLV(7,d) = 1.

Eroreivar & TN B o B T17 kan, eneidn |07| =2,
d=-2f ka7 =3p.

ﬁ‘ =1 xat |77| =3, &ovue

5. Enewdt & L B éyovpe &+ =0 ondre
Ku+Av=0 (1)
Eneidn ta pétpo tov a kot /;; glvat ioa pe tn povada Exovpe
K2+AT =1 ko p’ +v: =1, 2)

Emopévag

(kv —Ap)* =[(x,A)-(v,—)]* = (\/K2 +A7 -\/v2 +u’ -cmvco)2 =1-1-cuv’o,

omov w givar ) yovia Tov dtavvopdtov (k,A) Ko (v,—L).
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Ouwg ta dtavdopata (k,A) kot (v, —p) givor mapdrinia, apov

K
=—(ku+Av) =0. Enopévag, Bo sivol cuv’e =1 kot étot Oa £yovpe

v o—u

(kv —Au)* =1.

. Oewpodpe o Sovocpata & = (a, f) ko ﬁ =(y,9).

Kat a-B=ay+ps.
ay + BS "

ko emedy —1 < ovv(d, f) <1
Ja© + By’ +68°

goope —I< ay + o <1

- Jo© + By’ +687 o

. (i) Eyovpe MA=0A-OM =-d - xat MB =0B-OM =d - .

Enopévag ouv(d, f) =

(i) Exoope MA-MB =—(G + f)G - f) = f* —a* = ‘ﬁr ~laf* =o.

A@pov MA-MB = 0, &govpue MA 1 MB. T'eopetpucd avtd onpaiver 6T “n yovia
1 EYYEYPOUUEVT] GE NUIKVKALO €ivot opOn”.

. (i) AB=HB-HA=f-d, AT =HI -HA=7—d xa

Bl =HI -HB =7 - .

(ii) "Exyovpe 77-&‘277-5@77-(66—@:0@?-@:0 OV GYVEL, POV
I'Z 1 AB.

Eniong 7-f =6 B < (7 —d)-f=0< Al -HB =0 mov eniong 16y0sL, apob
BE | Al'.

(i) Hioomta 7-d = B -@ yphoeton Sodoyud:

—
- - —

y-a-p-a=0
(7-P)-d@=0

(HT -HB)-HA=0
B -HA=0
BT 1 HA.
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Emopévag AH L BI'. Amodeifope Aoumov OTL: “ot OpEiS TV VYOV EVOG TPLYDVOL
diépyovtor and to 1610 onpeio”. (To onpeio avtd Aéyetar opOOKEVTPO).

9. 'Eyovpe %:E_E:f2 —ﬁl Kat ﬁ:ﬁ—ﬁzﬁz—fl. Enopévag

BO- Iz :(772 _ﬂl)'(BZ_Vl):}?Z.ﬂZ_yZ 771 _Bl 'ﬁz +ﬂ1 '771
=75+ 57 :|772| B, GUVZA@+|ﬂ1||}71|O'UVBAF

= (AT (AB)ovv(r — A) + (AB)(ATN)cuv A
= —(AB)(AI')ouvA + (AB)(AlN)oLvA = 0.

Apa BO LT Z.

10. Av @épovpe ) dayodvio Al tote Eyovpe
AB’ = npoBEE kot AA = TpoP AT.
Emopévag oydet
AB-AB’= AB-AT xau AA-AA' = AA- AT,
OTOTE £YOVLE
AB-AB'+AA-AA' = AB - AT + AA- AT
=(AB + AA)- AT

= AT -AT’
2
=AIl .

11. Av B’ givar to avtidiopetpikd tov B, 10te
BAB' =90° ka1 EMOUEVG MA = npof.~MB'".
Elvan
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MA-MB = MB-MA =MB-MB'= (OB -OM)-(OB'~OM)

A = (OB -OM)-(-OB —OM)
~N \ — i — g
SN = (OB +OM)-(OM —-OB)
B s B’ o
-OM -OB
2
=OM -p?,

mov gtvan otabepd.

I'ENIKEX AXKHXEIX 1ov KEPAAAIOY

. T va elvat ta Tpla onpeia A, B kot I” cuvevbetaxd, aprel va amodei&ovpie 6Tt Ta
Swvoopata AB kot AT givor cuyypapikd. Av mépovpie To onpeio A og onpeio
aAvapopag, TOTe Eyovpe S1odoyLKd:
xOA + AOB + uO—f =0
~kAO + A(AB — AO) + u(AT — AO) =0
AE+;¢F—(K+A+;¢)@ =0
AAB + yﬁ =0

AAB = —,LLF

Enewdn [ic|+|A| +|u| # 0 kaw & + A + p1 = 0, évag Tovdéyiotov amd Tovg A, 1 Oa eiva
SrpopeTikdg amd to 0. Av w.y. elvan A # 0, tote Eyovpe: AB = i Al.

Emopévac ta Stavoopoto AB kot AT givar cuyypoppkd, dpa to onueia A, B
kot I givan cuvevBetaxd.

Avtiopopwg.

Av 1o onpeia A, B kon I givar cuvevberard, Tote vitdpyet Tpaypaticds apipds p
TETOL0G, MOTE AB = p- AT. Emopévag

OB —-O0A = p(OI" —-0A)



OB —OA - pOI" + pOA =0
(p—1)OA+1-OB +(—p)Or =0.

H televtaia oyxéon av Bécovpe p—-l=k, 1=21 xar —p=u, ypaoetal
1<~O—A'+A-O_B'+,u-§ pe Kk +A+pu=p-—1+1-p =0 kot pe évav TovAdyIGTOV
a6 TOVG K, A Kol 1 S1APOPo TOV PNdevog, edd A =1+ 0.

- 1 - —
. Apxeivo omodei&ovpe 611 AM = E(AB + AI').

"Exovpe AB = MB - MA
- AM - BM
:lﬁ+uﬁ—lﬁ—uﬁ
=(A+p1)AB +(u—-A)AT .

Qote

AB = (A+ W)AB + (1~ )AL %, 10050vopa, (1-4—pu)AB = (u—A)AT .

Enredn dpog ta dtovdopata AB xa AT ev eivau GUYYPOUIKA, 1) TEAEVTALOL

1
wotnta woydel povo 6tav 1-A—pu=0 ko p—A =0, emopéveg u=A= 5

— = 1= 1 — —
Apa AM = 5 AB + EAF = E(AB + AI') mov onpaivel 6t 10 M etvon 10 pécov

g mAevpag BI.
. Me onpeio avapopds 1o A 1 dobsica oyxéomn YpapeToL S10d0y KA
OM -(OM —20A) =7
(AM — AO)(AM — AO —20A) =7
(AM - AO)(AM + AO) =7
— 2 —2
AM -AO =17

2 — 2
‘AM —‘AO‘ =7
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—_ 2
‘AM —9-7

‘AM‘:4.

Amd v tedevtaio 166t Ta TPOoKVTTEL OTL TO M 0méyel and 10 otabepd onpeio
A otafepn andotoomn ion pe 4. Apa 10 M Kiveitan og KOKAO pe KEVTPO T0 A Kot
oktiva p =4.

4. o’ 1pomog: To epuPfadov Tov TapOAANAGYPOLLLLOD B r
OAI'B givai ico pe |o_c'|-u, dnhadn ico pe

|6£ | ‘ B ‘ NU®, 6TOL ® N YOVIO TOV SIVOGHATOV B/ !
a ko B. Apkel, hommdv, vo amodeifovpe 6t '

|&'|-‘E‘-nuw£‘ﬁ‘<:>|o7|-nuco£1. )

Ny
N

And ) dobeico oygon Exovpe:
‘&‘ +AB ‘ -1
R NY)
‘a+lﬂ‘:1
@+218) =1
a’+22dB+(Af) =1
-2 -
’ﬁ‘ 22 +(252-/f)~/1+(|&|2 —1):0
H televtaio e&iocwon givor 200 Babuod mg Tpog A Kat, GOUPMVO. LE TV EKQOVNOT,
€xel Aoon. Apa, 1 dStakpivovoa 4 g e&iowong avtg eivar peyoldtepn 1 ion tov
pundevog. Anrodn, Exovpe
- N2 =2 12
A2 0 4@ By -4|B| (@ -1)=0

12
<:>|a

‘ﬁ‘z Guvza)—‘ﬁr (|o7|2 —1) >0

F+120

<:>|6€|2 -Guvza)—|5i
& —|6£|2 no+1>0

<:|6i|2 o<l

= |o_i|nua) <1 (apod nuw > 0).
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B Tpémog: To epPfaddv Tov TapoAANAOYPALLOY
OAI'B givat ico pe

(OAT'B) =(0OB)-(0A). (1)
Opwg, etvar (OB) = ‘ ﬁ‘ Ko
(04)3(02):‘&%/?‘:1.

Emopévag, Aoym g isottog (1), égovpe
(OATB) < (OB) = ‘[3‘

. (1) T va ivar To H to 0pBdkevTpo Tov Tpt-

yodvou apkei va dei&ovpe OtL AH -BT = 0,
BH-AI =0 xou TH - AB =0.

"Exovpe: AH -BT = (O?—EA)(OT—FB)

=(@+B+7-d)7 - P)
=(B+1)7 - B)
-1 |7

.
=0

Opoimg delyvoupe Kot 0Tt BH -AT’ =0 xou TH - AB =0.

(i1) Tl To Papvkevipo G yvopilovpe 6Tt GA+GB+GI =0.

p

./

4
a7

O

Emopévag OA-0G +0B-0G +0I -0G =0

30G =0A+O0B +0I'

—_—

G=%(6¢'+ﬁ+;7).

(iii) Exoope OH =d + f+7 xow OG =%(&+ﬁ+77)-

Enouévmgo?:3£@o?_o?:z@’@ﬁ:z£@£=%eﬁnou

onpaivel 6t ta O, G kot H givor cvvevbetaxd onpeio kot 6ti to G dwpei to

tuiuo OH og Adyo 1/2.



6. Av @épovpe ) didpetpo AA', 1otE 0L YO-
vigg B, I, A givar opBéc.

Enopévac,

AB' = TpoP_ H, AA = npoﬁﬁm

ko A" = mpof_— AA,
ondte
E~E+B'm:E~npoﬁﬁm+ﬂ~npoﬁﬁm
= AB-AA'+ AA- AA!
=(AB + AA)- AA'

:F~mzﬁ~npoﬁﬁm:F-AF'.

7. Apkei va dei&ovpe 0Tt Al =2AG. Ipay-
pott, eneldn o / eivon péoov tov AE €yovpe A

ﬁ_TA+E _ AB+BA+ AT +TE
- B 2

E%ﬁﬁx—r’%@' B

2

=§(E+ﬁ)

2
= 3 -:2AM (6mov M 1o pécov tov BI)

zz(ZA—’M]
3

- [ pu—
=2AG (apov AG =§AM ).
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. Eme1dn) o K givar péco tov A4 kauta A, 4 £xovv cvvtetaypéveg (a,0) kot (0,0)

avtiotoiyme, o K Ba £xel cuvtetaypuéveg:
a o
Xi» =l —=,— | 1
(Xg» k) ( >3 j ©)
Emedn 1o 4 givon péco tov Bl kan ta B, I éyovv cuvtetaypéveg (0, B) ko (—f,0)
avVTIoTOlY®G, TO A B €€l GUVTETAYUEVES:

(L2
(xA,m—( 2,2) @

Téhog, emeldn to M givar péco tov AH kot ta A, H £xovv cuvietaypéveg (o, 0)
kot (=B, —(a + B)) avtioroiywe, To M Ba éxel cuvTETAYLEVEG:

(a-B _a+[3
(xM’yM)_( 5 5 j 3)
Emopévac
A—A:(_Z‘“ﬁ ,ﬁ] m:(_ﬁ,_ﬂ)
2 2 2 2
Apa - -
N e R E
2 2
Kot

KB 20etB B 2B
2 2 2 2

E}

onote AA L KM.



KEDAAAIO 2

2.1 EEIXQXH EYOEIAX

A" OMAAAX
1. (i) O ovvteleotrg dievBuvong g evbeiag AB etval:
_6-4 2
1-(-) 2

(i1) O ovvtekeotrg drevBuvong g evbeiag 14 eivan:

(iii) O ovvtereotng devBuvong A kabe gvbeiag kaBetng Tpog v 1A éxel pe Tov

1
ovvteheotn dtevbuvong g A ywvopevo ico pe —1. Apa Ba glvor A = ——.

2. 'Eot® o n yovia mov oynpatifetn AB pe tov d&ova x'x.

(i) H evbeia AB €yet ouvteheotn) dievbuvong A =

6-4 :zzl. Apa, o 1oy0eL
I-(-1) 2

epw =1 ondte O givor @ =45°.

. 4-3 1
(ii) H evBeio AB £yt cuvteheotn diedbovong A = 0D = 1 =1. Apa ka1 otV

nepintwon avth Ba éxovpe w = 45°.

(iii) Emeldn ta A, B &yovv tnv 1010 teTunpévn, 1 evbeior AB Ba givar Kotokopven
Ko Kotd cuvémeta Ba givor @ = 90°.

(iv) Enedn ta. A, B €yovv {010 tetpnpévn, n evbeio. AB Ba givor opildvtia kot katd
ocvvéneln Oa givor @ = 0°.
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3.

. (1) 'Exovpe Ay =

(1) To dévuopa 5= (3,-2) éyet ovvteheotn devbuvong A = —%, ondte 1) {ntodpevn
gvbeia, mov givo TopdAANAN pe To 5 Oa €xeL ToV 1010 cuvtedeoTr] dievbuvong.

Ene1om, emmhéov, diépyetor omd to onueio A(l,—1), n e&icwon g Oa eivat:

2 2 1
—(-D)===(x-1) 9, oddvopo, y=——x——.
y=(D 3 (x=Dn Mo, y=-2x—-2
(i1) To d1Gvvopa 5 (0,1) éyet tetunpévn ion pe to undév, dpa €xetl d1eHOvvon
katakopven. Etorn (ntoduevn evbeia Oa sivar kot anTh KtakOpLE™ Koit, ETEON
dépyetar amd to A(l,—1), Ba €xet e&icwon X =1.

(iit) Av A 0 cuvteheoTng drevBuvong g (nrovpevng evbeiag, Ba Exovpe A = 8@% =1.

Apa, 1 e&iowon g evbeiog Ba etvar: y+1=1(x—1) 1, w0odbvapa, y =x—2.

4-2 2
-3-3 -6
BT, Qo £xet ouvtekeot) devbuvong A, = 3. Eneidn}, emmhéov, 1o A(-1,0) eivor

1 . , . .
=——, omoTE TO VYOG A4, oL glvar kGbeTO OTNV

omnpeio Tov Vyovg, N e€lowon Tov Ba efvar y —0 =3(x —(—1)), nradq y =3x+3.
1

1
Epyaldpevor opoimg Bpiokovue 6t1 1 e&icwon tov vyovg BE givar y = Ex + 5

ka1 e&lomon Tov dyovg I Z givar y = —-2x—2.

(i1) IIpopavadg kot n pecokadetn e Trevpds Bl Ba £xel cuvtedeotn) dievbuvong
A =3. Emedn), 6pwc, avtn) diépyetan and to péoov M g B, to omoio £xel
3+(-3) 2+4
2 72

oiaodn y =3x+3. (Hapatnpeiote 6t Tawtileton pe v e&icwon Tov vVyovg A4,
Tl GUUTEPOLVETE;)

Epyalouevor opoing Bpickovpe 61t o1 e€lcdoelg tov pecokadétav tov Al Kot
AB, avtiotoiywg, etvo:

OVLVTETAYUEVEC: = ,J), N ECLOMON T o EVOl —J3=J3(Xx—-
YHEVES (0,3), n ekicowon g Ba givar y —3 =3(x—0)

y:%x+3 Ko y=—-2x+3.

1 1
. Etvauw 4, =3 Ko Agr =2 Gpo AA//BI". Eniong etvon A,z =2 wou Ap, =2,

apo. AB//TA. "Etot, apov to TeTpanievpo ABIA yel T1g omévavtt TAELPES TOL
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nopdAinies Oa etvon moparinidypappo. Axopn etvon A, = -1 kot 1,4, =1, omdte

Aar - Agy = —1xar cuvenamg ot Al kot BA givon kdBetes. Apo 10 mapoAinAdypapLuo
ABIA givan poppog.

H AT éye1 cvviedeot diebbovvong A = —1 ko diépyeton amod to onpeio A(3,1).
Apa, Oa éxet e€iomon y—1=—-1(x—3), dnhaodf y =—-x+4.

Opoimg n B4 €xet ovvieheot dievBovong A =1 ko diépyetar and to B(5,5).
Apa, Ba éyel elomon: y—5=1(x—15), dnAadn y = x.

6. 'Exovpe A,, = 0;(_1) =lxot A, :_?’_—:D:I.Eﬂopéw»g, Aug = Aur , OTOTE

ot gvbeieg AB ko Al etvor mopdAAnAeg Kot EpOGoV Eyovv Kovd To onueio A Ba
tavtilovral. Apa, ta onueia A, B, I' Oa gival cuvevbeiad.

7. ® O ocvvteleotg dievBuvong g evbelag ¢ etvor 160G e

P cuvf-—nub
nuo —covvo

aQov [Xéyco g vobeong —% <0 <% Kot 0 # %j glvar nub # ocovvo.
Emopévac, n gvbeia &, mov diépyetat and 1o A(cuvl,Mub) Kat ExeL GLVIELESTN
devbuvong A =—1, Ba &yt e€icwon y —nmub = —1(x—covvl), n onoia ypapetar

y=-x+(nub +covvo) @)
o H gubein & diépyetar amd v apyn Tov a&dOvav, ov Kot Lovo av 1oyveL

0=-0+(Nub +ovvh) < nub = -covvo
S eph=-1

<:>9=—£, aQov Y P
4 2 2

Apa 1 evbeia & dépyeTot omd TV apyf TOV aZOvmv, av kat pévo av 8 = s
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8. Av (x,y) &ival ot cuvtetaypéveg Tov kévrpov Bapovg G tov tpry@vov ABI, 10T
Oa eivau
_2-4+3 1 _3+5-4

— Koy =
3 3 y 3

X

[SSRINN

Emopévac, n gubeia mov diépyeton and onueio A(2,3) ot G = (%,g} €xet

NERE
ocvvtereotn devbuvong A = —? = % =1 kot kotd cvvénetla 1 e€iowon g Ba

2~ 2

3 3

givar y—3=1(x-2), onAadn y =x+1.

B OMAAAX

1. H {nrodpevn evbeia, enedn oynpatilel e Toug AEOVES TPiy®Vo Kot TEPVAEL Amd
to onueio A(—1,2), Ba €xet e&icwon y—2=A(x+1), pe 1 #0, -2, onAadn:

y=Ax+A+2, ue L #0,-2.
Me tovg meploptopos 0wt To orelo Topng TG eLBeiog e Tov x'x, £6T® B, £yt
, A+2 , . , . "o
ovvietaypéves | ———,0 |, evd To onpeio Topng g pe Tov déova y'y, éotm I,

&xet ovvtetaypéveg (0,4 +2). 'Etot, apod (OB) =

ko (OF) =2 +2],

70 Tpiy®vo OBI elval 1GOOKEAEG, OV KOt LOVO av:

|A+2] 1 ,
=l+2l o ——=1+2le —=loi=ler=17 1=,
12 4]
Apa, vTapyovy dVo gvbeieg TOV KAVOTOLOVV TO {NTOVIEVO KOL TOV 0TOI®MV 01
e€lomoelg ivat:

_l+2
2

y=x+3 ko y=—x+1.

2. Apyikd, S1omioT@VOLE OTL 01 GUVTETOYLEVEG TOV A dev emaAndedovv Tig e£lomaoelg
mov divovtatl. Apa o1 e€lodoelg avTég avtiototyovv ota Vyn BE kot I Z. 'Ecto

1
onm y= Ex +% givonm e&iowon tov BE koin y =—x+ 2 tov [ Z. Tote, enedn
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AI' L BE xot AB L TZ, Qo éyoope: A,y -Age =—1 ko A, - A, =—1, ondte

A =—2 xou A, =1. Apa ore&iodoeig tov Al ko AB Oa etvat, avtioTtoiywg, ot

y=—4==2(x-1) xn y—4=1(x-1),
dnradn ot
y=-2x+6 xon y=x+3

Emopévac, ot cuvtetaypéveg tov I givat ) AOGT TOV GLGTIHHOTOG

, mov givat to {evyog (4,-2)

Al :y=-2x+6
I'Z:y=—x+2

KOl Ol GUVTETAYLEVESG TOV B givai 1) AVOT| TOL GUGTHLLOTOG

AB:y=x+3
,  mov givon to Levyog (3,0
BE:y:lx+E Setos ( )
2 2
, , -2-0 -2 , , -2
Télog, emedn Ay = -3 :7,n8§10m6n ™g BI Ba etvan y—O:T(x+3),

2 6
Miadn y=——x——.
naoon y 773

. Ot evbeieg mov diépyovtor omd to onpeio M(2,1) eivou n kataxdpven pe e&icmon
X = 2 Kot o1 un katakdpueeg pe eélonoelg y—1=A(x-2), L eR.

e H gvbeia X =2 tépver v y = x+1 oto onueio B(2,3) kor v y =—-x+1 ot0

242 3+(-1
onpeio I'(2,—1). To BI" €xet péco 1o onpeio pe GUVTETAYHEVES [%, +§ )j

dnradn (2,1), mov eivor ot GuvteTayUEve Tov onueio M.
Apa, n katakopuen X =2 eivar po omd tig (nrovpeveg vbeiec.

eHevbelo y—1=A(x—-2), L eR, téuvettig y =x+1xa y =—x+1 ota onueio
B xo1 I” avTiotoiymg, ToL 01 GUVIETAYUEVES TOVG EIval 01 ADGELG TV GUOTNUATOV:

y=x+I y=—x+1
Ko
y—1=A(x-2) y—l=A(x-2)
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Emovtog to cuothipoto autd Bpickovue 6t to (ntovpeva onpueio eivor ta

B 21 ’32—1 cot I 24 ’1—/1 '
A-1 1-1 A+1 A+1

"Etoito M(2,1) Ba ivan pécso tov BT, av kot povo ov

2
l(ﬂ+ﬁ]:2 My 2=2-1
20A-1 A+1 A7 -1
Ko .
1341, 1-23_, 312+2/1—1—/12+2/1—1_2 124 dd 22 2
2\ 2-1 2+l PR B LT

O1 e&lodaoelg OpmG aVTéEG deV GLVAANBEVOVV Y1 KOio, TIUH TOV A, apod 1 IO
etvar advvarn yua kéBe A € R. "'Etorn pdvn Adon tov tpofAnpatodg pag, etvor n
Katakdpven gvbsia X = 2.

B Tpomoc: 'Eotw £ n {nrovpevn evbeio kor A(x,,y;), B(x,,y,) ta onueio toung
™G pe TG evbeieg y = x+1 kou y = —x+1 avricroiyms. Tote Oa 1oyvet

x1+x2_2 X, +x, )
T - x +x,=4 x =2
2 o= 2 @{1 2 @{1 .
y1+y2:1 xl—x2+2:1 X —x,=0 x, =2
2 2

Apa (x,3)=(2,3) xar (x,,y,)=(2,-1), ondte ta {nTodueva onueio etvar ta
A(2,3) ko B(2,-1). 'Etoin gubeia e = AB éyet e€iomon X = 2.

. 1 1
4. (i) H e&iowon g evbeiag mov opiletar amd ta onueio P(K,—j ko Q [A,ZJ,
K

1 1

pe Kk # A ko x,A # 0, éel cvvtekeotn| devbuvong ico pe A Kk _ _—1 Apan

-k KA

1 1
e&lomon g elvat y —— = ——(x—k), onAadn
K KA

1 K+A

PRy M
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K+A

(i) And v (1), yia x =0, éyovpe y = kat, yuo Y =0, éovpe X =K+ A.

Apa 1o onueto topng g PQ pe toug d&oveg y'y ko x'x avtiotoiyme, eivot to:
+A
B [o’c—j Kat A(k + 1,0).
KA

"Etot Ba épovpe:

(AP):\/(K—K—A)%G—OJ N
K

K
Kot
1 xk+AY) 1
BQ)=,[(A-0)" +| —— =2+ —.
(BQ) \/( ) (ﬂ, ’dj e
Apa AP =BQ.

. H gvfeia mov diépyeton and ta onueio A(a,0) ko B(0, B) éxel ovvieheotn

-0
devbovvong A = g— = —E, onote 1 e&icmwon g Oa ivar n:
-a o
y—0=—£(x—a)<:>y:—ﬁx+ﬂ<:>ay+ﬁx:aﬁ<:>i+l=1
a a a p

(ue Tov Tpoavn meplopiopd 6t a - #0).

. Am6 ta dedopéva mpokvmtet 0Tt 1 Cnrovpevn evbeia Ba Exetl eElomaon g Lopeng
y= —§x+ B, B #0. And v e&icwon ovth, o Y =0, éyovpe X = %ﬂ KO, Y10,
x=0, éovue Yy = B. Apa, ta onueio A kot B Oa £yovv cuvtetaypéveg ta (evyn

(% [3,0] kot (0, B) avtiotoiymg, omote Ba lvan
3
Xyt Vg :15<:>5ﬁ+ﬁ=15©5[3=30<:>ﬁ=6,

2
Apa, 1 e&icwon g tnrodpuevng evbeiog eivarn y = -3 x+6.
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2.2 TENIKH MOP®H EZIXQYXHX EYOEIAX

A" OMAAAX

1. Enedn ot cuvtedeotés pu—1 ko u tov X Koy dev undeviovrotl cuyypodvmg yio
Kopio Tipn Tov w1, M dobeica e&icmwon Topiotdvel yio kdbe 1 € R gubeio ypoppn.
"Eoto ¢ 1 evubeia avtr. Tote:

elIXxeou-1=0u=1xue//yy< u=0.

Téhog, N € diépyeton and to 0(0,0), av kot pdvo av ot cuvteTaypéveg Tov O
enoAnBevovv v e&icwon T, dniadn, ov Kot LOVo av 1oYVEL:

(L-1D0+pu- 0+’ =0’ =0 u=0.

2
2. e Hevbeia 2x -3y + 6 =0 &xel cuvtedeotr) dievbuvong 3 Apa n nrovpévn gvbeia,
7oL gtvat kaBetn o’ avThv, Ba £xel cuvteleot) devBuvong -3 KoL, ETEON dEpyeToL
. . . . 3 , 3
anod to onueio A(—2,3), 6a et e&icwon y—-3 = = (x+2), onradn y = ) X.
¢ Ot ovvretaypéves Tov onpeiov Topung Tev 6Vo gvbetdv givar  Aon ToL GLGTHLATOG

mov givan to Levyog [—2 gj
’ 13713 )

3. Otovvretaypéveg Tov onpeiov Toung tmv dvo gvbeldv etvar Ao ToL GLCTALATOS
{ 2x-5y+3=0

, oV givar to Levyoc (—44,-17).
X—3y-7=0 Cevyog ( )

H evBeia 4x+ y =1 €yet ovvteheo devbuvong —4. Apa, 1 (ntoduevn Ba Exet

oLvTEAEDTN dlevbuvong % Ko, Enedn dEpyetat omd To onueio A(—44,-17), 6o

éxereElooon y+17 = %(x +44), onhadn y = %x —6.
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4. (i) Eneiony AA//BI", Bagivor A,, = Ay = —%. Apan e&iocwon g A4 Oa givon

1 1 14
y—6=— 3 (x+4), onhadn y = -3 X+ 3 Emopévag, ot cuvtetoypéveg tov 4 Ha

1 14
. . . AAry=——x+— i .
glvat n Ao Tov CLGTHILATOG 3 3, mov givar To evyog (2,4).
TA:x-—y+2=0
. , , ; . 6-1 -5 .
(i1) O ovvtereotg devbuvong g dtaywviov Al elvar A = o) = 3 omoTE M
—4+

AT gtvon mapdAInAn Tpog to Sdvocpa:
3, = (3,-5).

O ocvvteleotng dtevBuvong g dtaywviov B4 GuUTITTEL e TOV GLVTEAESTN
devbuvong g 4K, 6mov K 10 onpeio Topng tov dayoviov Al ka BA. To K sivar

=57
10 pécov g AL, omdte Oa £xel cuvteTaypéveg o {evyog (75] Emouévag, Ba.

! 4
7 1
WOY0eL Ag, = Ay = _25— = ;,onéts 1 B4 Ba givon mapdAinin Tpog to didvuopa:
—-2
2

3, =(9,1).

Apa, 1 o&ela yovia tov A" kot B4 Oa givat ion 1] TopomANpOUATIKY LE TN Yovia

@ TOV SVOCULATOV O, O, Y10 TNV OTOT0l £XOVLE:

5, -5, 3.9-5.1 11 11J697
CLVQ = 5= = = = =0,416.
68 V352 o e VIT-AL 697

‘Etot, 1 o€gia yovia tov Al kot B4 Ba givar Tepimov ion pue 65°.

5. H evbeia pe e&icoon (A-Dx+Ay+8=0 elvar mapdrinin mpog to didvuoua
5] =(A,1-1), evd n evbeia pe e€iowon Ax+3y+1-24 = 0 givorl mapdAinin Tpog

70 52 = (3,-1). Etot, o1 800 gubeieg eivan kabeteg, o Kot Lovo av 51 L S;. Onog:



44

—

5 16,6 -6,=0=31-2(1-1)=0

l

S +20=0=2A(A+2)=0

SA=0f A=-2.

6. Otovvretaypéves Tov onpeiov Topng Tev evdeimv 3x+4y +6 =0kor 6x+5y-9=0

3x+4y+6=0

. . 22
, mov givon to Levyog | —, =7 |.
6x+5y-9=0 3

glvat n Ao TOL GLOTAUATOG {

22
‘Etoin evbeia 3x+3y+x =0 diépyeton amd to onpeio (?,—7} av Ko Lovo ov
22 , ,

3?+3(—7)+ K 1, loodvvapa, Kk =—1.

Apa, (ntovpévn T tov k glvann —1.
B OMAAAX
1. (i) 'Exovpe

=y +4y-4=0x"-(y-2 =0 (x—y+2)(x+y-2)=0
Sx-y+2=017 x+y-2=0.

2

Ot tedevtaieg eival e€loMoElg TV gvbetdV
7oV ameKovilovTal 6To SuTAavd YN

2

(i1) 'Eyovpe

x2—yz—4x+2y+3:0<:)(x2—4x+4)—(y2—2y+1):0
Sx=-2 -(y-1)’=0x-2-y+D)x-2+y-1)=0
S x-y-Dx+y-3)=0=x-y-1=01 x+y-3=0.

O1 e€1omaelg avTég TaploTavouy gvbeieg.
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2. T va mapiotdvel n e&icwon
Qa* +a+3)x+(@* —a+)y+@Ba+1)=0 (1)

gvbeia ypapun, yo g d1épopeg TYEG TOV @, TPENEL VOL OPKEL Ol GUVTEAESTES TMV
X katy va punv givat toutdypova undév. Avtd cuppaivel, apod 0 GUVTELECTNG TOL
y dev undevileton yro Kapio TPpayHOTIKY TYL TOL a. T cuvéxela Bempovpe 600
TéG Tov o (¢oto @ =0 kot a =1) kot Ti¢ EI6DGELG TV EVOEIDY TOL TPOKVTTOLV:

3x+y+1=0
6x+y+4=0

To cvomua TV elodoemV aVT®V £yl Lovadtkn Avon v (x, y) = (—1,2). Apa
ot evbeiec avtég Tépvovtar oto onueio A(—1,2). H e&icmon (1) emainbeveton amd
TIC CUVTETAYILEVES TOV OMUEIOL A, 0PV

Qa’ +a+3) (=D +(a’ —a+1)2+3a+1==20" —a-3+20° —200+2+3a +1=0.

Apa, Oheg o1 gvbeieg tng owoyévelag (1) diépyovrat amod to onueio A(-1,2).

3. Ot ocvvretaypéveg Tov onpeiov Toung Tov evbetdv x+4y =5 kat 3x—2y =1

x+4y=5
glvat n Ao ToL CLGTHHATOG {3x B ;y _7 mov givan to Levyog (x,y) = (1,1).

H tpitn evBeia 7x -8y +1=0 emainBedetaryar x=1, y=1 apov
7-1-8-1+1=0

Apa, kot oL Tpel; evbeiec diépyovtar omd to onpeio pe cvvtetaypuéves (1,1).

4. 'Eyovpe 116 gvbeieg px—y =0 ko (1+ p)x+(u—1)y =0, mov eivar avrictorya

TAPIAANAESG pe T, SlovOGHOTOL: 51 =(1,u) kot 52 =({-u,1+ p). Tomyv yovio
@ TV 000 AVTMV SUVVCUATOV 1oYDEL:

‘EH ‘ JP e pa- )+(1+/4)2_\/1+#2\/2(1+u2)_x/§ 2

N _ 2
cove = 6, (i (1= p)+ p(+pw) o l-p+p+ps 1 2
)

Apa ¢ = 7 omote 1 o&gia yovia Tmv dVo gvbeidv Ba givar ton pe —
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. . , . , Xy
5. Ot ovvretaypéveg tov onpeiov Topng Twv 400 gvbeldv & :_+E =1 kot
o

Xy . , ,
& E + = =1 givarln Avon Tov GLGTHNATOG
XLy , ,
x+ay=aqa
@« by { y=of
NP ax+py=af
p o
, . , ﬂ al 2 . ,
To cvotnpa owtd, eneldn s =B —a" =(f+a)B—-a)=0, &l povadikn
Monmy (x,y) = i, op .Enopévmg, n tntovpevn e&icwon givorn y = x.
a+p a+p

IXOAIO: Av o = f3 1| a =—f, 101 Ol &, KO €, €V TEUVOVTOL. ZVYKEKPULEVD,
av a = 3 otevbeieg cvumintouy, evd, av a =—f ot evbeieg eival mapdArnies.

6. H gvbeio 3x+ y =3 éyet ovvteheot dievbuvong —3. Emouévacg, n kabet otnv
1
gvbeio vt amd to onueio A(1,2) Ba éxel e&icwon y—2= g(x—l). Apa, ot

GLVTETAYUEVEG TG TTPOPOANG TOVv A otV gvbeia 3x+ y =3, Ba eivor n Abomn tov

3x+y=3 29
GUGTALOTOG 1 , Tov gtvon To {evyog (— —J.

y=2==(x-1) 5’5
3
7. Tw y =0, anod v e&icmon g evbeiag & :£+% =1, éyovpe X=a. Apa, T0
a
omnueio Topng g & pe tov déova x'’x givar to A(a,0).

B

H ¢ éxet ouvteheotn dievbuvong ——. Apa, N e&icwon g kdbetng oty € 6To
o
onueio A(a,0) Ba givar y—0= %(x—a), N omoia petd T mpaéelg, yivetat

ax-By—a’ =0.
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2.3 EMBAAON TPII'QNOY

A" OMAAAX

1. Ot amootdoeig tov A(-2,3) amo Tig dobeioeg svbeieg, givat:

) wziz\/i

Jerer 2

. 2(2)-3-3 10
P33 10,5
W 22+ V5

_2+3_1‘

L1203 1 6V13
(ii1) = =

DR

(iv) |5(—2)+3~3+1| |—10+10| 0
1v = =
V52 +32 V34

2. (i)'Exovpe 2, zg Kot A, = % Apa g //g,.
(ii) H amoéotaon tov O(0,0) amd v &, eivar fon pe

[5-0-8-0-51] 51489

3% +(=8)? 89

evid 1 anodctacn Tov 0(0,0) and v &, eivan ion pe

|5-0-8-0+68 68489
J5 +(=8) 89

(iii) Ene1om o O(0,0) Bpicketon petadd tov evdetdv & kat &, N andotaot] Toug Oa
givar ion pe 1o aBpotopa v arootdocmv Tov O ar’ avTég, Mniadn o etvat ion pe:

68v/89 +514/89 11989
89 89
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o 4 4,
3. (1)'Exovpe 2, :g xat A, :g. Apa g //¢,.

(i) o X =0, and ty eéiowon &, Egovpe Y = —-3. Apato A(0,-3) avikelotnve,.
H andotacn tov &, kot &, 0o 1600tat fe TV amdcTaon Tov A and Ty &,, SNAAdN pe:
|4-0-3(-3)-24 15

J4 +(=3) 5

=3.

4. To {ntodpevo onueio OBa eivar To onpeio Topng g pecokadéTov Tov AB Kot g
evbeiog 2x —3y =30. H e&icmon ¢ pnecokabétov tov AB givar y—6 = (—1)(x—4)

N, wodvvapa, y=-x+10. Apa, ot cuvietaypéveg tov Ba givar n Avorn Tov

, 2x-3y =30 i ,
GUGTNHOTOG , mov givon to Levyog (x,y) = (12,-2).
y=—x+10

5. H {nrovuevn e€icmwon Oa givar tng popeng y =—-3x+ B, dnhadn g Lopeng
3x+y— B =0. Emopévac, Oa &govpe:

|3~0+0—ﬁ|_

5 |B|=5V10 & = £5410.
3 +17

Apa vTapyovy 0Ho gVOEIEG TOV IKAVOTOLOVY TIC OMALTNCELG TOV TPOPAY ULATOG.
Avtéc Exouvv e€lomoelg:

3x+y—5\/ﬁz0 Ko 3x+y+5\/ﬁ:0
6. o’ Tpomoc: Orevbeieg e, €, emedn eivor mapdAinieg mpog Ty &, Oa £xovv e8iomoElg
mg popng 3x—2y+f =0.
Ao, 6uwg, N ¢ eivol pecomapdiinin Tev &, Kol &, Kot avTéG oméYovy HeTad
TOVG 8 povadeg, N amdotacn omolovdnmote onpeiov A g e and kabe pia Oa sivar

4 povadeg.

1
"Eva onpeio g € glvat to A(O, Ej Emopévac, Oa éxovpe

1
3.0-2-—+
Pz

:4@|ﬁ_1|:4@|ﬂ—1|=4\/ﬁ@ﬁ=1i4\/ﬁ.

J3P+ (2 Vi3
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Apa, ot (ntodpeveg evbeiec Ba givar ot:
£ :3x—2y+1+4/13 =0 kot &, :3x =2y +1-4/13 = 0.

B’ Tpomog: 'Eva onueio M (x,y) ovikel og pio. and Tig gvbeieg &, Kat &, av Kot
puévo av améyet and v & andotact ion pe 4, dnAadn, ov Kot Ldvo av

M:4@|3x—2y+1|=4\/§
3% 4+ (=2)
o 3x—2y+1=-4J13 0 3x—2y+1=4413
S3x-2y+(1+4J13)=0 7 3x-2y+(1-4J13)=0 (1)
O e€iomoeig (1) amotehovv 11 e516MGELG TOV EVOEIDV €, KO &,

. (i) Eyovpe AB = (6,0) xon AI" = (4,3). Apa

(ABI') = l|det(E,Xf)|= l| °9 |= l|18| =9 povade.
2 214 31 2

(ii) Exovpe AB = (4,-10) xaw AT = (7,0). Apat
(sry=4* 710 = L170/=35 poves
=2l ol 21701 =35 novésec.

(iii) Eyovpe AB =(2,2) kot AT = (=6,—6). Apa.

12 2 1

(ABIN) = = ~o|=o0.

21-6 —-6| 2

Apa, ¢ oynuatileron tpiywvo pe kopveés ta onueia A(l, 2), B(3,4) ko I (-5,-4).

. AoV 10 M givar onpeio Tov d&ova x'x Ba £yl cuvtetaypéves e popeng (X, 0),
omote Oa givar AM = (x—5,-1) kot AB = (-4,2).

Emopévac:



1x=5 -1
(MAB)=1 @—I‘ ‘|=7<:>|2x—14|=14
2|4 2

< 2x-14=14 1 2x-14=-14
< x=14 n x=0.

Apa, to {nrovpevo onpeio Ba eivor to M(14,0) 1 to M(0,0).

. Av M (x, y) givar to {ntodpevo onpeio, tote Oa Exovpe:

o MA=MB & \J(3—x)* +(4—y)* =/(5-x)* +(-2—y)’

S9—6x+x"+16-8y+1y> =25-10x+x" +4+ > +4y

S 4x-12y=4
& x-3y=1
Ko
13—x 4—y
o (MAB)=10 < =10
215-x —-(2+y)

& |6x+2y-26/=20
© 6x+2y-26=201 6x+2y-26=-20
< 3x+y=23 n3x+y=3

Enopévac:

MA =MB - x=3y=1 | [x-3y=1
(MAB) =10 3x+y=23n 3x+y=3

Avvovtag ta cvotpata avtd Bpickovpe 6T ta onueio M, (7,2) ko M,(1,0)
glvar ta {ntodpeva.

10. Av A(-3,1), B(-2,3), I'(4,-5) ot 1peig KopuYEG TOV TAPUAANAOYPOUUILOV

ABIA, t61¢ O givon AB = (1,2) xou AT = (7,-6). Apa

1 2
(ABIA)=2-(ABI) =|‘7 6‘I= |-6-14] = 20.
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B OMAAAX

1. Ot evbeieg mov diépyovtar and v apyn O(0,0) givar o kataxkdpveog aEovag y'y,
dnhadn n evbeio X = 0 kan o1 un kaTaxdpveeg gvbeieg y = Ax. Enedn, dpwg, to
B(0,2) eivat onpeio Tov y'y, 0 dEovog anTdg 0moKAEIETAL VOl IKOVOTTOLEL TV aaiTnon
Tov TpoPAnpatoc. Ao Tig ¥ = Ax,  (roduevn givar ekeivn Tov 1GaméYEL 06 TO.
onpeia A(-2,0) xar B(0,2). Enopévemg, Ba £xovpe:

A(-2)-1-0]  [2-0-1-2]
YA A (1)

|22 =2l e A=l 1 =41

Apa, otgvfeiec y = x Ko y = —x gtvar 00TéG OV 1I6omEYOLY and Ta onpeio A ko B.

2. Av M (a,0) etvar to onpeio tov xx mov oanéyetl amd v apyn O(0,0) ko and
mv evbeia Sx +12y — 60 = 0 tote B Exove:

< o]

_ |5a+12-0-60|
5 +12°

|5 -60]

|ex| < 13|al = |5a - 60|

< 50 -60=13a M 5o —-60=-13a

15 10

Sa= No=—.
N 3

-15 10
Apoa vrdpyovy dvo onpeio tov x'x, o M| [T s Oj Kow M, [— R Oj TOV IKOVOTTOLOVV
TIG OOLTIOELG TOV TPOPALLOTOC. 3

3. H &yrodpevn gubelo amoxAeieton va givor katakopuen 1 oplovtia (apol Tépvet Kot
ToVG 600 GEoVeG). Aol Aowmdv, diépyetar amd To onpeio M (1,2), Ba éxel e&icmon

y=2=Ax-1), LeR*. (1

And v (1), i y =0, éyovpe X = Kat, yioo X =0, éyovpe Yy =2—-A. Apa,

A=2
N (1) tépver tovg dEoveg ota onpeio A(T , Oj kot B(0,2— 1), omodte givat:
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(h-2)"
24

1 1|A-2
(A0B) =~ (0A)(OB) = E‘T‘-p—u =

Apa:

(AOB) =4 < (’1|2_;|)2 =4 (A-2) =8||.

Tt Ao g e&lomong avtng dlakpivovpe 300 TEPITTOCELG:
e Av 1 >0, 16t¢
(A-2) =8L = A2 —4A+4-81=0A* —124+4=0= A =6+4/2
e Av 1 <0, tote
A-2 =8l A" —41+4+81 =0 A" +44+4=0 1 =-2.
Emopévac, ot gubeieg pe e€iomaoelg
y=2=(6+42)(x-1), y—2=(6-4V2)(x-1) wkor y-2=-2(x—1)

glvar ot {nrovpevec.

. Emeidn ot andotaon tov onpeiov A(—1,3) amd tov d&ova y'y icovtan pe |—1| =1, pia

a6 tig (nTodueveg evbeieg eivar o d&ovag y'y, diadn n gvbeia pe eicwon X =0.
Av thpa givor y = Ax n e&iomwon g un Katakopueng mov diépyetat omd to O(0,0)
Ko 1 omoia oméyet amd o onpeio A(-1,3) andotoaomn ion pe 1 tote Ba Exovpe:

|)L(—1)—3|

VA +(=1)

, , , A 4
Apa, 1 fnrovpevn pn katakopven gvbeia etvorn y = —Ex.

:1c>|l+3|=\/lz+1<:>Az+6)L+9:)LZ+1<:>),:—§.

. Heklowon x—y+2 =0 ypdostat icodvvapa y =x+2. Apa, av éva onueio M

OVIKEL GE QLTIV, Ol GUVTETAYUEVEG TOV Ba ival Tng popeng (X, X+2). 'Etoy, av
N andotoon Tov M and v gvbeio 12x -5y + 60 =0 1oovtan pe 1, Ba Egovpe:
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12X —5(x+2)+ 60| |7x+50|
—le T
J122 +(=5)? 13

& TX+50=13 1 7x+50=-13

-

=2 n x=-9.

Apa, o onpeioa M, [#,_723] kot M,(=9,-7) anéyovv and v gvdeia

x—y+2=0 andctacn ion pe 1.

. 'Exovpue AB = (y —a,0 — B) xou AT = (—=y,—9). Ta.onueia A, B, I givat cuvev-
Belokd, o Kot povo av to AB xa1 AT sivon cuyypappikd. Opwg:

AB //AT < det(AB,A) =0

y—a 6-B|
—y 5|

= ‘ 0

S ad—-yo+yo—-Py =0
S ad—- Py =0.
. 0’ Tpémog: Etvan A, = —g. Apa, 1 pecokdbetog Tov AB Ba £yl cuviEAEoTN

devbuvong A = % K, 0pov diépyetat oo To onpeio M (%,gj, 0o éxet e€lowon:

22
y—ﬁzg(x—gj, dnAodn y:2x+ﬁ “
2 Bl 2 B

2 2
(04

And v e&iowon avtr, Yo Y =0, éyovpe X =

.32 P
2p

evo, Y X =0, €yovpe

y= .Apa, 1 pecokdbetog tov AB tépvet Tov dEova xx ato onpeio P(p,0),
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2 2 2 2

, kai tov G&ova y'y oto onueio O(0,q9) pe q= b 2?806 . 'Etol

ue p=

£Yovpe 10N EKPPAGEL TOL P, J CLVAPTNGEL TOV & KO ff, OTOTE EYOVE:

a(p’—a’) B’ -B*)

Waa+pr= 2B 2a
_ az(ﬁz—a2)+ﬂ2(a2—ﬂ2)
20
_ (@ =B’ -a?)
N 2ap =2pq
i) aps pg= 2@ =B BB —ah)_al-p4pioa’

20 28 2

B~ Tpémoc: Ta davdcpota P_Q kot AB eivon kG0eta kat o onueia M, P, Q

ovvevbelaxd. Apa, @E =0 kot det(ﬁ, VQ) =0 omote ...

8. 'Eva onueio M (x,y) avikel o€ pia oo Tig Sy0TOHOVS TV YOVIDVY ToL opilovv
otgvbfeieg 3x—4y+1=0 kot Sx+12y+4 =0, av kot pévo av 1oanéyetl omd Tig
dvo evbeieg, dSnAadM, av Kat Lovo av 1oyvEt

3x—4y+1| |Sx+12y+4 3x—4y+1| [Sx+12y+4
| | _| || |_| |
JFH(4)? 54122 5 13

13(3x—4y+1) =5(5x+12y +4)
< l
13(3x—4y+1)=-5(5x+12y +4)

39X —52y+13 =25x+60y +20
& il
39X —-52y+13 =-25x-60y —20

& 2x-16y-1=01 64x+8y+33=0.

Apa, ot eElomaoelg Tmv diyyotopmy givatot: 2x—16y —1=10 kot 64x+8y+33=0.
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9. Otovvretaypéveg Tov onpeiov topng tmv evfetdv x—y+1=0 ko 2x-3y+5=0

x—y+1=0 , ,
, oV gtvar to {evyog (x, y) =(2,3).

glvot n Abom Tov GLGTAHATOG {Zx ~3y+5=0

Apa, T0 Koo onpeio tav gvbetdv avtodv givar to M (2,3). H andctacn g
KoTakopueng X = 2 amd 10 A(3,2) givarion pe 1. Apa ) gubeia ovth dev tkavomotet
TIG OO TN OELS TOV TTPOPAHaToC. Ot pn Kotakdpuees mov Stépyovtot and 1o M (2,3)
&yovv e€icmon y—3=A(x-2), A€ R, nonoia ypdeetotl tlcoddvapa

Ax—y+(B-21)=0, 1eR.
Amo avtégm {nrovpevn givon eketvn mov améyet omd to A(3,2) andotaon ion pe
%. Apa, £yovpe:

Br-2+3-22] 7 |A+1] 7
PAZZS M T _

JA e S AP+l S

2
D 29 2542 45024252492 +49
A°+1 25
) 3. 4
©122°-252+12=00 =2 1 2=3.

3 3 4 1
Apa, ot (ntovpeveg evbeieg eivar ot: Zx -y+ 5 =0 ko gx —-y+ 3 =0.

10. 'Eva onueio M (x,y) eivai onpeio Tov {ntodpevov cuvorov, av Kot HLOVO oV
woyvel (MAB) =8. Opog:

(MAB) = Vet A MB)= Y _2_y|:l|—3x+4y+5
2 213—-x I-y| 2

Enopévac:
(MAB):8<:>|—3x+4y+5|:16
& 3x+4y+5=16 1 3x+4y+5=-16
< 3x+4y-11=0 1 -3x+4y+21=0.

Apa, o (nTovpevo cuvoro amotereitat amod Tig gvbeieg —3x+4y—11=0 ko
—3x+4y+21=0.
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I'ENIKEX AXKHXEIX 20v KEQPAAAIOY

. Oes@povpe TV KaTtakdpLen o diépyetal omd to M (1,0), dnradn mv x=1, n

onoia téuver v y = x + 2 oto onueio A(1,3) xartv y = x oto B(L,1). Eyovue
(AB)=3-1=2. Apan x =1 eivai pio Aon tov TpoPfApatdc pog.

‘Eoto, todpa, pio pn katakdpuen evbeia mov diépyetor amd to onpeio M (1,0). H
evBeia avt Ba €xel e&iomon g popeng v = A(x—1), A € R, dniadn g Lopeng

=Ax-1
y=Ax—A, A € R. HXbon tov cuetipotog {y divel TG cuVTETAYIEVES
y =
o . y=Ax—=A .
TOV A, £V& 1] AUGT) TOV GLGTHHOTOG divet g ovvretaypéves tov B. T

va égovv Aon ta cvotipata ot apkel A # 1. Advovtog ta Ttopandveo cvotipoto

A+2 34 )
Ko

Bpickovpe 6TL 01 GVVTETAYHEVEG TV A Kot B glvat avtiotolymg (ﬁ 1

L,L . 'Eto1, Bo etvor:
A-121-1

(AB)=2 < (AB)* =4

@( A ),+2J +( A 3&1j :4®M=4

a1 A-1 A-1 A- (A1)
2
@%:4®12+1:12—21+1©l:0

Apa, 1 devTeEPM €VBein TOL IKAVOTOLEL TIC amattoel pag Exet e€icmon Y = 0.

. Otovvretoypéveg Tov oNpEiOD TOUNG TV 010 VBEIDY Vol 1 AVGT) TOL GLGTHLATOG

Tov omoiov 1 opifovca eivat

Ax+(A-Dy=21
A+Dx+Ay=22+1

=A7=2+1=1#0 yuukéPe A €R.

A A-1
A+l A
Apa, T0 GVGTI O 0VTO £)xEl povadikn Ao Yo kKabe A € R, emopévag ot evbeieg

navta téuvovtot. ['a v gdpeon g AVoNG TOL GUOTUATOC EYOVLLE:

24 a1
A+l A

‘:2/12—212—/1+2),+1:/1+1

Kot
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A 2 , ,
, = =217 +A-21" -2 =-A.
TOA+D 24+1
Apa
D, D, A+1 =1
V)= == |=| —,— |=(A+1,-1).
(x,¥) (D Dj (1 IJ( )

"Eto1, Y10 TIg GUVTETAYHLEVEG TOV KOWVOU OTUEion TV eVBELDV £xovLE:

x=A+1 x=A+1
,AeR e AeRex=-y+leo y=—x+1
y=-A A==y

H gvbeia y =—x+1 givar o (nTodpevog yempUETPIKOG TOTOG.

3. Av K(x,¥,) 10 K06 onpeio tov tpiov evbeidv, ko M, M,, M, ta onueia pe
ovvtetaypéves (o, f,), (a,,B,) ko (o, B;), 10te Bagivan (X, Y,) # (0,0) xo,
emuAéov, Ba woyvet:

X, + By, =1 ax,+ By, =1
a,x, + By, =1, ondte Ba Eyovpe | (a, —a,)x, + (B, — By, =0.
asx, + By, =1 (o5 —a)xy +(B; =By, =0

Emopévag, to {evyog (x,,y,) eivar pio Moom tov cuothpatog

{(az —a)x+(B,-B)y=0
(a;—a)x+(B; =By =0

Eneidn (X,,Y,) # (0,0), to cvotnpa éxet 800, Tovddyiotov, Acelg v (0,0) kat
mv (X,,¥,)- Apa, n opiovad tov Ba eivar ion pe undév, dnradn o woydet:

a,-a =B

‘:0<:>M,M2 /IMM; < M, M,, M, cuvevBeloKd.
oa-a;  Py-p

4. Otovvtetaypéves tov onpeiov Topng tmv dVo gubeldv etvat ) Aom Tov CLGTHILATOG

I
H

{ﬂx+ay:aﬁ
o
ax+fy=ap

Q= ™™=
[
H

=% Q=
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t0 omoio, av f # o, —a, &yl povodikn Avon mv (x,y) =( of 5 o 5 )
a+p a+
Emopévac, onpelo topng tav 0o evbeidv givar to M of ,i , OOTEM
a+p a+p
a
a f p -2 B
gubeio MA Ba £xe1 cuvtedeot Siedbuvong A = ————=—— = "— ko1 Gpa
af a ¢«
a+pf

2

gkicoon y— B =ﬁ—2(x—a), mradn Bix—a’y+apf(o—p)=0.
a

; , . ; ; ; X )y .
. Apket va Bpovpe v andotact evog onpeiov g evbelog & : Z + 5 1 amo6 v

evbeia ¢, : X +% =1. He, tépvertov GEova y'y 610 onueio M (0, B) tov omoiov
o

N 0mOCTOCN Omo TV &, Efvar

/N
g _IB _ |aB -ap|

\/1+1 Ja? 4B

a2 ﬂZ

Ouwg o1 gvbeieg ¢, &, eivar maparinieg. Apa, Oo £xovv icovg cvvieheotéc
- -B

dtevbuvorng, dnhadn Ba toyvet il = e 1, wodbvopa, AB =aB, ondte Oa givor:

_|AB-ap| _|BA-a)| B(A-a)

d= - -
Jol + 7 ol +pT o'+

(apoy >0 kou A—a >0).

(1) 'Exovpe
X' —dxy+yP =0 xF —4xy+4y* =3y =0

& (x-2y)* ~(3y)? =0

o (x=2y-By)(x-2y+3y)=0
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Sx—2+B)y=0 1§ x—=2-3)y=0
1 , 1

@y:mx n y:mx
Sy=2-B)x 1 y=2+B)x

Apa,n x° —4xy + ¥ = 0 mopiotave Tic evbeiec ¥ = (2—+/3)x kar y = (2+4+/3)x.

(ii) ®ewpodue Ta Srovdcpata 5; =(1,2- NG ), 5; =(,2+ NG ) mov tvon TapdAAAQ
oTIC 000 TpoMyovpEeveS evbeieg KaBMS Kat To 5= (L,1) mov givou mapdAinio otnv
y=x. Av g, elvarn yovia tov 5 s 51 KaL @, N yovio Tov 5 , 52 , Ba etvor:

5.6 1+2-3 3-3 BHB-) B

GLVQ, = = = =—

\5“5\ VPP P +2-Br  2a-2B 2fWB-1p 2

3
apa ¢, =30°. Opoiwg delyvovpe 611 GLVE, = %, dradn ¢, =30° kot to
mTobuevo €xet amodeytel.

. (1) T va opiler n evbeio ax+ By +y =0 pe tovg GEoveg tpiymvo, apkel va

sivana, B,y # 0. H gubeia vty téuver toug GEoveg YA
ota onpeia A[—Z,OJ K(XIB(O }/]
o B
Emopévog, 10 AOB &ivol 1I00GKELEG, AV KoL LOVO OV — 0 >
emmAov 1oyvEL X X
Il Il

(0A) = (OB)@‘ ‘ ‘ ‘ < laf=|8. :

Bl lol 1l Y

Apa, 1 gvbeia oynpatilel pe Tovg aEoveg 1I60GKEAES TPIY®VO, AV KOL LOVO OV
|a|=|ﬂ|¢0 kot ¥ #0.

(i) e Av B, = B, =0, 161¢ 01 evBeieg cupminTov e Tov déova y'y, omdte amoKeieTan
0 d&ovag x'x va dtyotopel T Yovia Tovs.
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e Av £vag uovo anod toug B, B, etvar undév, téte YA
wéA amoxheieTor o AEovag x'x vo dryotopel ™)

, &1
YoOVio TOVG.

e Av B,, B, #0, t01e 01 gvbeieg &, &, EOVV ¢ s

ovvteleotn dtevbuvong A, = _4 Ko, = %oy 0 ®2

By B,
AVTIOTOY MG KL, EXEON SLEPYOVTOL OO TNV OPYT|
TV aEOVOV, Y10, va StYoTopEl 0 XX TN Yovia Tovg
TPEMEL Ko apKel va .oyveL:

XV

&2

2*22_1'1<:>_ﬂ=%<:>0‘1ﬁ2"'ﬁlaz=0

B B

8.
YT
40,2) - L
|
L\ F >
|
& >
4(0,0) E B(2,0) X

(i)Av EE' xon ZZ' givar ta Oy tov 160mAevpov tprydvev EAB ko ZBI 10te,
onwg yvopilovpe amd ) F'eopetpia, O 1oydet

I
| ®o

=1

NE

2z'=22=

[N 9]

Enopévag

(x5 26) = (LV3) Kot (x,,¥,) = (2++/3,1).
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(it) o va. Set&ovpe 0TL T 4, E, Z efvon cuvevBetoxd, apkel va deiovpe ond,, =4, .
[pdypatt £xovpe

B2 p,

AE_lo

-2 -1 —2-B)
A 2.
v 2+\/_ 2+\/_ 4-3 =3~

Apa Mg =Xz







KEDAAAIO 3

3.1 O KYKAOX

A" OMAAAX

1. (i) H axtivo tov kbrhov givar ion pe p = /17 + (\/5 ) = 2k emopéva 1 e€icoon

’ 2 2 2
Tov glvat: x° +y° =2

(i) H axtiva Tov kOKAov gival ion pe p = \/(a -B)Y +(a+p) = \/2(012 +B7)
Ko emopévag 1 e&icmot Tov etvat: x° + y° = 2(a’ + B7).
(ii1) H axtiva To0 kOKAoL gival ion pe v andotact tov k€vipov O(0,0) tov

2]

V2 +12

=2 xat dpa

KOKAOL amd TV evbeia x—y—2=0. Enopévag p =
gEicoon Tov sivar: x° + y* = 2.

(iv) H axtiva Tov kdrdov etvan ion pe mv andotact tov kévipov O(0,0) tov kKokhov

2 2
a“+p

amd v evleia ax+ By —(a’ + ) = 0. Emopévac, p=%=da2+ﬁ2
a“+f

Ko dpa m e&iomon tov koKAov sivor: x° + y° = a’ + .

2. () Av A(x,,y,) etvonto onpeio enagng, TOTE 1) EQATTOUEVT TOL KUKAOL GTO ONeio
ABo gyt ebiomon xx, + yy, =5 kot emedn etvon mopdAinin oty evbeia y = 2x +3

O 1oy el S Apa x, =—2y,. Eneidn 1o onpeio A(x,,y,) etvor onpeio tov
N

KOKAOL B 1oyveL X7 + y; = 5. Emopévac, to onueio A(x,,y,) mpocdiopiletat
Ao TN AVOT| TOL GUGTHLLOTOG
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{xl ==2y @
X+ =5 2)
H (2) Moym g (1) yivetou
2y +yi =5y =11y =-1 YAy

omoTE LILAPYOLY OO onpeia emapng, To. A(-2,1)
kot B(2,-1) ko1 o1 avticTolyeg eQantOueveg

givan ot \ / &
—2x+y=5 ko 2x—y =5. >
/ o X
(i) Av A(x,,y,) elvou To onpeto emapnc, Tote N €1 k
&

€QATTONEV TOL KUKAOL 0T0 A B éxet e&iowon
xx; + yy, =5 xat, enedn etvon kdBetn oy gvbeia

1
y=—x, 0o sivon — 2L = 2. Apax, =2y,
2 Y

Eneidn to onueio A(x,,y,) eivorl onueio Tov kvkhov, Oa 1oyvet x7 + ¥ = 5.

Emopévmg 1o onueio A mpocdiopiletar amd T AVOT| TOL GUGTHLLOTOG

{xl =2y @
X +yl =5 (2)
H (2) Moym g (1) yivetou

4xt+yl =5y =1qy =-1,

ondte VITAPYOVV OV onueia etaeng, To. A(2,1) kot B(—2,—1) ko1 ot avticTolyeg
EQOTTONEVEG Elvar o1

2x+y =95 xon 2x—y=5.

(1i1)) Av M (x,,y,) elvon to onpeio emapnc, TOTE 1 EPATTOUEVT TOL KOKAOVL Oal
Eyereélowon xx, + ¥y, =5 ko enedn Siépyetar and to onpeio A(5,0) Oa eivon
5x,+0y, =5. Enopévag X, =1. Eneldn to onpelo M, (x;,y,) etvar onpeio tov

KOKAOL Oa 1oydet X7 + 7 = 5. Emopéveg to onpeio M, mpocdiopiCetar amd Ty
ADOM TOL GUGTHLLOTOG

x =1 )]
X+ =5 2)



H (2) Aoyo g (1) yiveton

I+y! =5y, =21y =-2,
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onote VIdpyovv dvo onpeio emagng, o M, (1,2) kor M, (1,—2) kot ot avtioToryeg

EQOTTOUEVES €lvar OL

X+2y=5«xm x—-2y=5.

. Ot eQomTopEVEG TOV KOKAOV X2 + p? =2
ota onpeia A, B, I'kon 4 givar avtiotoiymg:

gix+y=2, g :—x+y=2
&i—x—y=2, g:x-y=2.

Ta onueia topng TV gpantopévav ivat
E(0,2), Z(-2,0), H(0,-2) xon ©(2,0).
Ene1dn ot dwayovieg EH kot ZO eival iogg
KoL O1Y0TOUOVVTOL KAOETO TO TETPATAELPO
EZHO givar tetpdywvo.

. T va égetn yopdn| pécov 10 M, mpémnel va
gtvan k@Betn oty OM 610 M. O cuvTEAESTNG
dtevbvvong tng egvbeiag OM egival

A= T =—1 Kot ETOUEVOG O GLVTEAEGTIG

devBuvong g xopdng Ba ivar icog e 1.
Apa, 1 e&iowon g xopdng etvar

y+1=1(x—-1) 1, 1codvvoua, y=x—2.

B(-1,)

VA

A(L,1)

VA

I(-1,-1)

\

Xy

. (1) H axtiva Tov kdxhov eivor p = 4/ (\/3)2 +17 =2 ko1 emopévac 1 eEicmoN ToL

sivoau x” +(y —1)* =27

(ii) To kévtpo K 1oV KVKAOUL &ival To pécov 10V AB Kol EMOUEV®G

, , -1+7 , 2+8 , ,
€YeL TETUNHEVT T:S KOl TeETAYUEVN T:S, dniadn 1o Ké€vipo

Tov kOKAoV givar to onueio K(3,5). H aktiva tov kdxAov eival ion pe



66

Jo} :%AB :%\/(74—1)2 +(8-2)° :%\/100 =5. Apa, n e§icwon Tov KOKAOL

givar (x—3)* +(y-5)* =5%

(iii) To kévtpo K (x,,y,) TOL KOKAOL 1GOmEYEL 0o TOL A ko B kot LAAMGTo, 16)0EL
KA =KB =5. Emopévamg

(xy =1 + (3, —-0)> =25 (1)
Ko
(%, =7)" +(y, = 0)* =25 2
omote
(x, -1y +y§ =(x, -7’ +y§ < x, =4
Avticabdiotodpe Ty T avth Tov X oty (1) Ko £xovpue
Yty =25cy,=41MY,=-4

Emopévag (x,,¥,) =(4,4) 1 (x,,5,) = (4,—4). Apa, vrapyovv 300 KOKAOL Kot
&xovv e£16MGELG

(x—4) +(y—4) =5 ko (x—4) +(y+4)* =5~
(iv) Av K (x,,¥,) T0 kévTpo ToL KOKAOV, TOTE 10YHOVV:

Yo =% Kot (%) =4)* + (3, —0)" = (x, =8)" + (3, —0)".

"Etot éxovpe to cuotnpa:

{xozyo {x0=6
N ) = .
(xo_4) =(x0_8) y0=6

Emopévamg, o kokrog £xet k€vipo to onpeio K (6,6) kot axtiva

p=KA=(6-4)+(6-0) =y2° +6 =210.
Apa, 1 e&icmon Tov KOKAOL givar: (x—6)% +(y —6) = 40.

8+4
(v) To kévtpo K tov KOKAOL Ba £xel TETUNEV — =6 Kol TETOYIEVN B 5

-2
dnradn o KOKAog Ba €xet yio kévtpo To onpeto K (6,%). Etvon 6pog
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KA=KI' @(6—4)%[%—2} :(6—0)2+[“T_2+2j

-2Y -2Y

@4{“ ) =36+(“—j +4+2(u-2)
2 2

< p=-16.

Emopévog, o k0kAog éxel kévipo to onueio K(6,-9) kot aktiva

p =KA=(6-4)+(-9)° =4+81 =+/85. Apa, 1 ekicwon Tov KOKAOL &iva

(x—6) +(y+9)> =85.

(vi) To kévtpo K (x,,y,) Tov kOKAOL £ival To onpeio Toung g pesokadéTov Tov
TupoTog AB kot g kafétov otov dEova x'x 6To onpeio A.

1 2
To péoov tov AB givor to onueio M pe cuvietaypéveg (%,0%] =(2,1)xoro
, . . 2-0_ 2 . .
ouvteAeoTnG dtevBuvong g AB eivat o 1-3 = oy =—1. Emopévmg, n pecoka-

Betog oV AB €yt elowon y—1=1(x—2), dnradn, y=x—1.

H ké6etog otov x'x 670 A €)el eiomon X = 3. Enopévag, 1o kévtpo K mpocdiopiletal
oo T AOGT TOL GLOTNUOATOG

y=x-1 L
3 n omola etvon (x,y) =(3,2).
X =

Emopévac, o koxhog €xet kévtpo to onueio K (3,2) kot axtiva
p=KA=/(3-3)"+2> =2. Apan e&icoon tov eivor
(x=3)Y+(y—-2)* =2"

(vii) To kévtpo K (x,,y,) Tov KOKAOL Ba eivon 1) TOpT TG HEGOKABETOV TOV

Tuqpatog OA kot g kabétov oty & 610 onpeio e A(0,3).

3
H pecokdBetog tov OA éyet e&icwon y = 5 KoL 1 KéBetog oty € a0 A €yet e&icwon

4
y-3= %(x —0) 1, .oodOvapa, y = 3 x +3.Enopévac, 1o kévipo K mpocdiopiletat

amd T AOGT TOL GLGTNHATOG
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, , o 9y (3 15
H akrtiva tov kokiov gival ion pe p =0K = -3 + =] =—.

Apa, 1 e&iowon Tov KOKAOV gival
9’ 3 (15Y
X+=| +|ly-—=1| =|—]|.
8 2 8

6. (i) 'Eyovpe dadoyika:
¥+ +4x—-6y-3=0

(X +2-2-x+2)+(* =2-3-y+3*)=3+27+3’
(x+2) +(y-3)" =4~

Apa, o kikhog €xet kévtpo 1o onueto K(—2,3) kot oktiva p =4.
(i1) "Eyovpe dradoyucd:

x*+y? =10x+12y-20=0
(X" =2-5-x+5)+ (1 +2:6-y+6°)=20+5"+6
(x=5)7+(y+6) =9

Apa, o kiKAog €xet kévtpo 1o onueio K(5,-6) kot oktiva p =9.
(ii1) 'Exovpe drodoyicd:
3% +3y" +6x-9y+1=0

x+y° +2x—3y+§=0

3 (3Y 31
A2 x4+ 1)+ Y =2 Zy+| = | =P+ = | —=
( ) [y > (2” (2) 3
2
3V [ [35
T+ == == .
(x+1) (y 2) {12}
35

Apa, 0 kiKkAog €xet kévrpo 1o onueio K (—1,%) Kot aktiva, p = o
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(iv) 'Exovpe dtadoyika:

¥+ —dax+10By+4a’ +16B% =0
[x* =2-200-x+Qa)’ 1+[y* +2-58-y+(58)° 1= (5B)* —163°

(x=2a)" +(y+5B)" =(3p)".

Apa, 0 KOKAOG £yl kévtpo To onueio K (2a,—58) Kot oktiva p = 3| ﬁ|.
. (1) 'Exovpe dradoyikd:
x2+y2—2x+4y+4=0
(X =2-1-x+1)+(* +2-2-x+2%)=1°
(x=1)*+(y+2)* =1°

Emopévamg, o kokhog éxet kévipo K (1,-2) xat axtiva p =1. H gpoamtopévn tov
KVKAOL ato ornpeio Tov A(l,—1) eivarn evbeio n kadOetn otnv KA 610 A. Opog
KA givon katakopouen gubeia. Apa, 1 kébetn otnv KA oto A givonm gvbeio y = —1,
oV glvat KoL 1 Qamtopévn Tov KOKAoL 6To onpeio Tov A(l,—1).

(i1) 'Exovpe dadoyikd:

x*+y?—20x-2By+a’-3p>=0
(x* —2ox+a®)+ (> +2By+p*)=p*+3p°
(x—a) +(y-B) =2B)".

Emopévamg, o koxkhog éxet kévipo K (o, f) kot aktiva p = 2| [3|. H epantopévn
7oL KOKAOL 670 onpeio Tov A(ar,—fB) eivormn ket oty KA oto A. Oumgn KA
glvau katakdpven gvbeia, dpo N kaBetn oty KA cto A givoun evbeio y = —f.

YA
. O xokhog C, €yer kévrpo K, (0,0) ko axtivo

p; =1, evad 1o kbhog C, éxer kévrpo K, (1,0)
Kot axtiva p, =2. Enedn K\ K, =p, —p, =1,
0 kdKAog C, epdmteTan e0mTEPTKE TOV KUKAOD

C, oto onueio A(-1,0). A y K

b 4
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B’

1.

OMAAAX

H e&icoon (x—-a)x-p)+(y—-y)(y—-96)=0 emainbevetar and T1g
ovvtetaypéveg tov onueiov A, B, I' kol 4. Eniong n e&icoon ypdostot
X+ —(a+P)x—(y+8)y+(@B+y5)=0, dnradn eivar g popeng

x*+y> + Ax+By+T =0. Apa, givon 1 006N TOV TEPLYEYPALUUEVOD KUKAOD
6710 TeTpdmievpo ABIA.

Eniomg
AB-BI = ( -a,0)(0,6 —y) = (B—~a)-0+0 ~7) =0

Emopévag ABI" =90°, mov onuaiver 6tin Al givon didpeTpog Tov KhKhov. Opoimg
Bpiokovpe 6Tt kot n B4 givat StdpeTpog Tov KOKAOV.

. O kdKhog yphgetar (x+2)* +(y—4)" =47, emopévog éxel kEVTpo To onueio

K(-2,4) xat axtiva p =4. H andéctaon tov kévipov K and v gvbeia
GLVQ - X+NUE -y —4nue +2cvve —4 =0 gival fon pe

d- |—2GUV(p +4npe —4nue +2cvve — 4|

YN’ +ouvie

Apa, 1 evbeia epanTETAL GTOV KUKAO.

=|-4=4=p.

. 'Eoto M,(x;,y,) xou M,(x,,y,)t0 onueio erapng. H epoantopévn tov kdkhov

oto M, éxe1eflowon xx, + yy, = p’. Ensidi n epomropévn auth S1épyeton amd o
M (x,,y,), oL cvvietaypéveg Tov M, enoAndedovy my xx, + yy, = p’. Emopévac
XX, + V1V = P, OV oNpoivel 6L M e&icmon xx, + 3y, = p° emon0edeton and
TIG cLVTETAYHEVEG TOV onueiov M. Opoing StomicT@vovpe 0Tt emaAnfedeTar Kot
anod Tig cuvteTayuéveg tov M,. Ouwg n ellowon xx, + yy, = p’ eivon e€icoon
1ov Badpod kot emerdy emaindevetar omd TG cvvietaypéves Twv M, Kot M,, eivon
n e€iomon g evdeiog MM,

4. O xoxhog C éyet eélomon x* +y° = (3a)’. 'Eote M (x,y) éva onpeio Tov
KOkAov kot G(u,v) t0 Kévtpo Bapovg Tov Tprydvov OAM. INo Tig cuvTeTaypéveg



O+3a+x 3a+x
3 3

oV G €yovpe u =

0+0
L, 004y

3
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= KOl EMOUEVDG

x=3u—-3c xor y=3v. Opwg to M(x,y) avikel otov kukro. Emopévac

¥+ 37 =90 Kol PE AVTIKOTAGTOGT TOV X KOl Y £YOVUE:

Bu-3a)* +(3v)* =9’
9u—oa)* +N* =9a’

(u-a)y +v =a’,

oV onpaivel 6t o G avikel otov kOKAO pe kévipo K (a,0) ko axtiva p = |a| ,

Mhady otov koKkho (x—a)’ +y* =a’.

5. 'Eva onueio M (x, y) eivou onpeio tov tomov,
av Kot pdvo av ot epantdpeves MA kar MB
Tpog Tov kuKAo x° + y° = p? eivar kaOeteq.
Avt6 cupfaivetl, v Kot LOVo oV TO TETPATAEVPO
OAMB givon tetpdryovo 1, .oodhvapa,

OM2:p2+p2
x2+y2=p2+p2

P+t =(p(V2)),

h Y

M(u,v)

Q .l /L

<V

OV GNUALVEL OTL O YEOUETPIKOS TOMOG TOV M givan o kikhog x” + = ( px/E ).

MA
6. To onueio M (x, y) eivon onpeio Tov 10OV, OV KOt LOHVO 0V B = 2 1, wodbvaa,

MA =2MB
MA? = 4MB*

(x+3)2 +y2 :4[(x—3)2+y2]

X2 +6x+9+y° =4x" —24x+36+4)°

3x* +3y° —30x =27
X2 +y*—10x=-9
(x*=2-5-x+5)+)y* =-9+5°

(x=5)+y" =4%
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Apa, o {nrodpevos yempetpikds Tomog etvar o KOKAOG pe kévtpo to onueio K (5,0)
Kot aktiva p = 4.

. 'Eotm & n evbeia pe eicwon X =1. To onueio M (x,y) elvou onpeio tov témOUL,

av kot povo ov d(M,0) =4d (M, &). Opwg
d(M,0)=4d(M ,e) < x* +)° :4|x—l|

X2+y2 =4(x-1), avx>1 1))
= 1
X2 + y2 = —4(X—1), av x<1 (2)

AMG
2 2 _ _7\2 2 _ =
() & X —4x+y = 4<:> (x=2)"+y =0 o) 2
x21 x>1 y=0
t4x+y’ =4 24y = 2
*(2) @{x Yy & (x+2) )7 = (22) & (x+2) +y* =8.
x<1 x<1
YA
x=1
Emopévog, o yeopetpikdg tomog
aroteieitat amd To onueio A(2,0) Kot
Tov KOKAO (x +2)* + y* =8 0 >
b k20) | J[4@0

‘Eva onpeio M (x,y) eivar onpeio tov témov, av kot pévo av toydet

MA® + MB® + MI"* =107, 1 1c080vapa:
(x=3+(=5"+(x-2 +(y+4)’ +(x+5) +(y+1)* =107

3x* +3y* =27
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Apa, 0 YEOUETPIKOG TOMOG TV onpeinv M eival o KOKAOG [e KEVTPO TO onueio
0(0,0) kot aktiva. p =3. To kévtpo Tov KOKAOL LTV givat To KEVTpo Papovg

2— —-4-1
3t 5:O Ko > =0.

oV TpLydvVov ABI, apov

. Ot ovvtetaypéveg tov onpeiov Ttopng T@v evdeldv TpokdnTovy 0md T1 AVGT TOV
GLOTILOTOG

cuvl - x+nub-y=«a

Nuo-x—cvvh-y=p"

cvvl 0
"Exovpe D = L =—cvv0 -—nu’e =-1
nué —oovvl
o 0
D = Mt =—acovvl — fnud
B —ocvvl
ocuvl « s 0 0
= = Bouvvl —anuo.
owe B
i D
Emopévac x = D‘ =aocuvl + fnub
D, 0-p 0
=—=q — Bouvo,
y D nu

OTOTE EYOVLE

x* +y’ =(aovvl + fnub)’ +(anubd — foovh)’
=a’ouv’0 + B Nu’0 + 2afnubouvl + a’nu’d + fiouvi0 — 20fmubouve
= o’ (MU0 +ovv’0) + B2 (Mu’6 +cuv’)
=a’+ B

Apo, 10 onpeio TopNG TV eVBeldV aviyKeL 6Tov KOKAO X° + y° = (\/az +p° )2 ,

oV £xet kévrpo 1o 0(0,0) karoxtiva p =a’ + .

10. 'Eva onueio M (x,y) eivou onpeio Tov tOmOUL, 0V Kot LOVO av gival LEGO Xopdng

7oL SiépyeTar amd 10 A(2,4). Avto copPaivet, av Kot LOVO OMA =90°, dnAadn,
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oV Ko povo ov To onpeio M avikel 6tov VA
KoK o e ddpeTpo OA. B
To kévtpo tov KOKAOV avToL €ivat To 'A(2,4)
onueio K (%,&24} dnradn to M(x.y) K(1,2)
K(1,2), ko1 n aktiva tov gival ion pe (0] X
p=\2-1)?+(4-2)?=1+4=4/5.
3.2 HITAPABOAH
A" OMAAAX
1. (i) Eivau g =—1, emopévarg P = —2 kain e&iomon ™G TapaPorng sivar ¥ = —4x.
p

, emopéves p =—1 ko n e&lomwon g mapaforng stvoar n

1
i1) 'Eyovope —— =—
(i) Exoop )

y? =-2x.
(iii) H e&icwon ¢ napaforic sivan y* = 2 px. Emetdn diépyetat amd to onpeio
A(1,2), Baoyvet 2> =2p-1 omdte p = 2. Emopévac, 1 séicmon Tg mapaBoing

sivoun y* = 4x.

2. (i) Eivar y* =2-4-x. Apa, ) eotia eivar o onueio E(2,0) ko n dievdetovoa
nevbeio 6 : X =-2

(ii) Eivon y* = 2(—4)x. Apa, n eotia eivar to onueio E (—2,0) xaim Sievbetovoa
nevbelo §:x=2

(iii) Eivaw x* =4y =2-2y. Apa, 1 otia givar to onpeio E(0,1) konn Sievbetodoa
nevbeio §:y =-1
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(iv) Eivar x* =4y =2(-2)y. Apa, 1 eotia gival 1o onueio E(0,—1) kat n
dtevbetodoa 1 evbeia o1y =1

(v) Etvaw y* =2-2a - x. Apa, 1 eotio eivar to onpeio E(a,0) xain dievfstovoa
nevbeio §: X=—-a

(vi) Etvou x* =2-2a - y. Apa, 1 eotia givor o onpeio E(0,0r) korn dievdetovoa

nevbeia 0 : Yy =—a

. H andotaon g kopueng and v eotia etvon ion pe g KO 1) 0rOCTOOT EVOG

onpetov M (x,y) g mopaPoing amod v eotia g sivat ion pe |x +§ . Apkel

va dei&ovpe 6Tt >

x+£
2

p| .
=—|. "Eyovue
2‘ XOVLL

2

2 2 2 2
Plolsil| 22 o+ Ll o prz0e @ +2-20,
2 4 44 2

2

p

X+=2

OV 16 VEL.

. 'Ectw A(x;,y,) xau B(x,,y,) 600 onueio g nopafornc pe v idto tetoypévn.
1 1 1 1
‘Byovpe y, =—x ko1 y, =—x; kot Y, =Y,. Emopévog —X =—X;, ondte
4 4 4 4
X, =—X.. 'Etot, ta onpeia eivon o A(x;, ;) kot B(—x,, ;) Kol ETOUEVOG EYOVUE:
AOB =90° < OA-OB =0 (X, ¥,)(=X, ;) =0 < —x> +y2 =0

Sy +y =0y (Y, -H=0cy =4
, . L, . L, ,
Ao ) oyéon y, :le, v Yy, =4, £xovpe 4:le S X =41X%=-4

Apa, ta {ntovpeva onueia givar ta. A(4,4) ko B(—4,4).
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5. H e&iomon g mapaforic ypapetar x> =2-2-y Kot emopévac 1 e&lcmon g

gpantopévng ¢ oto onueio g M, (x,,y,) slvan
. X
xx; =2(y+y,), ondte y :?~x—yl.
X
(1) Emedn n € eivon mopdAinin oty evbeio y = x + 1, éyovpe ?‘ =1, onote X = 2.
Ouwg x; = 4y,. Enopévag Yy, =1 xoun eéicwmon tg epantopévng sivon y = x—1.
X
(i) Eme1dn 1 € eivan kaOetn oty gvbeia y = —2x, éyovue ?1(—2) =—1, omote

x, =1. Opwg x7 =4y,. Enopévag Y, :% Kot 1 e&lowon g epamTopévig sivat

(iii) Enedn n epomtopévn Siépyeton omd 1o onpeio A(0,—1), éxovpe —1=-y,,
omdte Y, =1. Opwg x; =4y,. Enopévacg X =4, ondte X, =2 1| X, =—2. Apa
vrapyovv 6vo onpeio eraeng, ta M, (2,1) kou M,(-2,1), Kot o1 ovticTol ES

epantopeveg Eyovv eélomoelg y =x—1 ko y =—x—1 avtiotoiymg.

6. H e&icwon g mapaBoiig ypaoetar x° =2-2-y Kol ETOPEVOS Ol EQUTTONEVEG

1
ota onpeia g A(4,4) kat B(—l,zj €yovv elomwoelc 4x =2(y+4) «at
1 , , . .
—x=2 y+Z avtiotoiywg. Ot e€lodoelg avtég ypapovior y =2x—4 Kat

1 1 , , 1 . . .
y= -3 x-— 7 OVTIOTOY®G KO, ETEWN 2 ) —1, ot epantopeveg efvon KAOeTEC.

B OMAAAX

1. Ta xowa onpeio ToL KOKAOL Kot TG Tapafoing Ppickovtal amd T AVor Tov
GLOTHHATOG TOV EEIGMGEDY TOVG. Exoupe Aowmdv:
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(x=3)"+y* =8 (x=3)* +4x=8 x=1 x=1 [x=1
, S Sy, ey oy
Yy =4x Y =4x Yy =4x y=2 y=-2

Emopévac, vrtapyovv 6vo kowd onueia, 1o A(1,2) xarto B(1,-2).
e H g&icwon g epantopévng g mapaforng oto A givar y-2=2(x+1) 7,
1codvvapLa,

x—y+1=0.

H gvBeia avt epdmteton Kot tov KOKAOL, apov 1 amodcTaoT Tov kKEvipov K(3,0)
TOV KOKAOV atd auTtn givat ion pe TNV oKTiva Tov p = V8. TIpdypatt

d=|3_0+1|=i=J§

ek 2

o Emeidn o d&ovag x'x eivor dEovag GupeTpiag Kot Tov KOKAOL Kot TG TapaoAng
kot to B(1,-2) givar coppetpicd tov A(1,2) @g Tpog Tov x'x, 0 KOKAOG KoL 1)
napafoln £xovv Kown epantopévn kat oto B. H e&icwon g epantopévng avthg
glvaim x+y+1=0.

. H s&icwon ¢ mopaforig sivor y> =2-6-x kat y4
emopévog M e&lowon g epantopévns oto onpeio
™mg A(I,Z\/g) etvon 24/3 y = 6(x +1) 1, loodvvapa,
y= x+B.H EQATTOULEVT 0TI TEUVEL TOV AoVl
x'x 010 onpeio B(—1,0). H eotia g mapaforng B/
y? =2-6-x eivaur 10 onueio £(3,0). Emopévoc, / o E

€YOVLE:

Xv

(AEY’ =2° +(243)" =16,
(AB)* =2 +(24/3)* =16,

ko (BE)* =4 +0* =16,
Apa, (AE)=(AB) =(BE) =4, onote 10 tpiyovo EAB &ivai 166mlevpo.

. H e&icwon g mapoPorig sivar y* =2-2-x kot emopéveg eotia TG givat To
onpeio £(1,0) ko dievbetovoa g n gvbeion X = —1.

H spomtopévn g mapaforng oto onueio g A(3, 23 ) éxere&iomon
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. Handotaon ME givar ion pe v amdotoon ys

2\/§y =2(x+3) 1}, 16odOvaua,

V3

= x4
Y73

H epantopévn téuver v
dtevbetovoa oto onpeio

B [—1,%} To kévipo Tov

KOKAOL i dtdpetpo AB gival

ol E@o)

x=-1

10 onueio K LI,?], EVO M

oKTivVO TOV glvol

= /22 +[¥T =\/@=

Ene1on p =2, n eotia ¢ mopaPoing sivat to onueio £(1,0). Emopévag

43

KE:T:p kot KE 1 x'x

Apa 0 KOKLOG avTHG ePdmTeTaL oTOV AEOVa X' oTO omnpeio E.

MA tov M and v dievbetovon, dniadn A /v

ME = M(X1,Y1)

X

+§ . Apa 1 axtive Tov KOKAOV

L RE

L 1
swouwnusp—zx > 4 >

+E.Touécovl(mg Hj K( =)

;

p pal
ME €ye1 cuvieTtoypéEve s Ko
X YHEVEG ( > T j

N andotacn Tov and Tov aEova ¥’y eivan

Xv

E (5.0

Pl
2 "

1
S p‘ P>

io ¢ KH =
nu ) )

ov onuaivel 6Tt 0 KOKAOG pe SLAUETPO
ME gpdmteton otov aEova y'y.
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5. H géicwon g evbeiog AO eivan (==L 1y 5
2
y= Ay ko Tépvel ) devbetovoa A(x1,1)
X
. p np

oto onueio B| ——,—=—=—|. H

o 8[-2,21 )
€QAnTONEVN TNG TAPAPOANS GTO 5 o >
A &gt ebicoon yy, = p(x+x,) -5 £E&0) X
KOl ETOPEVOS, £XEL GUVTEAECTN 2

B(-L, 2P
devBuvong A = Lo GUVIELEGTNG 2" x 2
N

devBvvong g BE givar

NP
2
P2 o3 M h
2p
Apa BE //¢.
6. H gpantopévn g mopafoing oto A
onueio mg A(x;,y,) €xerellooon 4 y
w, = p(x+x,) ko, enewdn A =0, 4
téuvel Tov a&ova y'y oto onueio B K
/<
PX ,
K [0,—} Kat TN dtevbeTovoa o
by .
2 [9) e
o610 onpeio B[—B,ﬂ—p—j. E X
2y 2y
(i) T va givar AEB =90°, apKet
EA-EB =0.
2
‘Exovpe EA-EB =0< (xl —B,le[—p,&—p— =0
2 »o 2y

2 2

p

& —px, +p7+ X, ey =0, mov oyvEL.
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(1) 'Exovpe EK -KA=0< (—E,&j(x,,yl —ﬂ]:
2y N
px p2x2
= +=0
2’ 1
PN
2 2px
@%—&ﬂ, OV 1G)VEL.

Apa EK 1 AB.

0

(ii1) Am6 to opBoymvio tpiyovo EBA, eneidn) EK L AB, éyovpe

(EK)* = (KB)-(KA).

. H gpantopévn tng mapafoing

y* =2px ot0 onueio A(x,,y,) £xel
eklomon yy, = p(x+x,) Kot téuvetl Tov
a&ova xx oto onpeio B(—X,0), evd
N TapdAANAN and 10 A TPOg TOV XX
tépvet ) devbetovoa 0 oto onpeio

F(—g,ylj. Emopévac, to pésov tov

[O,LJ Kol To
2

pécov g AB €xel cuvtetaypéveg emiong

T'E €yel ouvTeTaypéveg

- 2.)

>

A(xl,yl)

B(-xl,O)

(0,%). Apa, ta. tpunpata AB kot IE dtyotopodvat.

Eniong

TI'E-AB =(p,—y)(-2x,,—y,) =—2px, +y12 =-2px, +2px,

E(%,O)

Xy

TOL oNpaivel OTL TE 1 AB. AoV, howmdv, ta Tunipata AB kot I'E dyyotopodvrol

kaBétwg, to AEBI gival popfog kat to kévipo tov K

aova y'y.

(0, %j Bpioketal otov
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8. (i) Ta onpeia toung Tov C, kot C, c) Ay &
npocdtopifovtal and T AVON TOL

GLGTNHOTOG A(2p,2p)
¥ =2px )
x*=2py 2

2

Amd v (2) éyovpe y = X
2p

Avtikabiotoope oty (1) Kot £ovpie

4
%=2px<:>x4—8p3x=0<:>x(x3—8p3)=0<:>x=0 n x=2p,
p

ondte ot avticToryes TWéS tov Y elvar y =0, y =2 p. Apa, ot topdAinies téuvovtat
ota onpeio O(0,0) kot A(2p,2p).

(ii) H epomtopévn e, g C, oto A(2p,2p) éxet e&icwon
1
y-2p=p(x+2p)«:>y=5x+p (1)
kot téuver v C, oto onueio B (— p,gj.
H epontouévn &, mg C, oto A(2p,2p) éxer e&icwon

x2p=py+2p) = y=2x-2p 2
kar téuver my C, oto onueio I” [5,— pj.
Emopévag, n epartopévn g C, oto I (g ,— pj éxel e€lomon

P P
-p)=plx+-|Sy=—x—-",
y(=p) p( 2] y 5

ev N epantopévn g C, 6to B [— p, gj éxel e€lomon

p p
x(=p) = +t= o y=—x—=—.
(=p) p(y zj y 5
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Iapatnpovpe, dnradn, 6111 epantopévn g C, oto B xoi 1 epamtopévn g C,
oto I" cvunintovv. Apan AB givar kowr epantopévn tov C,, C,.

3.3 H EAAEIYH

A" OMAAAX

1. (i) Eivar 2y = E’E =8 ko1 2a =10, ondte y =4 ko ¢ = 5. Apa f° =5 -4 =9
Kot emeldn ot gotieg Ppickovral otov dfova x'x,  EAetyn Ba Exetl e€lcmon:

(ii) Eivar 2y =EE =10 ko1 2a =26, ondte y=5 kot a=13. Apa
B =13* =57 =144 xon ene1dy o gotiec Ppiokoviar otov GEova y'y, 1 EAAey
éxel e€icmon

2 2
X Y

—+
144 169

(iii) Etvar y =12, xou & ya :%, onote a =13. Apa B =13% —12° =25, ondte
o

N éAhenym Ba €xet e&icwon:
2 2
¥ oy
169 25

(iv) Eivon y =4, omote B> =a’ —y> =a’ ~16, pue a’ > 16. Apan e&icmon me
Edetyng Ba €xet tn popon:
2 2
X ¥ 1

+ =1.
o’ a’*-16

A@ov, Topa, o M (4,%) glvat onueio g EAAeYNG, 01 GVVTETOYUEVEG TOL Oal

emainBevovy v e&icwon g, Oa £yovpe SNAodN:
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9 2
4? (5) o 16 81

a’ a’-16 a®  25(a’ -16)

< 400(a” —16)+8la’ = 25a* (o —16)
< 250" —881a” + 6400 = 0

,  881+369 <25
ot = _

50  \10,24<16 (amoppintetan)

2 2
Apa, n EAheym €xel e&iowon ;—5 + % =1.

(v) Ao ot gotieg eivor mdvm otov xx 1 e&iowon g EAdeyng Oa eivar:

x* y2 2 2
— —2=1 (a®>p%).

+

B

]

Topa, aeod ta M, (1,1) ko M, [2,%} etval ta onpeia g €Adetyng, ot

ocvvtetaypéveg Toug Ba emainBevovv v e€icmon tg. Apa, Oa Exovpte:

1 1
—2+—2:1
a” p

1
i2+i2:1
a” p

. 1 1 .
®étovpe s =K Kot — =4 Kot €govpe

K+A=1 Kk=1-21

=1-2
1, & el
4k A=1 |40-A)+ =1 [16-160+4=4

5
Apa, a® =5 ka B* = T omote 1 e€icmon g EMkenync Oa sivat:
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2. (i) H eéicoon x° +4y” =4 ypaostor 1c0d0vapa
x2 y2

7t

ondte sivar o0 =2 kaw B =1. ‘Etot éyovpe y° =27 —1> =3, ondte y = V3 ka

3
apo € = r_ % Téhog, o1 eotieg gival ta onueio E ’(—\/5 ,0) xar E (\/5 ,0).
o

(i) H e&iocwon 169x” +144y” = 24336 ypapetar 1codHvopio
2 2
N
144 169

2 2
X Y

—+
12> 13’
am’ 6mov mpokvmtel 6t o =13, B =12, y =169-144 = J25 =5 xa

>

E =

R =

5 . . . . . .
TS O eotieg Bplokovtal Tave ctov a&ova y'y Kot gival Ta onueia

E’'(0,-5) xou E(0,5).

3. 'Ectw ABI'A 10 {nrovpevo tetpdymvo. Av (x;, ;) YA
gtvan o1 ovvtetayuéveg tov onpeiov A, ToTE 01
ocvvtetaypuéveg Tv onpeiov B, I' kot 4 Oa gival /
(.3, (=x.-») kat (x,-y) ovootoiyws. B
Eneidn AB = AA Ba woybel 2x, =2y, ondte Ha
glvan

o\ 4

Nh=x (0]
Apo, otovvtetaypéveg tov A Boeivon (X, X;) Ko, r \\ 4

enedn emainBevovv v e&icwon g EAhetyng,
Ba yovpe

25

W +x =4 5K =4 X == (av %, >0).

"Etot to gntovpevo teTpdywvo Ba £xet KopueEg:
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{88) (208 (26 {59

5 5 5 5 5 5 5 5

4. H s&iowon x* +2)° =4 ypaestar 160-
dovapo yaA

B
2 2
X y -1

+
22 \/52

ar’ 6mov TpokdmTELdTL L =2, B = V2 ko

<V

y = V2. Emopévag, ot kopueéc B xat B’
&yovv cuvretaypéveg (0, NG ) ko (0, 2 )
avTiotoiyme, evad ot gotieg E kar E' éyovv B’
CUVTETAYUEVEG (\/5, 0) xo (—\/5, 0)

avtiotoiyme. Apa, 1o tetpdmievpo EBEB' givol tetplrymvo, apol ot Staydviég
ToV givaun iogg, kaOeTES KO SryoTOHOVVTAL.

2 2
5. Avto M (x,,y,) etvor éva onpeio g EAhetyng x_2 +2
o

F =1, 161€ T0 AVTISIOUETPIKO

100 Bogivarto M '(—x;,—,), AMoyo g ovupetpiag g EAkewyng mg mpog to O(0,0).

‘Etot, n epamtopévn g EMhewyng oto M (x;, ;) elvoun @ + % =1, evd o0
a

Ny . o .
+ —12 =1. Ot epantopéveg 0VTEC Eival TapAAATAES,

, , —xlx

M (=x,,—y,) etvarn ——
a

apov 01 GLVTEAESTEG d1evBuvong Tovg, Yo Y, # 0, givar icot.

Av y, =0, mov woyvetotav o M, M ' tontiotody peta A kot A’, 01 EQUTTOUEVES
G’ owtd etvon mapdAIAes, apov givar kaBeteg kot ot d0o oTov dEova x'x.

6. H epamtopévn & e EMenyme 3x° + »° = 4 oo onusio g M(x.y,) éxere€iowon

3
3xx, + ¥y, =4 Kon pa cvuvtekeoth) dtevbovvong 4, = _2h Emopévac:
N
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(1) H epantopévn € givar mtopdrinin mpog v gubeio y = —3x + 1, av kot povo av
-3x,

N

=-3 1, 1odvvapa,
N =X

Opwgto M (x,,y,) eivar onpeio g EAewyng. Apa, Bo Exovpe: 3x) +y; =4
Ko, enedn ), = x;, Oaoydet

3 +X =4 ax =4 =1 X =11
Emopévac,
(xlayl):(lﬂl) ﬁ (xlayl):(_la_l)'

"Eto1, vmdpyovv dHo evbeieg epamtopeveg g EAAEWYNG, TOL glvol TapdAANAES oTNV
evBela y = —3x+1. Orepantdpeves autég elvar ot 3x+y =4 ko1 —3x—y =4.

. , , , , 1 , =3x, 1
(1) H epamtopévn ¢ etvar ket oty gvbeia y = Ex, oV Ko Lovo oy —— - 5 =-1
N
, , 3x, , , , 3X,
1, looddvapa, y, = - Apo, To onpeio M Ba €xel cuvtetaypéveg | X, BN Ko,

a@ov avnkel otV EAAetyn, Oa eivol:
2 2
3X 9x
3+ 2] Che e+ 42 =16 X —
2 4 V21

Enopévag
x ):£4 6]’(x)(_4 6}
o V2121 ey 217 21)

Apa, ot (ntodpeves epantopeveg givat ot vubeieg:

ﬂx+Ly=4 Ko

21 21

ot omoieg ypapovtot

6

346,
NCTREENG TR

6x+3y—2\/2_:0 Ko 6x+3y+2\/ﬁ:0.

(ii1) H epoantopévn ¢ diépyeton and to M (0,4), av kat pévo av 1 e&icwon g
Kavomoteitat and T cvvtetaypéveg tov M. AnAadn, ov Kot pdvo av 1oyveL
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3x, -0+, -4 =41, 10080vapa, y, =1. Enednto M (x,,y,) aviket oty EAhenym,
O &yovpe:

3y =43 +l=d o x =1 x, =+,
Enopévag
(> 0) =@ 0 (x, ) = (=L1)

Apa, Ba £xovpe dV0 gpantoueveg TG EAAEWYN G OV diépyovtat and To M (0,4),
Tig evbeieg 3x+ y =4 ka1 —3x+ y =4.

7. Ot gpomtopevec g EMhewyng x° +4y> =100 oto onpeia M, M,, M, xon M, Oa.
glvai, avtiotoiywg, ou

455 +45y =100 = y=—x+55
—45x+45y =100 = y = x+ 55
—45x—45y =100 = y=—x-5\5

45545y =100 = y = x— 55

O gvBeiec avtég eivar ovd dHo (TpmTn-Tpitn) Kot (d£dTEPN-TETAPTN) TOPAAANAEG
peta&d Tovg Kot avd 600 Kabeteg (Tpd-0e0TEPN), (TPITN-TETAPTN) KoL TEUVOLV
pélota tov y'y oto ida onpeio. ‘Etot 1o tetpdnievpo mov opilovv givar opfoymvio
TaPoAINAGYpappo pe kébetec dtaydviec. Apa to TeTpdnigvpo avtd Ba elval
TETPAY®OVO.

B OMAAAX

1. Apkei va dgi&ovpe 0Tt o1 cvvtetaypéveg tov M eroinbevovy v e&icwon g
EMewyng. 'Eyovpe Aowmdv:
a’(1-t*)’ 477 (1-t) +4t7  (1+t7) .
o’ (1+t7)  BA+t?) 1+t%)° (1+t%)°

2. Av M (x,,y,) eivor onueio Topng tov evbeidv & kol &, T0Te 0o 1o)0eL
ay, =2fa+x) ka Aay, =pa-x)

omoTE, TOALUTANGIALOVTOG KOTA LEAT TG o0t TES, Ba Exovpe
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ha’yi =3B (@ =)
a’yl =a’p? - B’x; (apov L #0)
B vy =ap

x2 y2
L2l =1,

a2 ﬂz_
2 2

Apa, to onueio M (x;,y,) avikel otnv EAdenym x_2 + % =1.
o

3. Av0Bécovpe r = (ME) xou r' = (ME"), 101, 6Op@mVoL. P Tov 0piopd The EAAEWTG,
Ba woyvet
r'+r=2a )

Ouawg, etvon

F=J(x+y) + 9 ko r=q(x—7)° + )

Emopévag, éxovpe
P —rt =dyx
1, wodvvapa,
' +r)(r'=r)=4yx.
Omnodte, Moym g (1), Oa 1oyvet

P —r=21x=2¢x. )
o

Avvoope 1o svotnpa tov (1) kat (2) ko égovue
Fl=a+ex xow r=a —&x
4. Enedn n éMhenyn éxel mapapeTpikés E10MOELS
X=aovvp kol Y= fnue, ¢ <[0,271)
ot ovvtetaypéves (x;, ;) tov M, Oa givar mg popenig

X =aocovve, ka Yy, = fnue, ¢ €[0,27) (1)

omote N e€icmon x_x;l + y—yzl =1 g epamTouévng & g EAAEyMg 670 onueio M,
a

B
B0 wéper T popen:
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XoLVQ, | YMHQ

a B
n
(Bovve)x+(anue)y—aff =0 (2
"Etot, Oa éyovpe
d=d(l.e)= laynug —ap| _ alynue - Bl
JBPoovie +aiile,  \Brouvie, +atnp’e,
4 —d(I) = |—oaynpe, —aBl  alynue, + B

JBiowve +atnile,  \Bouvie +ainile,

omote Ba 1oydeL

42 gn < mue —BY +a’(ynug +B)° _ 207 (e, +B7)
Bouvie +a’nu’e, BZouvie +a’nu’e

207 - pnwe + B _ 20 (@i + Fonv'e) )
B*ouvie +a’npe B*ouvie +anu’e

. Etvan
(MlNz)z =(x —gx2)2 +y12 =x12 +82x22 —2exx, +y12

2 2, .2 _ 2, 2.2 2
(M,N,))" =(x,—ex)) +y, =x; +&°x; —2ex,X, +

Emopévag, yua va detéovpe 611 (M| N,) = (M,N,) apkel va deifovpie 0Tt

2 2.2 2 _ .2 2.2 2
X +ETX, —2exX, Y, =X, +€7x —2ex,x, + 1)

2 2
. 2, Y 2 22,V 2 2
n X t—=Xt Y =X +——x +),
[0 o
| ozz)c12+;/2)c22+012y12 =a2x22+y2x12+a2y§
, 2 2y .2 2.2 2 2N.2 2.2
f (" =y )x +a'yy =(a” =y )x, +a’y;
, 2.2 2.2 2.2 2.2
n ﬁx1+ay1:ﬂxz+ay2
2 2 2
. U\ S
n St o=t
a B a P
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6.

H { éyer e€icmon N evh o i 4 }—
' aZ ﬂz ’ Ml / I
kot €' €yovv e£loMOEI X = a Kul X = —« L B

7oV oyvEL, apov ta onpeta M, (x,, ;) xoaw M, (x,,y,) etvar onueio g EMAewyng.

o’ tpomog: Eotw P 10 onueio ya
Toung g ON kot Tov KOKAOV pe B
kévtpo O xou axtiva B. Eidope otig P M{(a.ouve Snpe)
TOPAUETPIKES EELOMGELG TG EMEYNG,
011 10 onpeio M eivar to onueio (A4’ ) H A
Topng ¢ opilovtiag evbeiag and 0 /F

70 P ko g katakdpueng omd 1o N. ‘A
Enopévag, ta tetpdmievpa MNOA
kot MPOI givat mapaAAAOYpOpLLLOL, B’
omote Ba Eyovpe

N(aouvg,anue)

beS 4

(MA)=(ON)=a «out (MI')=(OP)=p

B’ Tpomoc: Av ¢ givarn yovia mov oynpotilet o Sidvucua ON He tov a&ova x'x,
10T€ 01 suvTeTayUEVES Tov M Ba glvar (a2 cuve, BNILE), EVO Ol GLVTETAYUEVES TOV
N Ba givar (acvve,anue). Etopuévag, n evbeio MA Ba éxet e&icoon

Y= Bnug =epp(x —acove), )
Kot dpa Bo TéEpveL Tovg GEoves xx Kat y'y oTa onpeia
I'((o = B)ovve,0) kar A0,—(a - BIue).

Emopévag

(MA) = \/azcsuvz(p +a’nuie = \/az(covzgo Mue) =a

(MT) = {B*ouve + B = B2 (cuvie + ni’e) = B.

avtiotoiyms. Emopévmg, o1 cuvtetaypéveg
tov ko I glvor o1 Woeig Tov cuotudtov

b 4

A
\B,

€' x=-a € X=a
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XxX=a X=—O0
XX Wy KoL Xy Oy
—2+—2—1 —2+—2—1
a P a P

avTioTtoiyme. Abvouue Ta cuoTAnoTe 0T Kot Bpickovpe 6tita I kon I'' éxovv

20, 2
GUVTETAYHEVEG [a,M] Ko (—a,M] avtiotoiywc. Emopévag:
ay, oy
20, 2
Q) (ary =22 o arny 2 BE) e
oy oy
(Ar)(A!r!):ﬁ4(a2_’x12): 2 azﬂz_ﬂzxz Z'az.yl2

. 1: = 2
aly? B 2.2 B —=5=h

1 a 1

(i1) Apket va dei&ovpe 0Tt ETC LET’ 1, 1wodvvapa, ott ET-ET =0. "Exovue
AomoV:

2 2
EF:[(X—%—ﬂ (@ xl)j Kol EF':(—(aH/),—ﬂ (a+xl)J
oy, ay
omotTE
4 2 2
EI—"EI_"z(}/z a2)+,8 (az 2x1)
a )y
2 n2 2.2
- X,
:7/2 a2+ﬂ2 ﬁ - zﬂ 1
a'y
— ﬁ2+ﬁ2 2y12
2y}
=B+ p*=0.

Opoing amodsikvoovpe 0Tt ET LET"

8. H epamtopévn €xel e&iowon x_x21 + % =1. Apa, téuverl tovg agoveg x'x kal y'y
a

ota onpeia
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2 2
F[a—,OJ Ko A[O,ﬁ—j
X Y,

2 2
) o, a .
avtiotoiyws. Emopévag éxovpe p = — xot g =ﬁ—, omoTE
X i
2 2 2 2 2 2
a B _a BT x v
Sty E gt =t 5=l
pog¢ a poa B
2 2
X i

apov to onueto M, (x,,y,) avikelotnv EAAetyn.

3.4 HYIHEPBOAH

A" OMAAAX

1. (i) Bivar y =13 xat @ =35, ondte B =+Ja’ —y* =169-25 =12. Apa, 1 &&i-
oo™ TG vIepPoAng elvar

2 2

Xy

25 144

>

oV £xEL TIG €0TIEG TNG oTOV AEOVa. XX

. 5 3
i1) Etvon y =10 ko Y_ —. Emopéveg, oo = -y =6, ondte
4 3 5
o

B =+y>—a’ =100-36 = 8. Apa, n e€icmon g vepPolng ivor

2 2
Yy _x _
36 64

oV £XEL TIG E0TIEG TNG OTOV G&OVa. ¥'y.

(iii) Etvan y = \/g, ondte 7 =y> —a’ =5-a’. 'Etorn eéicmon g vaepPorig
TAPVEL T1 LOPOT
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Emedn 1o onueio M (2\/5 ,1) avikel oty vepPorn, o1 cuvteTOyUEVEG TOV Ot
enoinBevovv v e&icwon| g, dniadn Ba 1oyvet

8 1
—- —=le85-a’)-a’ =a’(5-a’)
a” S5-a

sat-140? +40=0

. _14%6
2

=

sSa’=10 1 a’=4
sa’=4, apov o’ <y’ =5.

Apa, 1 e&icwomn g vrepPoing Oa ivat

(iv) Atakpivovpe 000 TEPTTMOGCELG:

o) H vmepfloin éxer i eotieg ¢ arov aova x'x. Tote Ba €xel e&iowon

2 2
Xy
PR )
. . i . 4 4 . B _4
Ene1on, 0pme, éxel acvumtoteg Tig evbeieg y = —x kar y = ——x, o ioydel — = —,
3 3 a 3
ondte Ba Exovpe f = ?a. ‘Etoy, 1 (1) maipver T popen
2 2 2 2
by y X 9y
a’ 16 , a® 16a’ @
Ea

Ene1dn, emmAéov, to onueio M (3\/5 ,4) aviket oty vepPfoir, Ba 1oyveL

(V2 94 . 18 9
T s le =l
a 16a a” o

sa’=9<oa=3

Emopévac, Moym g (2), n e&iowon ¢ vrepPoAng ivau n:
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B) H vepfolii éxet tig eoties g otov déova y'y. Tote Bu éxet e&iowon

y_2 2

2

=1.

S
=

Av gpyaoTtobpe OTOS TPLY, Bo fpodpe 6TL dev vVILApPYEL VITEPPOAT TETOLOG LOPPNG

4 4
OV VAL EXEL ACVUNTOTEG TS Y = Ex, y= —gx Kol vo Tepvdel and to onueio
M (32,4).

YXOAIO: Mropovoape vo mapatnprioovpe 0t to onpeio M (3\/5 ,4) Bploketon
OTN YOVIK TOV AGVUTTOTOV ToL TePLéyel Tov Ox . Emopévac, to M Ba avikel oty
vrepPoAn mov £xel TIC 0Tie TG oTOV AEOVaL X X

. (1) 'Eyovpe:

2 2 2 2
Ox* —16y° =144 X 1OV XV
144 144 £ 3

Emopévoc, oo =4 ka1 =3, ondte y =+Ja’ + B> =5. Apa, 1 viepPolr] xet

5
eotieg Ta onueia E'(-5,0), E(5,0), ekkevipdtmro € = 7 KOl 0OV UTTOTES TIG

gubeie —éx ——Ex
Sy 2 y 4"

(i1) 'Eyovpe
2 2

2 2
X =y :4<:>2—2—2—2=1.

Emopévog, a =2 kot B =2, ondte y =+Ja’ + B* = 242. Apa, N vepPoin Exet

eotieg o onueia E '(—2\/5 ,0), E(2\/§ ,0), exkevtpoTTO € = V2 ko QCVUTTOTEG
Tig evbeieg y=x, y=-—x.

(iii) "Eyovpe

144x° _25y2 _1 Xty

144x* —25y* =3600 < S
3600 3600 512

Emopévac, a =5 kar =12, omdte ¥ = o’ + B* =13. Apa, 1 vepPoln £xet
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13
gotieg to.onueio E'(—13,0), E(13,0), ekkevipdtnto & = 5 KOl 0COUTTMOTES TIG

ovvtekeoth| Siedbovong A, =—

1

M, (x,,y,), Bo €xel e&lowon.

evbeie —Ex ——Ex
Sy P y P
3.’Eyovpe
3 1
£=8(p300 <:>E=—<:>—2——
a a 3 a3
2 2 2
- 1 1
P4 2a ——o| L] —1=2
a 3 o 3
, 4 23
Sef=—oe=—
3 3
4. H epantopévn g vmepPorng W2 X=a
oto onueio A(a,0) é€yxet
ekicwon X = a. Emopévac, ot [(a,p)
GUVTETOYLLEVES TOV onpeiov I
. , , » >
£tvat 1 ADGT) TOL GUGTNUOTOG 3 AGONELD) X
y=Lx
a , _E
x=a =%
N omoia, Tpoeavae, eival o (evyos (x, y) = (a, B). Apa, etvor
Or)=\Jo’ + B> =Jy* =y = (OE).
5. H egantopévn e g C oo M, (x;,),) éxete&lowon
xx, Yy
’x
Kot cuvtedeoTh Sievbuvong A, = — L. Ernedy n ¢ eivon k60et otV &, Oa Syl
N
azyl

S— Kol enedn], emmiéov, SiEpyeTal amd To
X,
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Zi (x-x) 2)

Yy=nn=-

Ouwg, n € mepvaet and 10 M, (0,—p) koin {oand 1o M, (2a V2, 0). Emopévag,
A0y tov (1) kot (2), Oa 1oyvet

By _y
ﬁz y=p
o’y < Bx, =a’(2a~N2 - x,)
M :_2_1(205\/5_)51) : !
X
o =B
(@* + BH)x, =2a°2
»n=p
& 202 ©)
X = 3
4
xZ yZ
Enedn to onueio M, (x;,»;) avikel otnv vepBoin C, Ba ioydet a_lz_ﬁ_lz =1,
omote, Aoy® TV (3), Ba éxovpe
6 2 4
8:152 —B—2_1©8i4=2©4a4 =y
ya B
4
N (lj =4t =4
a
se=Y4=1.
6. ¢'Ecto ¢ ua gvbeio mopdAinin y4 y:gB X+
TPOG TNV ACVUTTOTN £ ) = éx \ /
o
2 yz >
mgurepPorng C:———=1. 6] X
Mg vrepPoing e
y=_X
Tote n ¢ Ba €xet e&iowon

y:£x+5, 6 #0.
o
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T va Bpodue Tig cuvtetaypéveg Tav Kowvmv onpeiov me ¢ ko g C, apkei va

ADGOLLE TO GVOTNLLA

y:ﬁx+6
(04

x2 yZ

— =1

a B

"Exovpe howmov:

o 2
Q) o pix*—a’y’ =a’p’ < By’ —a2(£x+5j =a’fB?
04

2

o B —a’ (ﬁ—zxz +6° +2ﬁxj =a’p’
o o

o B - B2 —a?5? — 2aB5X = o’

© 20B6% = - (B +5°)

_a(B’+8?)
285

o X=

Emopévac, Aoym g (1), eivar

g( a(,82+52)J+5:_,32+52+6_52—ﬂ2.

y= 25 25

a

206
Apa, n evBeia {kon 1 vrepPorn C £xovv Eva povo kowod onueio, to

M[_a(ﬂz +5%) &2 —ﬂz].

285 0 28

B

M

(2

Av 1 {givon TapdAAnAn Tpog Ty acOumtoTn €' y = —— X, TOT€ Ko AL Ot Exet
a

pe v C éva povo koo omnueio.

e Homepporny 4x° — y* =1 éyet acvpmtortec T1¢ evdeiog

y=2x Kot y =—-2x.

Emopévac, n evbeio 2x — y =1, mov ypdoetor y =2x—1, givor mapdAinin tpog
TNV ACVUTOTN Y = 2X Kol Apa, GOUPOVO, pe 0G0 amodei&ope mpy, Oa €xet pe
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1
mv vrepPorsy 4x” —y* =1 éva uévo kovd onpeio 1o M [E,lj, apov o = %,
pf=1lxu 6=-1.

. H egicowon ¢ epantopévng & g vepforic x° —4y° =12 oe éva onueio

M, (x,.3,) eivain
xx, —4yy, =12 (1)

Kot £yl cuvtedeotn devbvvong

X

)«_

Cod4y, @

Enopévac:

(1) H € etvan mapdAAnin mpog v gvbeio £ 1y =x+1, av kot pévo av 1oydet

2 = A, Smhadn :—1 =1 1, 1od0vapa,

1

x, =4y 3)

Opawg, to onpeio M, (x,,y,) avikel otnv vaepPoAn. Emopévmc, ot cuvtetaypéveg
tov Ba emaAnBedovy v e&iowon e, dnAadn Ba toydet

Xt -4yl =12 4)
Av Moovpe to cvomua tov (3) kot (4) Bpickovue 0Tt
(xl’yl) =4,D 0 (xl»yl) =(-4,-1).

Apa, VIEAPYOVY dVO EPOTTOUEVES TNG VILEPPOANG TOV Eival TAPAAANAEG TPOG TNV
evbeia y = x+1. Orepantoueveg avtéc, Adym g (1), £xovv e&lodoelg

4x-4y =12 xou —-4x+4y=12,

OV YPAPOVTAL IGOSVVOLLOL

y=x-3 xou y=x+3
OVTIOTOLY ™G,

.. 4
(ii) H € etvar kdBetn oty evbeia 17 : y = —ﬁx, av Kot povo av woyveL A, -4, = -1,
4
dnradn :—‘[——j =—1 7, .wodvvapa,

w3
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x =3y, (5)

Opwg, to onuelo M, (x;,y,) oviket oty vaepPorn. Enopévag, Oo 1oyvet
xi =4yl =12. (6)

"Etoin (6), Aoym g (5), ypdoetar 3y, —4y, =12 1, 160ddvapa, Y, =—12, mov
glvatl advvatn. Apa, dev vITApyEL EPanTOUEVN TNG VITEPPBOANG OV givarl KAOeTN

, 4
omvevbelo n:y=——=x.

NG

(ii1) H & d1épyeton and to onueio M (3,0), av Kot pOvVO av Ol GUVTETUYUEVES TOV
emaAnBevovv v (1), Snhadn, av kot povo av wyvel 3% =12 1, 1oddvaua,

X =4 (7N
Onwg, 6mms eidale To TP, 1YLEL
X7 -4yl =12. (8)

Av Moovpe to cvompa tov (7) ko (8), fpickovpe 6Tt
(o) =D 0 (x,0) =41,

Apa, vdpyovv 500 epanTopeveS TNG VIEPPOATG TTOL VoL S1EPYOVTOL Al TO oMLLEiD
M (3,0). Ot epantopeveg avtég, AMoyw g (1), Exovv e€lodaoelg

4x—4y =12 xou 4x+4y=12,
OV YPAPOVTUL IGOOVVOLLLOL
y=x-3 Kk y=-x+3

OVTIOTOLY™G.
B OMAAAX

1. Ectowo KAMN 10 opBoymvio PBdong tng Ay
vrepPorng. Tote (OA)=a kou (AK)=p N B K
ondte (OK)Y =a’+p*=y> «xatr dpa
(OK)=y =(OE). Enopévag ta opboynvia
tpiyova AOK xoi E,OF givar ico, apod £xovv
pio o&elo yovia KON Kot TIg VIoTEVOVGES 1EC. E A O A\ E
Apa Ba woydel

E;

XV

(OE))=(0A)=a xa (EE))=(AK)=p. M B 4
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2. 'Eoto {m epamtopévn mov TépveL TIG & kot &' ota onpeio I kol ' avtiotoiyog.

Av M, (x,,y,) etvarto onpeio emagpnc, t0te N e&icwon g ¢ Ba etvan

XX N
it LA W 1
aZ BZ ( )
Emopévamg, ot cuvtetaypéveg tov I ko I'' gival o1 AGELG TOV GLGTNUATOV
X=a X=—O & Ay
X K
PERNE PERNE M(x1,1)
avTIoTOlY®G. AVVOLLLE TO GUGTLLATO AVTA
Kot Bpiokovpe 6tL T0 I £Y€1L CUVTETAYLEVEG R
E 4] O E X
( P a)} gvibto I el
ay
2
+
GUVTETAYHEVEG —a,M ) ol
-0y, ¢
Enopévac, éxovpe
2
X —o X +o
(AF):—ﬂ i |K0u(AT)—ﬁ [ + o )
£ aly|
Apa
| B e
@) (A )(AT) = 2| 3
a’y
Pl
a’yl
2,2 2 2
2 Q7Y NN
=B azyf’ vl Z_F_l

(i1) Apket va deiovpe 6TL ET LET. pdypar £xovpe
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E—F»,F:[a IEC ‘“)J.[_a Bk +a>]
(04

N 0y
B0 o)
= o~y pr P E)
a
:ﬂZ_ﬂZ ﬂz‘xlz_azﬂz
2.2
a y
2 2
;XY
=p*-p*1=0, vy a—'z—ﬂ—'zzl.

Apa ET LET.
. Apkeiva deiéovpe 6t To ppoo M, M, kou M M, £xovv Kovo LEGO 1, 160dVvapa,
apkei vo dgi&ovpie 0T

XX XX, a itY, _Ys+V,
2 2 2 2

(1)

® Av n evlela M M, elvon katakopoen 1618, 4y
agov o aEovag xx etvon dEovoag cuppetpiog

g vrepPoing, Ba woyvetl To {ntodpevo. M5 (%s.5)
3\A31Y3

® Avn evleia M M, dev givan kotaxdpoen, Mi(X1,Y1)
161 Oa Exel e€lomon

Xy

y=Ax+u ) Ma(X2,Y2)

Ma(X4,Ya)
'Eto1, ot ovvetaypéveg tov M, M, Oa givar
01 MOGELG TOV GLGTNATOG

y=Ax+u
Xy ©)

o 7
Av Bécove o devtepn e&icmwon 6mov Y T0 AX+ U, Ppiokovpe
BX —a’ (Ax+p) =a’p?
B =Aa’x —2Apa’x—pla’ —a’ B =0

0 (B> =) —2Aua’x—a’ (B + u*) =0.
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Enopévag

X, + X, Aua’

= 4
2 B> -2’ @
T va Bpodue tig cvvietoypéveg Tov M, kot M, Abvovue to cueTAHOTOL
y=Ax+u y=Ax+u
Ko
y = E X y = —Ex
a a
avtiotolymwe. ATd ta cvuoTipaTa ovtd Ppickovue 0Tt
Xy = a—— X, =— i
B-a B+ la
OTOTE £YOVLLE
X, + X Aua’
s TA_ HO Ha Ha (5)

2 28-ia) 2Pp+ia) B-Ad’

, , , X X X X
Etot, and tic (4) ko (5), TpokdmTel 611 —=2 = %

E&dAov éyovpe
V=AU, Y, =AX, U, Yy = AN Ko Y, = Ax, + .
Apa

yl+y2:/1x1+x2+'u_ )c3+x4+‘u:y3+y4

2 2 2 2

4. HropdAinhn {; mpog v acduntwto g, : y = Ex amod to onueio M, (x,,y,) éxet
eklomon o
B A y
=2 1
Y=n o (x=x), (1) O
, , , M,
gva M mapdAinAn £, Tpog TV acHUNTMTO

ﬂ &2 o Ml(xllyl)
&, y=—"x and 10 onueio M,(x,,»)
o

3 4

&1

éxel e€icmon P M,

&
von=-Lux) @
(04




103

‘Eoto M, givar to onpeio Topng tg ¢ e TV &, kot M, 1o onuelo toung me ¢, pe
v e,. Tote

(OM,M M) =2(OM M) = |det(OM,0M,) 3)

['a vo Tpocdiopicovpe Tig GLUVTETOYHEVEG TOL M, AOVOLUE TO GOOTNHA TMV

&Y= _éx KoL Gy iy =y = ﬁ(x_xl)
o o
H devtepn e&icmon, AOYm ™G Tpd™G, YPapeTaL

——Xx-p=—x-—x, & -Px-ay =px-Px
a o

< 2fx=px —ay

o Br-an
2p
‘Etot, and v tpdtn e€icwon Ppiokovpe 011 y = —w. Enopévag, ot
cvvteTaypéveg tov M, givar o
X, = Bx, —ay Kat y, = ay —Bx '
2p 2a
Apa, Moywm g (3), £xovpe:
x] y]
I i |
(0M2M1M3)—x y =| fx, —ay ay —Bx
G 28 2 |
2 2
_ &N - Bx; _ Bxy —ay |
2a 2p
_|eBxiyy —Bx —aBxiy, +o’ ¥y |
20
_|a’w =B
2af
22 2 2
= , ywrito x_12_y_,2=1
2af a” B
1
=—ap.
5 B

Apa, 10 uPaddv Tov TopoAAnidypappov OM,M M, eivar 6to0epo.
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5. " tpomoc: Av KAMN eivar o opboydvio s y :Ex
. ., a
Baong g vepPorng, tote (OA) =a N B K
xatl (OK) =y. 27 R
Emopévag, av ¢ = AOK, t61¢ 2 ° X
Heveg, , M B A
Guvwzm:ﬁ:l ) y==3*
OK) vy ¢
Apa R
cLVKOA = cuv2p
=2cuvip -1
1 2 2-¢°
B B

B” 1pémog: Orachuntmreg €, : y = —x KOl €, : y = —— x glvor mopdAinleg mpog ta
o o

dtovoopata 6, = (a, B) xou 8, = (a,—f) avtictolywe. Enopévac, 1o suvnuitovo
1 2

LLOG OO TIG YOVIEG TMV ACLUTTOTOV EIVOL {00 [LE TO GUYNUITOVO TNG YOVING @ TV

davvopdtav 4, 6,, Niadn ico pe

5"1.5"2 az_ﬁz _az_ﬁz

G e

oLV =

R [=

2
j B 2-¢’

2—
_062—()/2—(12)_2062—)/2 B

7/2 }/2 (yJZ 82
a

\

2

A’z A’l 1(a10) AZ(pa ’O) »

Ot ovvretaypéveg Tov A, kar A, givar (a,0) kot (pa,0) avriotoixng
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® [0 va dei&ovpe 611 0mod 10 A, dev byovian epantopéveg ot C,, apkel va deiovpe
Ot kopd amd Tig epontopeveg g C, dev diépyetaromd 10 4,. Av M, (x,, ;) eivar
éva onueio mg C,, 16te 1 gpantopévn g C, oo M, Oa £xel ebicoon

XX,

I vo detéovpe 6t (1) dev Siépyetar omd 0 A, (per,0), apel va dei&ovpe o1t

0
pax, U #1 1, 10080vapa, pX #a.

aZ ﬁZ

[pdaypar, etvan |X1| > o, onoTE | pX1| = po > o ko dpa pX # o. Emopévac, and
70 4, 6ev d1EpyeTon KapLd epamwtopévn g vrepPoirg C,.

e [0 va deiéovpe 011 omd 10 A, dyeton epomtouévn otn C,, apkel va Bpovpe
onueio M, (x,,y,) g C, oto omoio n epomtopévn g C, va diépyetat omd 1o
A,. H epantopévn g C, oto M, (x,,y,) éxeleticoon

XX, W, 2
w p ()
I'o va mepvaet ) epomtopévn (2) and to A (a,0), apkei va oydet
0
a—?—izz =p> M, 10080vapa, X, = p a. (3)
a” B
y xzz .sz 2 . . ,
Onog, — _F = p~. Enopévaog, Aoym g (3), éxovpe
o
4 2 2
a” Yy
_paz —ﬁ—i =p’©p'p -y, =p'p’

Sy =p B (p" -1
oy, =+ppp’ -1
Apa

(. 3,)=(P’a,pBpP’ =1 M (x,.3,) =(p’a,—pB+/p* —1) 4)
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Ko enopévag and to onueio A(a,0) dyovtar mpog v C, 600 eanTONEVES e
eElomoelg

xp’a _ypByp* -1
a2 ,32 =p

Kot

xp’a yppp* -1 _ p?
aZ ﬁZ
OVTIOTOLY ™G, 01 0TOlEG TAiPVOLV TN LOPON:

Bp*x—oapyp® =1y =p’af o Pp’x+oapyp’—1y=pap.

3.5 HEEIZOQZH AX2+ By’ + Ix+ Ay +E=0

A" OMAAAX
1. (i) Eivau:
P —8x+8=0 1" =8(x—1) = 3> =2-4(x-1)
omorte, av Bécovpe X = x—1 ko ¥ =y, épovue
Y?=2-4X.
Apa, 1 e&lowon mapiotavel TapaPorf e kopven to onueio O'(1,0). H eotio E
™ TopaforAng éxel wg Tpog 1o cvotnue O'XY ocvvietayuéveg (X,Y) =(2,0),
omoTE OG TPOG T0 cvota OXY Ba £xet cvvtetaypévesg (x,y) =(3,0).
(i1) Etvau:
¥ +4x-16y+4=0=x* +4x+4=16y = (x+2)° =2-8y
omoTe, av Bécovpe X = x+2 kot Y =y, €yovpe
X?=2-8Y.

Apa, 1 e&icmon TapioTdvel TapaPorrf pe kopven to onueio O'(-2,0) kot eotia
to onpeio E(-2,4).
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(iii) Eivou:
Y +4y+8x—28=0= )y  +4y+4=-8x+32 = (y+2)  =-2-4x-4)
omote, av Bécovpe X =x—4 kot ¥ =y +2, éovue
Y? =2-(-4)X.

Apa, 1 eicoon Tapiotdvel Tapafolrs pe kopven to onueio O'(4,-2) kot eotia
to onueio E(2,-2).

(iv) Etvan
¥ —8x+6y-8=0x" —8x+16=-6y+24 = (x—4)’ =2(3)(y—4)
omote, av Bécovpe X =x—4 kou ¥ = y—4, éovue
X?=2-(-3)Y.
Apa, 1 e&icmon opiotdvet TapaPolr ue kopven to onueio O'(4,4) kot eotia

5
to onueio E (4,5].

2. (i) H e&lowon ypdoetat dadoyucd
9x* +25y° ~36x—-189=0
9(x* —4x)+25y* =189
9(x* —dx+4)+25y" =225
9(x—2)* +25y° =225

2 2
G227
25 9

omote, av Béocovpe X =x—2 ko Y = y, n e&icwon maipvel T popen

X v
5—2+3—2:1.

Apa, n e&icwon Taprotdvel EMdenyn pe kKEvipo to onpeio 0'(2,0) kot GEoveg
ovppetpiog tig gvbeieg x =2 kot y =0. Qg mpog o shotnua O'XY ot kopueég
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A', A &ovv ouvtetayuéveg (X,Y) = (=5,0) ko (X,Y) = (5,0) avtictoiyme, evd ot
gotieg E', E &yovv ovvietaypéves (X,Y) = (—4,0)kar (X,Y) = (4,0) avuiotoiywg.
Emopévag, og mpoc to ocdhotnua Oxy ot kopueig A', A £xovv cvVTETAYHEVEG
(=3,0) xou (7,0) avriotoiywg, evd oteotieg E', E éyovv cvvietoypéveg (—2,0)
kot (6,0) aviiotoiymg.

(i1) H e&lomon ypdoeton dtadoyuc
X +4x+16y° =0
(x2 +4x+4)+16y2 =4
(x+2) +16y° =4

2 2
(x+2) N
4

~<

=1

ISE

omote, av Bécovpe X = x+2 kot ¥ = y, n e&icwon maipvel T popen|

x> r?
2y
3)

Apa, n e&icwon Toplotdvetl EAAetyn pe kévrpo 1o onueio O'(=2,0), KopLPEg

15
ta onueio A'(—4,0) kot A(0,0) kot gotieg ta onueia E’(—2—g,0] Ko

E(—2+£,0].
2

(iil) H e&lomon ypdoetot dtadoyikd
4x* +9y* —32x-36y+64=0
4(x* —8x)+9(y* —4y) =64
4(x* —2-4x+16)+9(y* —2-2y +4) =64+ 64 +36

dx—4) +9(y—-2)" =36

=’ -2,
9 4
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omote, av Bécovpe X =x—4 kot ¥ = y—2, n e&iowon maipvel T Lopon

X v
3—2+2—2=1.

Apa, 1 e&icwon Taprotdvel EMenyT pe KEVTIPO to onueio 0'(4,2), kopveég ta
onueia A'(1,2), A'(7,2) ko eotieg ta onueio E'(4— J5, 2), E(4+ J5, 2).
(iv) H e&iowon ypaopetat dtadoyikd
9x* +16y” +54x—32y—47=0
9(x* +6x)+16(y* —2y) =47
9(x* +2-3x+9)+16(y* =2y +1)=47+81+16
9(x+3) +16(y—1)* =144

2 2
(43’ =D’
16 9

omote, av Bécovpe X = x+3 kot ¥ = y—1, n e&iowon maipvel T popon
X vy
FaAES
Apa, n eEiowon mapiotdvel EMhenym pe kévipo to onueio O'(=3,1), kopveég ta

onueia A'(-7,1), A(l,1) ko1 eotieg ta onueio E'(-3— V7, 1), E(=3+7,)).

=1.

3. (i) H e&iowon ypapetat dStadoyika:
21x* —4y” +84x-32y-64=0
21(x* —4x)—4(y* +8y) =64
21(x* —=2-2x+4)—4()* +2-4y+16) = 64+ 84— 64
21(x—2)* —4(y+4)’ =84

(=2’ (+4) |
4 21
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omote, av Bécovpe X =x—2 kot ¥ = y +4, maipvel tn Lopon
X’ Y’
22

Apa, 1 e&icoon napiotavel viepfoln pe kévipo to onueio O'(2,—4). Q¢ npog
10 obotnua O'XY ot kopuepég A', A €povv cuvtetaypéveg (X,Y) =(0,—4)
kot (X,Y) =(4,-4) aviiotoiyog, evd ot eotieg E', E §(ouv cuvieTayuéveg
(X,Y)=(-5,0) xan (X,Y)=(5,0) avrictoiymng. Emopévmg, g Tpog 10 cOGTNUA
Oxy o1 kopLeég £xovv ouvtetaypuéveg (—3,—4) ko (7,—4) avtiotolymg.

(i1) H e&iowon ypaoetor dtadoyikd
2y* =3x" -8y +6x—1=0
2(0° —4y)-3(x* =2x) =1
2(y° =22y +4)-3(x* —2x+1)=1+8-3
2(y—-2) -3(x-1)" =6

-2 =D’
3 2

omote, av Bécovpe X = x—1 kot ¥ = y—2, maipvel ) popon

Y? X?

W3y (27
Apa, 1 e&iowon topiotdvel viepBorn pe kévipo to onueio O'(1,2), kopveéc
ta onpeion A'(1,2—+/3), A'(1,2++/3) kat gotiec ta onpeio E'(1,2—+/5) xa
E(1,2++/5).

4. Hevbeio y = x—2 epdmreton g mopaforig ¥ = x° —Kx +2, ov Kot LOVO o T0
y=x-2

) £yel oumAn Avon. Eivar dpwg:
y=x"—-Kx+2

GUGTNLLOL {
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y=x-2 y=x-2 y=x-2 )
2 < 2 < 2
y=x —Kkx+2 X —kx+2=x-2 X —(k+D)x+4=0 (2)
Emopévac, to chompa éget dumAn Adom, av kot pdvo av 1 e&iocwon (2) Exet dSurdn
pila mov cupPaivet, av Kot povo av 4 = 0. 'Eyovpe Aowmdv

A=0o (k+1) -4 =0 Kk+1=4 1§ k+1=—4

S Kk=3 N k=-5.

. H povadu kotakdpuen epamtopévn e mapaPoiig v° = 4x eivar o Géovag y'y.
0 Géovog, dpume, y'y dev epémtetal Tov KiKov x° + y° = % Emopévac, av vrépyet

KO EQOTTOUEVT], €, TOV KOKAOV Kol TG Tapofoing, avth Oa €xel e&icmon g
Hopoiig

g:y=Ax+p (1

. , 1 . . , .
H & epdmreton ov kKOKAOL X° + ° = > oV KO LOVO av 1) 0TOGTACT TNG A TO

kévrpo O(0,0) tov KOKAOVL gival ion pe TNV aktiva Tov, dnAadn, ov Kot udvo av
woyvEL

1 7, 1odvvapa, 28° =A% +1. )

22+1 V2

. , 2 . , y=Aix+p
H ¢ gpdmtetar g mapaPoric ¥~ = 4x, av kot pdvo av 10 GOGTHL

y2 =4x
€xel ot Aon. Eivan dpog:

{y:lx+ﬁ {y=1x+ﬂ {y=1x+ﬂ
= =

3
Ax+B) =4x  |[A*X*+24B8-2)x+ B> =0 3)

V' =4x

Emopévag, To chotnua £xet dtmdn Ao, av kat povo ov 1 (3) éxet dumin Avon mov
cvppaivet, av Kot pLovo av

A#0 xar A=0

"Exovpe Lowdv

A#0 A#0 A#0 1
{A—O©{4 2 202 _ Q{_ _ Sp=- 4
= (Af-2)" -4 B~ =0 42+4=0 y)

"Etot, Aoyo tov (2) kot (4), Exovpe
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2
2% =A% +1 ?:AZH A +Ar-2=0

I o e
P - )
2 _
A=l {);1 ,{/1:—1
=N = 7 .

Apa, vIEdpPXoVY V0 KOWVEG EQUTTOUEVES TOL KOKAOV Kol TG TopafoAng, ot evbeiec:

y=x+1lxu y=—x-1.

I'ENIKEX AXKHXEIX 30v KEPAAAIOY

1. (1)) H (1) yphoetor drodoykad:

(x> =2Ax)+y* =1

(x* =2Ax+ %) +y* =17 +1

B(0,-1
(x=2A) + 2 =(WA2+1)? 04

Apan (1) mapiotdvet kKOKAO pe KEVIPO

K (2,0) ko oxtiva p =+A*> +1.

b 4

(i1) @a BempncoLLLE FVO U0 TOVG TOPUTAVE® KOKAOLS KoL Apov BpoviLe Ta KOWE
Tovg onueia Ba anodeibovpie 4Tt kaOe GALOG KOKAOG oV opiletor amd v e€icmon
(1) diépyerar amod ta onueio avtd. a4 =0, 1 =1 égovue Tovg KOKAOLC:

C,:x*+y =1=0xou C,:x* +y° —2x-1=0 ()

avtiotoiywg. Ta onpeio TopNg TOV KOKA®V aDT@V £ivatl 01 ADGELS TOV GLGTHUOATOG
v e&lomcemv (2). Abvoupe To cvotnpa avtd O¢ EENG:

X4y —1=0 +yt=1_ [y'=1_[x=0, [x=0
Pt = = n
X 4+y?-2x-1=0 |2x=0 x=0 y=1"[(y=-1
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Apa, ot koxAotl C, kan C, tépvovtar ota onueio A(0,1) xou B(0,-1). Ano ta
onpeio owtd diEpyovtat dA0tL ot KOKAOL Tov opilovtat and tnv e&icwon (1), apov
01 oLVTETAYLEVEG TV A Ko B emainBgvovv v (1) yue kdbe A € R.

[pdypatt

0 +1°=2A0-1=0 xa 0% +(~1)>-210-1=0.

H g&iocwomn g kowng xopdng etvoun X = 0.

2. (i) O xoKhog C,: x> +y° =1 éyetkévipo 1o K,(0,0) xar oxtiva p, =1, evid 0
wokhog C, : (x—2)" +y° =27 éyetkévipo 1o K,(2,0) xat axtiva p, =2. Eno-

pévag, av € givar ) gubeia pe eicwon y = Ax+ B, 101€ Ba Eyovpe

d(Kl,g)=|’1'0_0+ﬁ|: 4]
JA2+1 Ji2+1
Kol )
4K, ¢) _|A2-0+p| 22+ p|

JA2+1 \/12+1

(i) T va. e@dmteTon 1) & Ko 6Tovg 600 KOKAOLG TPEMEL VAL APKEL

d(K,,e)=p, xa d(K,,&)=p,

Onwg: 18| .
{d(Kps>=plg; Jazer o JIBl=NAT
d(K,,e)=p, |2/”t+ﬂ| 22+ B|=2V2% +1

2

=

Bl =+22 +1 @{/ﬁ:ﬂﬂ
|2/1+,B| g (2A+f=2F " 2A+[f=-25

II

2
M A7 +1 (addvorn)

=

le»—A

=A% +1
p= 2111ﬂ——%i

-2 22

>
A
1
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2B —
- p2f 2B

Apa, vrdpyxovv 500 Kowvég epomtopeves Tmv kKOKAov C, kot C, ou:

V323 B 23

Eiy=—X+—— KOl & :y=——X——.

3 3 : 3 3

(iii) O1 evbeieg &, &, efval cvppeTpikég g mpog tov aova x'x. Apa tépvovat
mave otov x'x Kat, eneldn n &, oxnuotiCel pe tov afova x’x yovia 307 (agov

J‘

A= =¢£930°), o1 evleieg &, &, synuatiCovv yovio 60°.

3. (1) Ov ovvtetaypéveg (x;,);) ko (x,,y,) TV onueiov A kol B givorl ot AWoelg

y=Ax+

5 . H debtepn e&icmon tov cuoTiratog, AOym g

TOVL GUGTNLLATOG
y- =4x

TPATNG, YPAPETOL
(Ax+ B) =4x & A*X> +2ABx+ B* =
S A +2(AB-2)x+ B> =0 (1)

H e&iomon avtn givor devtepoPadiia kot xet Avomn, ov Kot povo av A > 0, dniaodn,
av Kot Lovo av

AB<1 )

Yty mepintmon ot o péco M Ba €xel cuvteTaypuéveg

X +x, 2-4
:%:g—zﬂ (3)
Kol
Nt xl+x2 2-p 2
= = = + fp—
y 5 5 +p= 2 B p (4)

(i) o) Av A =1, Loyw tov oxéocmv (2), (3) ko (4), To onpeio M éyel cuvteToypéveg

x=2-F, pe B<=l1
y=2
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Apa, 6tav 10 f petafdrietal, Tote To M Stoypdeel v nuevdeia
Myt:y=2, pe xz1,
omov M, to onpeio pe ovvretaypiveg (1,2) (Zy. a).

B) Av =0, AMdoyo tov oyéocwv (3) kat (4), To onpeio M €xel cuvteTaypEves:

2 2
X =— X =—
2 2 2:2
; , A eR* ondte )2’ Kot Gpa {y x.
y=2 A=Z,p%0 y=0
A y

Emopévag, 6tav to 4 petafdiietal, tote 10 onpeio M daypdpet Ty Tapaforn
y? = 2x pe elaipeon to onpeio O(0,0) (Zy. ).

r' N r' N
Y y y*=4x

2—
y=2,x=1 y=2

2)
/ t

/o X 5 X
y2=4x \
B)

(@)

. H evbein £, mov diépyetar and 1o onpeio X (0,2 ) kot &yel cuvieheot devbuvong
4, &xer e€lowon

Mo(1

~M yA
y:),x+2ﬂ. \ 2(072,5)
\ M
Enopévog to onueia M, M éyovv B00.,5) C\y= Jx+2f
GUVTETOYHEVEC \
(o, 2ot +2B) xou (—o,—Aa +2B), A(a0) A(a0)
0 X
TIOL £1VaLL 01 AVGELS TOV GLGTIUATOV /
B(0,-B)

g’ x=-a & x=o
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{y=1x+2ﬁ {y:/lx+2ﬁ
Kot

x=a xX=-a
avtiotoiyws. Emopévag

(i) O xoxlog pe diduetpo MM' £yxer kévtpo to X(0,28) kot oktiva

=(EM) =+Ja’ +(Aa)’ =aVJA +1. Apa éxet ebicwon:
p

¥ +(y-2B)Y =a’ (A’ +1) 1)

(i1) T'a va diépyetat o KOKAOG OVTOG amd TIG £0TiEG TNG EAAELYNG OpKEl OL
GUVTETAYUEVEG TOVG VO TOV emaAnfevovv. Apket, Snrad,

y’+(0-2p)" =a’ (A’ +1) ()
Onwg
Q) ey +4p> =a’2 +a’
Sall =y -a’+4p°
S oAt =B +4p°
S a’l’ =37

@lziﬁﬁ
a

Emopévmg o kiKhog diépyetat and Tig 6TIES, av kot uovo av A = iﬁx/g .
a

2 2

5. Tw v éAhetyn )Sc—z + % =1 givaw o= 5 ko1 f = 4. Enopévag y = 3, ondte o1 gotieg

2 2

™ Mg sivar ta onpeion E'(=3,0) ko E(3,0). Apa, av x_z - % =1 givoun
a

e&lomon g (ntodpevng vepPoing, Tote o 1oyvEL
a’+p*=3"=09. @)

TNo va gpdmteton n veepfoin g evbeiog y = x+1 apkel 1o cvoTua
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vo, éxet Sumh Ao, H dgdtepn e&icmon tov GuGTARATOG, AOY® TG TPMTNG, YPAPETAL

X (x+1)?

a2 [))2

o B —at (x+1) =a’p’

o (B —a)x* —2a’x—a’ (B> +1)=0 )

Emopévamg, apkei ) eElowon (2) va eivan devtepofdbpia pe draxpivovca 4 =0,
dnrodn apket

BP—a’#0 xa 4o’ +4o’(BP+D)(B*-a’)=0

1M, 160dvvaua,

B#+a (2) xu o’ +(BE+1)(B°-a’)=0 3)

Opwg
A+ (BB -aH)=0=a’+ B+ B —a’BP—a’ =0

S BP+l-a’ =0
sa’-pr=1

"Etot, éyovpe

a’+p*=9
2 2 . a’=5
a”—p =1, omote s
a#xp pr=4
Apa, n vepPoin Exet eEicmon
2 2
Y
5 4
. 'Eoto o 10 pétpo g yoviokng TaydTnTog. yA A(4ouvet, 4nuot)

Térte, katd T xpovikn otiypn t o didvucua
O—A; , Ba €xel duaypdyer yovia ¢ = ot, evd
70 d1dvuopa O—B; , Bo éxel draypyet yovia
—p =-ot. Emopévoc, xatd tn xpovikn
otiyun t to didvocpa O—A; Ba £xel mapel

™ 0éon O

B(ouv(-wt),nu(-wt))
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OA = (4ovve,4nue) = (4dovvot, dnuot),
EVD TO O_Bl' , Bo éyel mapet ) Béom
OB = (cuv(-).nu(-9)) = (cuvet,—Nuaet).
"Etot, y10 T cvvietapévn OM 10v OA xuu OB 0u oYvEL
OM =0OA+0OB = (4ovvot,dnuot) + (cuvet, —nuot)

= (Scvvot,3nuot).

Yo

3

Apa, o M Ba Sraypyet Tnv EAAetym x_ +

VA y=2X
7. (1) Av (a,2a) xou (B,-20), o, >0, eivor ot
cvvtetaypéves Tov M, kou M, avtictoiymg kot (x, y) M,(a,2a)
01 CLVTETOYLEVEG TOV HEGOV M, TOTE OOt 1oy hovY ’
a+B=2xxamo—p =Y, M(xy)
omote Ba Eyovpe o X
HOOH Ma(B,-28)
2x+y 2x—y
= Ko 3 = . 1
2 B 3 (D
y=-2X

(ii) To epPadov Tov Tpry@vov OM, M, divetol omd Tov TOTO
, —
(OM M) = E|det(OM1 ,OM,)

:l|a =2ap.

_2ﬁ

Emopévag
2x+y 2x-y 3 2 Xy
=leodx' -y =4 —-==1, (2
2 2 Y o2’ @)
nov mapiotével veeppoin. Opwg a, f > 0, omdte X > 0. Apa to onueio M (x, y)
avikel oto de&ld KAGS0 TG vtepPoing (2).

OMM,)=2caf=lc—



8. O1e81006EIG TOV EPUTTOUEVOVY &, KOL E,
10V C, xou C, ota onueio I, kou I, efvau:
XX
JEpaa PRSI (1)
o p C
Kot
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b Y y=(epO)x

& :Otzxxz—i-ﬁzyy2 =1 2)

avtiotoiyws. Emopévmg ot cuvteleotés
devduvong A, Kot 4, ToV &, Ko &, eivat

{oot pne
2 2
A= ﬂz L kou A, —%,
ay By,
omote Ba 1oydeL
A, = XX, X, X, 1
L= = =
yy, (e00)x -(s00)x, £9°0
apod y; = (epO)x; kv y, =(eO)x,.
9. (i) H dyyotdpog y=x, x>0 g Ay y=x
yoviog XOY tépvel v EALEWYN 6TO
M, (X, X —
onueio M, (X, X, ) ne X :L. (k) y=hX
Ja’ +p’
M(t,At)
Enopéveg, n epantouévn &, g 0 X
Elhewyng oto onueio M, (X, X))
€xel e&iomon
XX, VX
P
. R B’ , |
Ko Gpa cuvTereot diedbuvong 4 = ——. Enedn 4, = Y €yovpue
a
1 2
X :——c>—ﬁ—2:——<:>oc2 =28’
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(i) Av (t,At) eivor ot cuvteTaypéves Tov M, TOTE 1] EPOTTOUEVT TNG EAMAEYTG OTO
onpeio avto €xel e&iowon

xt  yAt

!
2

Opwg B° =a’ —y°.

KoL apa £xe1 cLVTELEST d1evbuvong i =———.
o

Enopévac,

1
omote Ay = 5

10. (i)'Ect® M 10 K€vTpo Kot F 1 aktiva 5 e ’
€VOG amd Tovg Tapomive kKhkAovg C.
Tote Ba. £yovpe:

dM,K)=R+r (1)

Ko

dM,e)=r.

Emopévac, Ba 1oyvet

d(M,K)=d(M,e)+R.

Av, Tdpa, 0T0 NUIETITESO, WG TTPOG &, TOL deV aviKel To K pépovpe gvbeia &
TapdAINAn Tpog TV € kKot e andotaon R povadwv, tdte Ba 1oyvdet

1)
d(M,8)=R+r=d(M,K).

Apa, to kévtpo M tov kOKkAov C Ba avikel oty Tapaforn Tov Exet eotia To K
Kot devBetovoa ) J.
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(i) 'Ect® M 10 kévtpo ko I 1| aktiva gvog amd

My
Tovg mapamdve kokiovg C. Tote Ba Eyovpe: e@

dM,K))=R —r

Ko G
d(M,K,)=R, +r.

Emopévac, Oa 1oyvet

dM ,K,)+d(M,K,) =R, +R, (ctabep9).

Apa, 10 kKEvipo M tov khhov C Oa aviikel otnv EAAeyn e eotieg To onpeio K
kot K, kot otabepd d0powopo 20 =R +R,.

(iii) Xopig BA&PN g yevikdttog vrobétovpe 6Tt R, > R,. 'Eotw M to kévipo
Kat I 1 axtiva evog amd Toug Topandve kKokhovg C. Tote Ba £xovyle:

dM,K,\)=R +r

Kol
d(M,K,)=R, +r
onote

dM,K,)-dM,K,)=R —R, >0
(ot00epd).

Apa, 10 Ké€vipo M Tov KOKAOL C Ba aviket
670 0e510 KAGO0 TNG vVIepPOANG LE EoTies Ta
onueio E'=K,; xat E =K, kot ctabepn
Swpopd 2a =R, —R, > 0.

2

11. (i) H e&lowon g epamtopévng & g EAAeyYNg x—2+ 5
o

2
Yy ,
= =1 o710 onpeio pe

ocvvtetaypévesg (x,, ) = (acvve, fnue) eivoarn

X0.GLV
T I 1 & (Bovvpes @nuply B =0 (1)
(i1) Adym g (1) éyovpe:
Brovve-ap| |-provve-ap]

d(E,e)-d(E',e) =

JBPowvip +aini’e BPouvie +atnule
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B |a2ﬂ2 _ﬁzyzcuvz(p|
Bouvie +a’nu’ep

ﬁz |a2 —yZGUVZ(p|
(@ —rHouvie ol

2 2 2
5 |a -y ouv (p|

a’(ovvie +np’p) -y cuvie
) |oz2 —yzcovz(p|

2 2 2
o” —y‘ouve

=B

(iii) H epamtopévn (1) tépvet toug dEoveg x'x kot y'y oto onpueio A( e ,Oj
cLVQ
ka1 B (O,i], epocov BéPara eivar nue =0 kot cuove # 0, Tov cupPaivet
nue

6tav to M dev ovuminte pe o omd Tig kopueés A, A', B, B' g éMewyng. To
eupaddv tov tpryddvov OAB gival ico pe

(OAB)——(OA)(OB)— e [[ 8]
2[ovvel| [nue| |nu2¢>|

Emopévag, To eufadov ehayiotomoteitat, av Kot Lovo av |n u2(p| =1 mov cupPaivet,

, T , , b
av Kol pHovo av 2¢ = 2k iE’ Kk € Z, M, .ooddvapa, ¢ =Kk iZ’ kel



KE®AAAIO 4

4.1 MAOHMATIKH ENTAI'QI'H

A" OMAAAX

1. (i)' Eoto P(v)n woétra mov Béhovpie va amodeiovpie.

eH P(v) aAndedetyio v =1, oo ypheeton 1° =

-3
P oV glvat aAnOng.

® Qo anodeifovpe 011, av n P(v) eivar ainbng, toéte koun P(v +1) Ba givar
oAnfng, dnradn ot

Av P +27 + . 4+v? =w (1), tote

v+DH(v+2)Q2v+3)

P+22 4+ +vi+(v+])’ = c

[Ipdynartt, Exovpe:
® D2v +1
P42 402 (v +1) :W+

_ V+DvQv +1)+6(v +1)]
6

_(v+D(2v +7v +6)
6

_ WD +2)(2v+3)
- .

(v +1)

Apa,n P(v) ainBevet yia ke Oetikd aképato v.

(i)' Eoto P(v) nioémta mov Béhovie va amodeifovpe.

12
eH P(v) alndedetyia v =1, apov ypdgetar 1° = (7) , TOL givon oAnOnc.

¢ Oa amodei&ovpe otL, av ) P(V) givar aAnbng, tote koaun P(v +1) Ba eivan adn01g,
dnrodn ot
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2
Av P +2 +. 4V = M 1), t6te
2

P+2 +. . +v+@v+1) :(WJ .

pdypart, £xovpe:
(14,2 2
P+2 +. . +v +v+1) =$+(v +1y

_ WD +4(v +1)
4

(D) +4Av +4)
B 4
(v (v 2y

B 4

_((v +1)(v+2)j2
-| ==

Apa,n P(v) aAnBevet yio kéOe Beticd axépato v.

(iii) ' Eoto P(v) nicémta mov Béhovie va amodeifovpe

e H P(v) aAnBederyia v =1, a@od yphopetar 1-2 = , OV glvat aAnbne.

® O anodeitovpe 611, avn P(v) eivar aAndng, tote koaun P(v +1) Ba eivon
aAn6ng, dniaodn ot

viv+1)(v+2)

Av 12423+ . .+v(v+] = 3

(1), tote

V+Dv+2)v+3)

12423+ +v(v+D)+(v+DV+2)= 3
IIpdypat, £xovpe:
Dy +1)(v+2)

1-2+2-3+...+v(v+1)+(v+l)(v+2):f+(v+l)(v+2)

_ V+DH(v+2)(v+3)
3 .

Apa,n P(v) aAnBevet yuo kéBe BeTikd axépaio v.
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(iv)’Eot@ P(v) n wwotta mov Béhovpe va anodeitove

1 1
o H P(v) aAnBevetywo v =1, ago? ypaepetat o) = IIRE mov glvat aAnOng.

. +
® Qo anodeifovpe 011, av n P(v) eival adndng, toéte koun P(v +1) Ba givar
oAnfng, dSnradn ot

1 v

1 1
Ay —+—+..+———=—— (1), 1012
1.2 23 viv+l) v+l

11 1 1 v+l
+...+ + = .
1.2 2.3 viv+l) (v+DW+2) v+2

1 1 1 1 Wy 1
ot + = +
1.2 2.3 viv+l) (v+DV+2) v+l (v+D)(v+2)

_vv+2)+1
D +2)

W +1)
V+)(v+2)

v+l
v+2

Apa,n P(v) aAnBevet yio kébe BeTikd axépoto v.

. 'Eoto P(v) n 16o6tto mov Béhove va amodei&ovpe
x—1

e H P(v) aAnBeveryo v =1, ool ypaoeton 1= 1 7oV givat akndng.
X —_

e Qo anodeifovpe 011, av n P(v) eival aindng, toéte koun P(v +1) Ba givar
oAnfng, dSnradn ot

v

X" =1 , v
(1), tote 1+ X+ X> +...+X"+x =
x—1 x—1

Av I+ X+ X 4. +X" =

[Ipdypartt, Exovpe:

Wx" -1
T+ X+X +..+X 7 +X =
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Apa,n P(v) aAnBevet yuo kéBe Beticd axépato v.
YXOAIO: H wémra P(v) eival yvoot) and ) Bewpio molvovopwmy, apov

70 TOAGVLRO X'~ + X2 + ...+ X +1 eivon To Thiko Tng TéAetog draipeong Tov
X" =1 peto x—1.

3. (i)’Ecto P(v) n avicdmnta mov Béhove va amodeifovpe

eH P(v) aAnfsvstyio v = 3, agov ypaestor 3° >2-3+1 mov eivar aindnc.

® Oau amodeitovpe ot1, avn P(v) eivar aAndng, tote kaum P(v +1) Ba sivan
aAn6ng, dniadn ot

AvvE>2v 41 (1), tote (v +1)2 > 2(v +1) +1.
Mpéryport, éyovpe:
(1)
W+ =vi+2v+1>2v +1+2v+1=4v +2

Enopévac, apkei va deiéovpe 6t 4v +2 > 2(v +1) + 1. "Exovpe:
4v+2>2(v+1)+1<:>4v+2>2v+3<32v>1<:>v>%,

OV 1oYVEL.

Apa,n P(v) ainBevet yuo kébe Beticd axépato v > 3.
(i) 'Eoto P(v) 1 avieotnta mov BéAovpe vo anodei&ove
7
4
e H P(v) alnbeveryia v =7, apov ypdpetot (EJ > 7, mov givat oAnonG.

® Oa amodeifovpe 0tL, av n P(v) elvar aAnbng, tote koun P(v +1) Ba eivon
aAn6ng, dniaodn ot

Av (gjv >v (1), tote (%jv > (v +1).

pdypartt, £xovpe:
5 (6%
- === >z
3 3)\3 3

4
Emopévag, apkei va deifovpie 0Tt gv >v +1. Exovpe:
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gv >v+leodv>3v+3esv >3,

oL 1oyveEL YTl v > 7.

Apa,n P(v) aAnBevet yio kébe Betikd axépoto v > 7.
(iii) ' Eoto P(v) n avicomta mov Béhove va amodeiovpie
e H P(v) alnedetyio v =1, apod ypaeetar 5' > 5—1, mov sivon andyc.

e Oa amodciovpe 6t1, av n P(v) eivar aAndng, tote korn P(v +1) Ba givar
oAnfng, dnradn ot

Av 5" >5v—1(1),161e 5" >5(v +1)—1.
[pdrypartt, éxovpe:
s =5.5 (]>)5(5v —1)=25v -5.
Emopévac, apkei va deifovpe 6tL 25v —5 > 5(v +1)—1. "Exovpe:
25%v =5>5v+D)-1<25v-5>5v+4 v >i,

20

OV 1oYVEL.
Apa,n P(v) aAnBevet yio kébe BeTikd axépoato v.
B OMAAAX
1. Ecto P(v) n avicotnta mov Béhovpe va amodeiovpe

eH P(v) aknBsistyia v =4, apov ypagetor 4!>2* A, 1codvvopa, 24 > 16,
mov glvat aAnOnc.

¢ Qo amodei&ovpe 0t1, av 1 P(v) givan aAndig, tote koun P(v +1) o eivar oAndng,
MMAadn 6t av vI>2" tote ko (v +1)!> 2", TIpaypott égovpe Srodoyicd:

vi>2"
V+D)-vi>w@+1)2"

V+DI> v +1)-2"
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v+D!>2-2", apod v+1>2 yoti v>4
v +1)!>2""

Enopévac, n avicotta ainbedet yio kabe Betikd aképao v = 4.

2. 'Eoto P(v) n avicdtnta mov Béhovpe va amodeifovpe
1 1
e H P(v) olnBederyia v =1, apod ypdoetor = <2- T 7oV glvat aAnong.

® Qo anodeifovpe ot1, av 1 P(v) eivar aindng, tote koaup P(v +1) Ba givor
aAnong, dniadn otu:

I 1 1 1
AV —+—+..+—5<2-— (1), 10t
v v

2’
1 1 1 1 1
—+— — <2-—.
2 v (v+1)? v+l
Ipdypartt, av kot ota dvo péAn g (1) tpocbécovpe to —1)2, £xovpe
1 . 1 - 1 N 1 < 1 N 1
P22 7T v v+ v v+
Emopévag, av deifovpe 611
2-— 1 + ! ><2- ! ,
v (v+]) v+1
t61€ Oa 1oyveL To {nTovuevo. ‘Exovpe Aourdv:
1 1 1 1 1 1
- < - <

v w2 v+l v wa)E T (v+D)
S -+ +v <V +])
SO0<vVv+D+V+1)° —v

S0V —v+vi+2v+l-v

< 0<1, mov et

Apa,n P(v) ainBevet yia 6Aovg Tovg OeTikobg aképaiong v.
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\4
: : o (v+l . . , .
. Apxel va amodeiovpe 0Tt [—j <V ywkabe v > 3 1, 1coduvapa, 6Tt
v

(1+lj <V 70 kéOe v > 3.
v

‘Ecte® P(v) n avicdmto mov B€hovpe va amodei&ovpie

3
4
e H avicdémta P(v) ainbBevet ywo v =3, apov yivetal [—j <3 7, wodvvopa,
64 < 81, mov etvar aAnOne. 3

® Qo anodei&ovpe 011, av n P(v) eivar ainbng, tote koun P(v +1) Ba givar
oAn0ng, dSniadn ot

v v+l
Av (l+£j <v (1), 161¢ (1+Lj <v+l1.
v v+1

1 1
[Ipdypoatt, emedn 1<1+ ——<1+— éyovpe
v+1 v

v+l v+l v
(1+ij <(1+1j :(1+£J -(1+1j
v+1 v % v
13 0
v 1+=| Woyo mc (1))
v

=v+1.

Apa,n P(v) aAnBedet yio kdbe Beticd aképato v > 3.

4.2 EYKAEIAEIA AIAIPEXH

A" OMAAAX

1.

(1) Eivaw: 83=7-11+6
Apa to TAiKo givan 7 kot 1o vTdAomo 6.
(i1) Eivau: -83 =(-7)11-6=(-8)11+5

Apo to TmAiko givor —8 kot To vroAoTO S.
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(iii) Etvat: 83 =(=7)(-11)+6
Apa 1o TAiko givar —7 Kot 1o vroAouTo 6.

(iv) Eivar: =83 =7-(-11)-6=8(-11)+5
Apa. to Tnhixo givon 8 Kot 1o vrdromo 5.

2. (1) KdBe axéparog a, chuemva e v TonTtodTTo TG EVKAEIdELG dtaipeong, Talpvet
Hit 0md TIC TOPAKATO LOPPEG

a=31Ma=31+1Ma=31+2, 1eZ
e Av a0 =34, 101¢
a’=9A* =3-31% =3k, 6mov Kk =31% e Z
e Av oo =31 +1, to1¢
a’ =907 +6A+1=3BA*+24)+1=3k+1, 6mov Kk =31 +21ecZ.
e Av a0 =34 +2, tO1¢
A’ =927 +12A+4=9A% + 124 +3+1=3CA* +4A+1)+1=3k +1,
omov kK =31% +4A+1eZ.
(ii)'Exovpe oo =6k +5=06K+3+2=32x+1)+2=3A1+2, émov A =2k +1e Z
To avticTpo@o dev 15)VeL, 0oV ot apBpol g popeng 34 + 2, e A = 2k maipvovv
™ pope1| 6K + 2 kot oy popen 6k + 5. T mapdderypa, o apBpog 8, mov eivan
™G popeng 34 +2 pe A =2, dev maipvel tn popen 6k +5, apov 8 =6k +2 pe

Kk=1.

3. Emedn o a eivar mepirog Ba etvar g popong o = 2x +1, x € Z.’Etc1 0a €yovpe:

a’ +(@+2) +(@+4)’+1  Qx+1)7 +(2x+3)° +(2c+5)" +1 _ 12k” +36K +36
12 12 12

=x?+3k+3eZ

4. Enedn 10 dbpotopa dvo meptrtadv givor aptiog aptBudc, to dBpoicua dptiov
mANBovg mepttTdv apldudv Ba etvar aptiog apBuds. Onwe, ot apBuol 1, 3 kot
5 elvar Teprrrol. Apa 10 ABpotopa déka Tpochetémv, Kabévag and Toug 0moiovg
glvatr icog pe 1 1 3 1 5, Ba eivar pTiog aptBRdG Kot GUVETMG de Pmopet va givat
icoc pe tov 25.
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B" OMAAAX

1. Av v givai 1o vrorouro g Sraipeong tov 660 pe tov B, tote Ba 1oyveL
660=178+v, ue 0<v < g,
ondte
L=0660-178 kn 0<v< 1)

‘Etot éyovpe
0<660-17p

0<660-17B8 < B <
F<p {660—17ﬂ<ﬂ

17 < 660
660 <1883

660 660
- < B < —
18 17

<:>36+2<[3 £38+H
18 17

o =374 B=38.

o Av 3 =37, 16t amd t oyéon (1) éxovpe 6T L =31, evd
o Av 3 =38, 10t€ amd ™ oyéon (1) éyovpe 611 L =14.

2. AgvmobBécovpe 6t M e&icmaon €xel Lo tovidyiotov aképata pila, v X = p.
Tote Ba. 1oydel

ap® +Bp+y =0 (1

’ ’ r 2 v e 7 2 )
Av o p glvan dptiog, TOtE Kaw o p° Ba glvan dptiog, omote 0 ap” + Bp Ba givan
Gpti0G. Apa, 0 ap’ + PBp +y Bo ivan TePLTdC, Apod To y givar TEPLTTdC. AvTd
opwmg givar dromo, Adyw g (1).

Av 0 p sivan TeptrTdc, T0Te Ko o p> Ba sivon mep1TToC, Ko, eneldh ot a, B sivar
nepitol, ot ap’ ko PBp Oa sivar meprrtoi. Apo o ap’ + fp o eivon Gptiog,
omdte 0 ap’ + fp+y Oa eivor TeptTdg, 0pod o y sivar TEPLTTOS. AVTd, OUMG,
glval dtomo Aoyw g (1).

3. Toppova pe ™V epappoyn 2, ot a’ kot B2 Oa sivor g popeiig
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a’=8A+1, AeZ ko B’ =8u+1, ueN €))

Emopévag

o’ — B> (8A+D)—(Bu+1) 81-8u
8 8 ]

(1) =(A-p)eZ

at+B4 -2 BA+1)’+@Bu+1)Y’ -2
16 16

(i)

6427 +64u% +164+16u
16

=4\ +4pt +A+p)eZ

4. Av k =5A+v, v=0,1,2,3,4 elvorn TOLTOTNTA TNG EVKAEIDELOG BLOPESTG TOV
K e Tov 5, tote Ba 1oy deL
3k+4 3(5A+v)+4 15-A+3v+4
5 5 5

3)L+3U+4.

Emopévac, o glvat aképatog, ov kot Lovo av o glvat aképatog.
Aaxpivovple, Aowdv, TEVTE TEPMTAOCELS:

v+4 4

—Av v =0, t01¢ g Z
—Av v =1, 1018 30;42162
_Avo=2 e 2 gz
—Av v =3, 161¢ 3”+4:2ez
—Av v =4, 101¢ 3U+4:§QZ.

3k +4
Apa, o K

glvat axépaiog, av Kot povo av v =2, dMNAadn, oV Kol LOVO oV O

K glvor tng popeng k =51 +2, A€ Z.
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5. (i) Av o a etvan dpTiog, TOTE Ba gtvol TG popeng a@ =2k, k € Z, ondte Ba woydel
a’=(2x)’ =4x* =41, émov A=k’ e Z.

Av 0 a givon wepitrog, tote Oa givar g popeng o = 2k +1, « € Z, omodte Bo ioyvet
a’ =2k +1) =4k’ +4x +1=4(k> +K)+1 =41 +1, 6mov A = (k* +x) e Z

(i1) Eme1dn ot a, S givan meprrtol acépaiot, o TeTpdy@va toug Ba givat tng Lopeng
a’=4i+1, AeZxou B> =4u+1, ucl

Enopévag, B toxbder o’ + B = 4(A + 1) +2, dnhadh o a’ + B2 Oa sivar g popeng
a’+pP=4p+2, pel 1

Av vobécovpe 6t M eéicoon XX =a’ + B2 éyst axépona pila y, toTE Bat 15 DHEL

y> =a’ + B°. 'Etot, Aoyo g (1), T0 1eTpdymvo Tov y Ba eival g Hopeng

v =4p +2, mov givar GTomo, GOUPmVA pe T epdTHOL (i).

(ii1) Kabévag amod toug aptBpoic antodg eivatl g Hopeng

41+2, Lel

omOTE, COUPOVOA, LIE TO EpMTNLLOL (1), dEV EIVOL TETPAY®OVO PLGIKOD aPlOOv.

4.3 ATAIPETOTHTA

A" OMAAAX

1. (i) Eivon ico pe to mAiro g gukieidetog daipeong tov 1000 pe tov 5, dnrodn
ioo pe 200.

(i1) Etvat ico pe To mmhixo g eviheidetag dtaipeong tov 1000 pe tov 25, dniadn
oo pe 40.

(ii1) Eivo ico pe to miko g evkeidetog dwaipeong tov 1000 pe tov 125, dnAady
ioo pe 8.

(iv) Eivat ico pe to mnAiko g gukAeidetag daipeong tov 1000 pe tov 625, dnhodn
ioo pe 1.
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2. Enedn o | B xar y |6, Ba vrapyovv axépatot k, A téTolol dote S = Kka Kol & = Ay.
Apa B =(kA)(ay), ombdte ay|ﬁ5.

3. Emedf 11|(a +2) kar 11|(35- ), Oa vmapyovv axépaiot k, A TET0101 GGTE
a+2=11lk kou 35— =11A.
'Eto1 00 éyovpe a =11k —2 war f =35-11A, ondte Ba givor
a+f=1lk-111+33=11(k -1 +3)
Apa 11|(a +f).
4. 'Eoto a, ff 600 axépator pe o — B =2k, k € Z (4ptiog). Tote Oa oyver o = S + 2k,
ondte Oa givon
a’—B* =(B+2k) — B> =P’ +4xP +dK* — B = 4(kPB + k) = moA4.

5. Agvmobfécovpe ot m|(a +1). Enewdn mla, Oa woyder m{[(a +1)—a], dnhadh

m|1. Av10, opmc, eivan dromo, apod m > 1.

6. Awxpivovpe T mapakdto 600 TEPUTTMOCELS:

(0)) 4o rovAdyiarov aro tovg a, f, y, Eivai aptiol, £5TO, Y10 TOPASELY L0, OL ¢ Kot f.
Tote 1 Stapopd o — B Ba etvon dptiog, omote To Ywvopevo (o — BB —y)(y —a)
B Sroupeiton pe to 2.

(B) 400 toviayiorov amo tovg a, B, y eivar mepitrol, EGTM, Y10 TAPASELYLLOL, Ol 0 KOt
p. Tote n dwwpopd a — B Ba givon dptiog, ondte to yvopevo (a — BB —v)(y —a)
B Sroupeiton pe to 2.

B OMAAAX
1. i) Emedn) o a ivon meprrtdg Ba eivor g popenc o = 2x +1, k € Z.’Etot, Ba xovpe
a’ =2k +1)Y =4’ +dxc+1=4(x* +K)+1=41+1, 6mov L =(k’+K)eZ

(ii) Emedn o a givor mepirtog, AMoyw g (i), Exovpe
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(@7 +3)(@® +7) = (44 +4)(4A +8) = 16(A +1)(A +2) = 32 = TOA32,

2u

oV 70 Yvopevo (A +1)(A4 +2) givar dptiog aplBpdc, mg yvopevo 600 S1ad0y KOV
OKEPALOV.

. Awokpivovpe 600 TEPTMOGCELG:

e o =2k, kel Tote
a’+2=4k> +2 =41 +2 # nor4, omov A =k
e a=2k+1, kel Tote
A’ +2=0Q2k+1)’ +2 =4k + 4k +1+2 =4 (k> +K)+3 =41 +3 # noA4.
_—

A

. 'Eotm 611 01 dradoy ot Betikol aképatot a kot o +1 givon teTpdyva akepaimv.
Tote Ba 1oydel

a=«?xm (a+1)=217%, yukamoovg k, A e N*.
Enopévac, Ba etvar o +1 =k +1 Kot 161 O £x0VpE:
KX+1=1 oA —k? =1
SA-x)(A+x)=1
SA-k=lkmi+x=1
< A =1 xu k¥ =0, wov givor Gromo.

. Eneion B |(x Kot ot a, f etvan Betucoi, Ba vTdpyet BeTicdc aKEPOLOG v, TETO0G MOTE

a =vf, ondte Oa Exovpe

29 1=27 —1=2°yY 1= - D[R )" +2#) 7 +...+ 2P ) +1] = mor(2” -1).
reZ

. ()Eoto a -1, a, a +1 tpeig dtadoyoi aképatot. Oa deifovpe ot 6|(a -Da(a+1)

1, 16odvvaypa, 0Tt

6la’ —a. (1

Av a =6k+v, 1=0,1,2,3,4,5 givoln tavtdTTO TNG EVKAEIdELOG dLaipeong
TOV a [E ToV 6, T0TE B £Youple
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a’ —a = (6x +v)’ — (6K +0)

= (6K)’ +3(6K)* v +3(6K)L” +V° —6K —L

=6(36K” +18x%v +3k0> —K)+0° —v

A

Apa, a’ —a = Tol6.

(i1) Eivau

(ii1) Etvou:

64 =moAb, av v=0
64 =molh6, oav v=1
; 6A+6 =moA6, av v=2
=604+ —-v)=
6A+24 =mol6, av L=3
6A+60 =moA6, oav v=4
64 +120 =mor6, av vL=5
a(a+D)Ra+1)=a(a+D[(a—-1)+(a+2)]
=(a-Da(a+1)+a(a+1)(a+2)
0)
=61+6u A, nel
=06(4 + u) = mo\o6.
a’+30” —da =a(@® +3a-4)=a(a+4)(o 1)
=(a-Da(a+4)=(a-Dao[(a+1)+3]
=(a-Da(a+1)+(a-a
61 2u
(i)
=6A+3-2u A, uel

=6(A+ u) = molo6.

6. (i)' Eoto P(v) o woyupiopdc mov Béhovpie va amodeifovpe.

e T v =0, 010YLPIOHOG YpApETUL 3|0, 7oV elvat aAndng

® Oa anodeifovpe 6tLav o P(v) eivar aAndng, tote karo P(v +1) etvor ainbnc.

Anhodn:

pbypare

Av 3|0 +2v) (1), t6te 3[[(v +1)° +2(v + D)].



V+D) 420+ D) =vi +3v  +3v +14+2v +2
=V +20)+30v: +v +1)
) )
=3k+3(v +v+])
=3(k+v> +v+1)=nol3.
Apa, o P(v) ainbever yia k6Oe v € N.

(i1)'Eoto P(v) o woyvpiopdc mov BELovpie va amodeifovpie.

e [0 v =0, 010yVPIGHOC YpAPETOL 5|5, oV glvat aAnOnMg
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¢ Oa amodei&ovpe 6tL, av o P(v) eivor odAndng, tote karo P(v +1) givar aAndnc.

Anhadn:

Av 5|(3-27V +2:2") (4), 1018 5|(3-27V*1 +2.2"h),

[pdypatt, Aoym g (4), vapyel K € Z T€T010G, DOTE
3.27" +2-2" =5k, ondte 3-27" =5k —2-2"
"Etot, éxovpe
327" 4 2.2 =3.27V .27 4+2-2" -2

(5)
=(5k—2-2")27 +4-2"

=5-27x-54-2" +4.2"

=527k —10-2") = TOAS.

Apa, o0 P(v) ainBevetyuo k60e v € N.
(iv)’Eot® P(v) o oyvupiopdg mov BéAovpe va amodeifovpe.

e[ v =0, 010(LPOHOG YPAPETUL 14|14, 7oL glvat aAndng

)
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® Oa amodeifovpe 6T, av o P(v) elvar aAndng, tote koro P(v +1) eivor aAndng,
onrodn:

Av 14|32 +577) (6), téte 14|37 +577)
[pdypoatt, Aoy g (6), viapyel k € Z T4T010C, MOTE
32 45 =14k, omote 3V =14k - 57! (7)
‘Eto, €xovpe
3446 | 23 g4 3ve2 | 52 5o+l
(234(14;< -5y 45757
=14-81x —81-5”" +25.57"
=14-81x - 565"
=14(81k —4-5*"") = noA14.
Apa, 0 P(v) ainbevet ylo kdbe v € N.

7. Enewdn (k- A)|(ka +AB), yo va deifoope 6Tt (k —A)|(Aa +kB), apkei va
deifovpe 6T (x — A)|[(1<a +AB)—(Aa +kpB)]. Exovpe Lowmodv:

(ka+AB)—(Aa+xB)=(k —A)a—(k —1)B =(k —A)(a — B) = mor(k — ).
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4.4 METI'IXTOX KOINOX AIAIPETHX - EAAXIXTO
KOINO ITOAAAITAAXIO

A" OMAAAX
1. (i) 'Exovpe dradoyikd:
135=2-56+23, omoéte 23=135-2-56
56=2-23+10, omdéte 10=56-2-23
23=2-10+3, omoéte 3=23-2-10
10=3-3+[1], ométe 1=10-3-3
3=3-1+0
Emopévac, éxovpe (135,56) =1 kot
1=10-3-3=10-3(23-2-10) =7-10-3-23
=7-(56-2-23)-3-23 =7-56-17-23
=7-56-17(135-2-56) =-17-135+41-56
Apa 1=(-17)-135+41-56
(i1) "Exovpe dradoyuicd.:
180:2-84+, onote 12=180-2-84

84=7-12+0

Emopévag
(180,84)=12 «ou 12=1-180+(-2)-84

(iii) Eivar (~180,84) = (180,84) = 12, ombte, Moye g (i), £xovpe
12 = (~1)(~180) + (-2)84.

(iv) Elvaw (—180,—-84) = (180,84) =12, omdte, Aoyw g (ii), £xovpe
12 =(-1)(-180) +2(-84)

2. (i) Eivan 2k +2,2x)=(2x +2-2x,2K) =(2,2x) =2
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@i1)) Etvar Qv -L2v+D)=Q2v-L2v+1-2v+1)=2v-12) =1, apod o aké-

patog 2v —1 etvor mepirtdc

(iil) Adym g (ii) &yovpe: [2v —1L,2v +1]=(2v —1)(2v +1) (I1opiopa oeh. 158)
(iv) Elvarn (v +2,2)=(v+2-2,2) =(v,2) ko1 emedn (v,2)|2 O woyvet
(v+2, 2)|2

(v) Adyow g (ii) égovpe [v,v +1]=v(v +1) (ITIopiopa ceh. 158)

3. Eoto 6 =(a, B). Tote
{5 lo {5|(a +p)
, OmOTE
5|8 5|(@-p)

niadn (a,B) < (a+ B,a—pP).

KOl GUVETADG 5|(a +B,a—B).Apa 6 <(a+ B,a—-p),

4. Eoto 6 =(a+ f,x+y). Tote

{5 (e + B) , {5|(ax+ Bx)
, OmOTE
8|(x+y) 8|(Bx+By)

6|(ax—ﬁy). Opog ax— By =1. Apa 5|1, omote O =1.

. Zvvendg Sl(ax+PBx—Px—Py), omndte

5. (i) Eoto 6 = (2a — 38,40 —5p). Tote

{5|(2a—3ﬂ) - {5|(4a—6ﬂ). Apa §|(4a -5 —4a +6p), ondte 5|B.

, OTOT
5 (40 —5p) 5 (40 —5p)
(i) Eotw & = (200 +3,4a +5). Tote

5|Q2a+3) (40 +6)
0TE . Apa 5|(4a +6—4a —5), niodn 5|1, omoTE

, omoT
§|(4o +5) §|(40 +5)
5=1.

(iii) Eoto & |(5a +2,7a +3). Tote

5|(5a+2) 5|(350 +14)
, OmOTE . Apa §|(35a +15-35a —14), dnhadf 51,
5|(Ta +3) 5|(35c +15)

omote 0 =1.
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6. (i)Eoto & = [2K+1,@j. Tote

5|(2K+1) 5|41<2 + 2K
. Apa 5|(41<2 +4K —4K* - 2K), omdTe 5|2K.

(i +1)» OmOTE
5|—(2 ) S5|4K? + 4k
Opog 8|2k +1). Apa 5|2k +1-2x), omote S[L xon cvvendg & =1.

(il) Zopoeova pe v epappoyn 1 cei. 155, éyovpue
(47 431 5,26 + 10 = 2) = (47 + 3K = 5) ~ 227 +K - 2), 27 +x - 2)

=(k—-1,2k" +K -2)

=k~ 1,2k +Kx-2) =2k (x — 1))
=(k—1,3k - 2)

=(k-1,3k —2)-3(k —1))
=(k-11)=1

7. Eivau

(a, B,a+P)=(a,(B,a+p))
:(a,(ﬁ,a)),a(pof) (ﬁ9a+ﬁ) :(ﬁya +ﬁ_13) :(ﬂ’a)
=(a, B,a) = (a,p)

8. (i) Eivat (o, +v) = (o, +v —a) = (a,v). Enopévag 8élovpe va ioydet
(a,v) =1, yuukdBe v e N*,

Av10 10Y0€1 povo dtav a =1, aeod yo v = a amd TNV Topamdve 16oTTe EXOVLE
(o, ) =1xon ovvenwg o =1.

(i) Etvar (v,a +v)=(v,a+v —v) =(v,a). Emopévag Béhovpe va oyvet
v,a)=1, yuaxdbe v e N*,

Avt6 10y0¢L, Onmg gidape mpv, povo yuo o =1.

9. Eoto 6, = (a,y).Tote o, |a Ko 51|y KoL ETEWON y|(a + B), éyovpe 611 6, |(a +0).
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‘Eto 6, |a Kot 51|(a+ﬁ), onote 6, |ﬁ Apa 51|a Ko 0, |ﬂ, onote 6, |(a,,B),
dnAadt| 6, |1, onote 6, =1.

‘Eotw 6, =(f,y). Tote, opoing epyalopevor, Ppickovue 6Tt 5, =1.

B OMAAAX
1. (i)Eoto & = (a + B, — B). Tote

{5|(a +B) (+){5|za

apa O |(2ee,23).
5B’ omoTE ©\s25 kot Gpa 8|(20,28)

Ouog 2a,2p)=2(a,B)=2-1=2. Enopévag o

2, ombte 6 =116 =2.
(ii))'Eotw 6 = Ra + B,a +2p). Tote

o foa
, loodvvapa, Ko Gpo.
n u 5|3,3 p

Sla+p) | [6[2Qa+B)-(a+2pB)]
, OmOTE
S|(a+2pB) S2(a+2B)-Qa+p)]
5|(3a,3p). Opwg (3a,3p) =3(a, B)=3-1=3. Enopévag 5|3, omote § =11
o =3.
2. Enedn (o, 4) =2, o apBudc o Ba dropeiton pe tov 2, adrd &yt pe tov 4. Emopévag,
70 VLOAOTO TG Staipeong Tov o e To 4 B etvar 2, dnhadn o o Ba efvar g popeng:
a=4x+2, kel.

Emedn (B,4) =2, o opBudg S Ba dwpeiton pe tov 2, ahrdd oyt pe tov 4. Emopévag
0 /3 B givar TG popeng:

B=4A+2, A€Z.
"Etot, Ba éyovpe

(a+B.4)=(4(k+A1+1),4) =4k +A1+11)=4.

. . +3 . . .
3. T va amhomoteitat To KAAGHLO = apkel 0 MKA tov 6pov tov va gival

S5v +

Srapopetikog g povadas. Eotw 6 = (2v +3,5v + 7). Tote
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S|2v+3
, omote S|[5(2v +3)—2(5v +7)]. Apa 5|1, ométe & =1. Etol, 10

Sl5v+7

KAdo O givo avaywyo yio Oreg Tig Twég Tov v e N*,

Sv+7
. 'Eoto (a,B) =[a, B]l=X. Enedn X =(a,B) Ba oyvet

X|Ot Ko X|ﬂ (1)
Kot emedn X =[a, B, Oa 1oyder

a|X Kol ﬁ|X (2)

'Etot, and t1g oyxéoeig (1) kot (2), éyovpe 6TL X =0 ko1 X = B, ondte a = f.
Avuotpopwg, av o = B, 101€ (@, f) =(a,a) =a ko [o, fl=[a,a]=a, ondte

(a, B) =[e, B].

. Etvan
(a,p)=3%, (B,y)=2-3-5 kau (y,a)=2"-3.
Emopévamg, amd ) dedtepn oxéon Exovpe 0Tt 2|B , v amd v Tpit O6m 2| .

‘Etol, Oa mpéner 2|(a, ), dnhadh 2|32, oV givor GTomo.

. Eivat

by

Ko+ AP =8 &KLt Al =
s s

< KA+ AB =1, 6mov A:%EZ KmB:geZ.

"Eto1, ovpeova pe 1o mopiopa 1, ot aképatot k, A gival Tpdtot peta&d tovg.
. ()Eoto 6 =(a, B) xar 6" = (o, kB). Tote

oo roes 121 Apa S|(a,kB), dnhady 8]0” (1)
, OTOTE . Apa 5 |(a,kfB), dnhodn .
5|ﬂ 6|K[S’

Eneidn (a,k) =1, o vrapyovv x,y € Z t€to101, HOTE XA + YK =1, 0MOTE

xaf + ykf = . (2)

"Etot, éxovpe
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{5’|a r 5!|( ﬁ B) Je }\‘r (2) 5,|ﬁ Z ’ 5’|a
, onote xaf + ykfB) kot dpa, Aoym g (2), . ZUVETMG
8" |wp &'l

onéte &'|(a, B), Snhadhy o9 (3)
A6 (1) kot (3) mpokvntel 6t §' =5, dnhadn (o, kB) = (a, B).

(i) Eivau:

[a,xB]= a-Kp (BK ap

“anp) Sap APl

8. Eivou
[ay, By,ad, BS1=[[ay, By1.[ad, BS]]

=[[a, Bly.lee, B16] = [et, By, 5]

4.5 MPQTOI APIOMOI

A" OMAAAX

1. Bivar 10 <+/101 <11. Enopévmg, yuo va givar o 101 mpdtog apkel va punv €xet
BeTikd TpdTOo drapétn pikpdtePo Tov 11. Emedn kavévag amd toug mpmdtovng 2, 3,
5,7, mov gtvan pukpotepot tov 11, dev daupei Tov 101, 0 apBude 101 givan mpmroc.
Av gpyoaotolpe [e ToV 510 TpOTo, Stamotdvovpe 6Tt ot aptBpoi 103, 107 ko 113
glvat mpdToL, evd ot 111 xan 121 givar cvvOeToL.

2. Amd to koéokivo tov EpatocBévn Bpickovpe 6Tt

(1) o =8 apov ot ap1Buoi 8, 9, 10 eivar Tpeig TpdTOL 0T GEPA S1ad0) K0T GUVOETOL
apdpoi.

(i1) o =24, a@ov ot apiBpoi 24, 25, 26, 27 cival T€00EPIg TPMDTOL GTN CELPA
dradoykoi cvuvOeTotl apbpoi.

3. (1) Enedn o+ B > — B éypovpe

(a—ﬁ)(a+ﬁ)=3<:>{a_ﬁ:1 {20{:4 {a:2

= = .
a+B=3 |28=2 |B=1
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(i) Emedn o =4 =(a +2) (o —2) xat o +2 > ot —2 éyovps

QP —d=pe(a-2)a+2)= p@{a_zzl {a:3

& .
a+2=p p=>5
(ili) Enedf) o —1= (o —1)(a+1) ko a+1>a -1 xar p >3, éovpe

a-1=1

=2
(@ -hp=15=(@-)(a+)p=1-3-5= a+1=3<:>{a .
p=>5
p=>5
4. 'Exovpe
3p+l=v: < 3p=v:-1
S3p=Wv-DHv+])
v—-1=3 | [v-1=p
And n
v+l=p v+1=3
{v:4 ,{v:3 .
= | adHvaTo
p=35 p=1
v=4
=
p=5
5. 'Eyovpe

evi-l=pe -V +v+)=1-p

v—-1=1 )
<9, , 0Qo0 V™ +v+1>1
vi+v+l=p

{v:2

&

p=7
evitl=po@V+hvi-v+l)=1-p

v+l=p )
<9, , apov v+1>1
vi-v+l=1

{v+1:p
SN
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6. Ova, B eivor TG LopeNg

a=2k+1 xou B=21+1 k,AeN*.
Emopévag
a’+ B =2k +1) + QA+ =4k + 4k +1+ 407 + 40 +1 =4 +447 + 4K+ 42+ 2

=227 + 207 + 2K + 24 +1),

oV etvon GHVOETOG, 0o sivar TG LOPENC 2ut, OOV 1t = 2k + 247 + 2K + 24 +1> 1.

\4

7. Av p|av, To1E p|a, omdte oo =k P, 6mov xk € Z. Apa o’ =x"p",

ondte pv|av.

8. a” tpomoc: Eotw 611 (a”, B") >1. Tote Oa vrapyet Betikdc TpdTOC dtoupLtng p
tov (a”, B"). Apa Ba 1oydet

pla* pla
, OmoOTE 5 Tovendg pl(a, B), omdte plL kawGpa p =1, mov eivar

p|B"
atomo.

B’ Tpémoc: Encidn (a, B) =1, o1 kavovikég LOpPES TOV o KOl ff OV £XOVV KOWVO
napdyovia. Apo Kol 01 KOVOVIKEG LopPEC Tov o kar Y dev Oa £xovv Kowvd
napayovta, ondte Oa woyvel (a”,B") =1.

9. Epyaldpaocte 6mwg kot oto ['vpvdcto:

490|2 1125|3 2728 2
245|5 375|3 1364| 2
49(7 125(5 682| 2
7|7 25|5 34111
5|5 31{31

1 1

"Etot, éxovpe

490=2-5-7*, 1125=3%.5%, 2728=2°-11-31.
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Emopévac, chugpamva, e 1o cupmépaciio tg oeAidag 167, sivat

(490,1125,2728) =1 «ar [490,1125,2728]=2°-5°-7%-11-31.

10. Av ot ekBéteg etvon 6Aot dpTiot, ToTE Bar lvar TG LopPNG

o, =20, o, =20,, ..., o, =2, omov B,pB,,...0 €N*
omdte Ba 1oyvEL

2

a=plp i =(pfplplt ) =B, omov B =pfipl..pl.

Avtiotpopag, éctm o = B°, omov f e N*. Tote kée OeTikOC TPGOTOC Stonpétng
oV S B eivat Ko dtoup€tng Tov a. Emopévac, o B 0o £xel @¢ Kavovikn Lopen thv

B=plpl..pl.
"Eto1n wo6tnto o = 2 ypaoetat
2
1‘11 pg‘zn.p:x :( lﬁl pzﬁz pr ) — plzﬂl pgﬁz pzﬁA

onote &povpe o, =2, a, =20,, ..., a, =2, . Apo 6Lot o1 ekBéTeg TG Kavo-
VIKNG LOPONE TOL o Ba givor aptiot.

B OMAAAX

1.

(1) AgvmoBécovpe 61t (a + B,af3) > 1.Toteo (a + B,af3) Ba. €xet Evav, ToLAG)IGTOV,
BeTikd TpdTO Sroupén, €0t Tov P. Emopévag, Ba woydet

pla+p)  [pla+p)  [pla+p)
, OMOTE
plap pla p|p
Ko 671G 800 meputdoeig Bo Exovpe pla kor p|B, omdte pl(a, B), dnhadh plL,
OV €ivor dtomo.
(ii) Ac vmoBécovpe 6T1 (@’ + B2,af) >1. Tote o (a” + B°,aB) o €xet évav,
TOVAGYLGTOV, BETIKO TPMTO dloupétn, £0t® Tov P. Emopévamg, Ba woydet

ple’ +p%)  [pl@*+p8*) [l +p)

, OTOTE )
plas pla p|B

, {plﬂz ,{plaz , {plﬂ ,{pla
Apa | omoTE | .
ple [ plB pla | p[B
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Enmopévac, kat otig 000 mepuntdoeig B Exovpe p| (a, B), dniadn p| 1, mov &ivai
dromo.

2. e YmobBétovpe o0t (¢, By) =1 xou Ba deiovpe 6Tt (o, B) =1 kot (e, y) =1. 'Eoto
ot (o, B) >1. Tote o (a, B) Ba éxet Evav, TovAdyioTOV, OTIKG TPAOTO SLoPLT,
éotm tov p. Emopévac, Ba 1oydet

ple - [pla , o
, omoTE . Apa. pl(a, By), Snradh p|l, mov eivan Gromo.
p|B p|By

Opoiwg amodekvietar 6t (a,y) =1.

® Ynobétoupe o0t (o, B) = (a,7) =1 xou Ba dei&ovpie 011 (e, By) =1. 'Eoto 611

(a,By)>1. Tote o (a, By) Ba €xet évav, TovAdyioTov, BeTIKd TPDTO dropén,
éoto tov p. Emopévac, Ba 1oydet

plo [pla  [ple | , :
, OmOTE 7 . Apa pl(e, f) § pl(a,y), dnhady pll, mov
p|By plB by

glvau drtomo.
3. Enedfy (o, p*) = p kau (B, p*) = p* ot axéponot a, f Ha eivar g pLopeng:

a=pApep|Axu B=p°B pe p|B (1)

"Etot, Ba égovpe

o (@B.p)=(P'AB.p") = P(AB.p)= p’-1 = p’, agod p|AB

o (a+B,p")=(pA+p’B,p*) = p(A+pB,p’) = p-1= p, agot p|(A+pB)

4. 'Eyovpe

Vv A=(V 4+ AP =2 -2V = (v —2v +2) (VI +2v +2)
=[(v -1 +1]-[(v +1)* +1]

Apao v* +4 givor oovbetog, apod (v —1)" +1>1 ko (v +1)> +1>1.

8 +1=(2°) +1=(2") +1=(2" +1)(2* —2" +1)

Apa 8 +1=(2" +1)(2* =2 +1).

Opwg 1<2" +1<8 +1. Apao 8 +1 givor chvBetoc.
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a 43
5. Eneidn — =—, &yovue 34a =43 1).
nﬁ 37 OO B (1)

Emopévag, 34|43 B ko emewdn) (34,43) =1, Ba woyvet 34| B. Apa, vmapyet xk € N*,
tétowog wote P =34k, ondte, Aoyo g (1), Ba elvar a = 43k. 'Exovpe Aowov

a =43k «xor =34k, ke N*

omoTE
a+f=43k+34x =77k =7-11-k.

Apa, 0 apBpdc a + B eivar ovvbetog.
. 'Eocto p eivon Betikdg mpdTog apBpdg. Tote o p Ba eivar tng popeng:
p=3k N p=3x+17 p=3k+2, keN*
e Av p=3k, xeN* enedn o p eivor mpmroc, Bo eivor k =1, ondte Ba Eyovpe
p=3, p+2=5«m p+4="7. lHopoatnpovue, dradn, 0Tt kot ot TpeLg aptdpLol

p, p+2, p+4 givoau tpdrot.

o Av p=3k+1, k € N*. 1601 Q0 eitvanr p +2 =3k +3 =3(k + 1), ondte 0 apOpog
p + 2 givon ovvBetog. Apa, dev etvar kot ot Tpetg apBpol p, P+ 2 kot P +4 TpdTot

o Av p=3k+2, ke N* 101 0o eivan p+4 =3k +6 =3(k +2),0mdte 0 ApOUOG
p + 4 givon ovvBeTog. Apa, dev eivat kat ot tpelg apidpol p, p+2 kot p + 4 mpdrot.

Apa, 0 Lovadtkog OeTikdg TpmTOG P, Yio Tov omoio ot aplbpoi p, p+2 ko1 p+4
glvot Kol 01 TPELS TPATOL, etvaro p =3.

. () o’ Tpémog: X’ +X* +Xx-3=0 x(X* +X+1)=3
& x=1kot X* +X+1=3,a00d X +X+1> X
o x=1
B tpomog: ITiBavég Betikég axépateg Aooelg g e&icmong eivat ot Betikol
Sdrupéteg Tov 3, dniadn ot apBpoi 1 kot 3. Edkora dwoumictdvoope 6Tt povo 1
x =1 givar Aon g e&icmong.

(i) Eivaw ¥’ +x+p=112 p=112—x(x+1).

Onwg, 0 apBuog X(x+1) eivar dptiog. Apa, o apBuog p Ba givar dptiog, omdte
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0o givar p = 2. 'Etoin e&iowon ypaoetot

X 4+x+2=112< X2 +x-110=0

&S x=10M x=-11

Emopévamg, n Betikn axépata Avomn g e&icwong eivarn x =10.

8. Av p,, p,, ..., P, Otkowvoi kon pn kotvoi Betikol TpdTOL TUPAYOVTEG T™V O KO S,
t61€ B0 1oy Vel

a0 a

— x — B
a=p" Py P ok B=p7 oyt (1)
omov a;, 0y, ..., A, By, By, s B oL aptBpoi. Eropévac, Oa sivar

20,

o =Py p ke B =p &)
Enedn S 2la?, AOYo TG (2), Ba woydet

26, 22w, 2B, L2a,, ..., 2B . <2a

K
omorte, Ha Eyovpe
B La, By<a,, ..., B S,

Apa, Ay g (1), éxovpe oTL |oc .

4.6 HI'PAMMIKH AIO®ANTIKH EZIXQXH

A" OMAAAX

1. (i) Eivor (4,6) = 2, omdte (4,6)[5. Apan e&icmon 4x+6y =5 Sev éyet axépaieg
Avoes.

(i1) Eivan (4,—6) =2, ondte (4, —6)|2. Apan e&icoon 4x—6y =2 €yel aképaeg
Aoelg.

(ii1) Eivon (3,5) =1, omote (3,5)|K. Apan efiomon 3x+5y =Kk £€xel aKépateg
Aoelc.

(iv) Etvan (x,x +1)=1, omote (x,k + 1)|A. Apa n e&iowon kx+(k+1)y=A1
EXEL OKEPAULEG AVOELC.
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(v) Tl O)eg T1g axépoteg TIES T®V X, Y TO Tp®OTO PEAOG TG elomong eivar pTiog
apBpog, eved to devtepo pLéLoG Teptttos. Apa n egicwon 2kx+4y =24 +1 dev
€xel aképateg AVoELS.

. (1) M mpogoavng axépaia Aon g e&lowong elvan 1 (x,,¥,) = (1,1). Apa,
ot axépateg Aaoelg, (x,y), g eElomong divoviat and Tig 6YEcELS

x=1+3t ko y=1-2¢, teZ

(il) H e&lomon 6x—4y =8 ypdapetor 1codvvapa
3x-2y=4

KO €L oL Tpo@avy Abon TV (X, ¥, ) = (2,1). Apa o1 axépaieg Aoeig, (X, y),
g e&lomong divovtat and TIg GYECELS

x=2+2t xau y=1+3¢ teZ

(iii) M mpopavig aképata Avon g e&iomong eivar n (X,,¥,) = (2,—1). Apa,
ot axépateg Aoelg, (x,y), g e&iomong divovial and Tig oYEcELS

x=2+5 o y=-1+7¢t teZ.

(iv) M mpogavig aképata Avomn tng e&iocwong etvarn (x,,»,) = (2,1). Apa,
ot axépateg Aaelg, (x,y), g e&iomong divovial and Tig oYECELS

x=243t wxou y=1+5¢ teZ
. (1) ’Exovpe
111x+78y =300 < 3(37x+26y) =3-100
< 37x+26y =100 (1)

Mo popoviig axépoata Aom g e&icmong etvoun (x,,¥,) = (2,1). Enopévac, ot
aképoateg Aaoelg, (x,y), g e&iomong (1) divovton and Ti¢ oyécelg

x=2+26t xn y=1-37¢t, teZ

Eme1dn avalntodpe t1g Oetikég axépateg AOGELS, £XOVILE

x>0 2+26t>0 1
1-37t>0 13

= <:>——<t<i<:>t=0.
y>0 37

Apa, n povadikn Betikn axépata Aon g eicmong ivarn (x, y) =(2,1).
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(i1) M mpogavig aképata Avon ¢ e&icwong 47x—-31y =78 eivar
(x4, ) = (1,-1). Emopévag, o axépaneg Moeig (x,y) g e&iowong (1) divovrar
omd TIC oYEGEIG

x=1+31t ko y=-14+47¢ teZ
Enme1dn avalnroovpe tig Oetikég aképateg AVGELS, Exove

1
t>——

>0 1+31>0
{x { - 31

= S teN*.
y>0 —-1+47t>0

47

Apa, 1 e&iowon éxet dmeipeg Oeticég aképateg Avoelg (x, y). Avtég divovrat amd
TIG OYECEIC
x=1+31t xouv y=-1+47¢ teN*.

4. (i) H e&iowon 3x+5y =—15 dev éxet Betikég axépaieg ADGELS, apov Yo, GAOVG
Tov BeTIKOVG AKEPALOVG X, Y TO TPMTO PELOG TG e&lomaong elvat BeTucdg ap1Ouog,
EVO TO OeVTEPO PEAOG apVNTIKOG APLOLLOG.

(i1) H e&lomon 111x+ 78y =50 dev €yet BeTikég axépateg AGELS, QoD Yo OA0VG
TOVG BETIKOVG AKEPOILOVG X, Y 1GYVEL:

111x+78y >2111-1+78-1=189 > 50.

(iii) H e&iowon Sx+7y =5 dev €yl Betucég axépateg AoELS, apov yio GAOVG TOVG
OeTik0oOG aKéPAIong X, Y 1oyVEL:

5x+7y>5-147-1=12>5.

5. 'Eoto 611 aAAdlovpe to yaptovopcua 100 svpm pe X yoptovopiopato tov 10
Katy yaptovopicpoto tov 5 upo. Tote Oa woyvel 10x+5y =100 7, 1woddvapa,

2x+y=20 (1), 6mov x>0, y=>0.
Avontodpe, emopévemg, Tig Un apvnTikég Avoetg g (1). Mo mpopavig axépota
Mom g (1) etvoun (x,,¥,) = (0,20). Enopévac, ot axépaieg Aoeis, (x,y), g
(1) divovtar amo TG oYEcElg

x=0+¢xon y=20-2¢, teZ

"Etot éxovpe
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x>0 t>0
= < 0<t<10<¢=0,1,2,...,10.
y>0 20-2t>0

Apa, ot pun opvnTikég aképateg Aaelg g (1) eivat ot:
(0,20), (1,18), (2,16), (3,14), (4,12), (5,10)
(6,8), (7,6), (8,4), (9,2), (10,0).
B OMAAAX

1. Av xaBéva and To peydia mokéta mepléyel X camovvia Kot kaféva amd ta pikpd
maKETa TEPLEYEL Y camodvia, TOTE Ba 1oyvEL

19x+3y =224 ko1 x>y >0 (1)
Avalnrtolpe, emopévacg, Beticéc axépateg Moeig g e&iocmong (1). Eredn (19,3) =1,
n e&lomon (1) éyet axépateg AMoeig. Apywcd Bpiokovpe pia e1dikn Avomn g (1)
oG &g
I'papovpe tov (19,3) =1 ¢ ypapkd cuvovacuod tov 19 kot 3:
19-1+3(-6) =1 2)
oA amhacidlovpe kot To, 600 peEAN g (2) pe 224:

19224 +3(-1344) =224

Apa e g1dkn Aor g (1) etvon (x,, ¥, ) = (224,-1344). Enopéveg ot oxépateg
Moeig e (1) divovtat amd Tovg TOTOVG

x=224+3¢ xon y=-1344-19¢, teZ 3)

And Tig Moelg avtég Bo fpodile exeives yia Tig omoieg toyvel X >0 kot y > 0.

"‘Exovpe
224
>
x>0 224+3t>0 3
= R < 74,6 <t<-70,73
y>0 —1344-19¢>0 ‘< 1344

19
ot=-71 § t=-72 § t=-73 {4 t=-74.

Emopévac, ot avtiototyeg TIHEG TV X Kot Y divovtol oo Tov mivaka
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Kot gnewn x > y, Baeivan (x,y)=(11,5).

2. Ovypagikég mapactioelg Tav f ko g tépvovior ndve otov déova x’x ya ekeiva
ta X € R ywo ta omoio woyvetl f(x) =0 ko g(x)=0.

Opog: ( +ﬂ.] 0 ju
X+—|= =
{f(x):O nu 3 X+ KT, kel
g(X)— oLV X—Z =0 x—£=/17r+£, Ael
6 6 2
X:Kﬂ—%, kel
= ; (M
X:/172+—”, Ael
3
Emopévac 1oydet
2
Kzr—%=ﬂﬂ+?ﬂ<:>mz—ﬂﬂ=ﬂ<:>k—/1=l 2)

Mia po@avig Abon g dogavtikig e&icwong (1) eivarn
(15 7) = (2.1).

Apa, ot Woelg, (k,A), g (2) divovral amd Tov THmo

K=2+pu ko A=1+u, pueZl 3)
Emopévag, Aoym g (1), ot {nrodpeveg Tég tov X givat ot

x= (2+,u)7r—§= pn—%, pEeL.

3. 'Eoto 6 =(a, ). Enedn o |y N e&iomon €xel axépaieg AWoelc. Av (x,,y,) elvan

po aképata Avom g e&iocwong, T0Te ot aképaieg AGelg g, (X, y), Oa divovton
omd TIC oYECEL

x:xo—gt Kol y:yo+%t, teZ

Ag Bewprioovpe Tdpa 600 Avoelg (x,, y,) xar (x,,y,) ™G e&lomong. Tote
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X, zxo—gt1 X, :xo—gtz
(1) wou (2), 6mov t,,t, e Z
a a
=y, +—t =y, +—t
N =X s Y2 =X s

ondte, N andotacn tav A(x,,y;) ka B(x,,y,) Oa elvor ion pe

2 2

(AB) :\/(xz _x1)2 +(y2 _yl)2 :\/[53_202 _tl)z +(;_2(t2 _tl)2
=|t _t|.—\‘az+ﬁ2
2 1 6 .

Enopévac, n amdotacn (AB) glayiotomoteitat, 0tav gAayiotonombei n tapdotoon
It, —t,|. Avto copPaiver otav |t, —t | =1, omote N EAGyoT amdOTAOY AVApESH

o¢e 300 daPopeTkd onueia g evbelog ax+ fy =y e aKéPULEG CUVTETAYIEVEG

glva ion pe 5

. (i) Heklowon ax+ By =apf &yt aképareg Moetg, apov (o, ) = 1. Mo tpo@aviig
Mo g etvaun (x,,y,) = (B,0). Apa, ot Moelg, (x,y), g eiocmwong divovta
Ot TOVG TOTOVG

x= [+ Pt xor y=—at, émov t e Z.

AgvmoBécovpe 0t e&lowon €xet Beticég Avoels, Tote Ba 1oyvEL

x>0 B+pt>0 t>-1
= P & -1<t <0,

y>0 -at>0 t<0
7oV givat advvato, ool t € Z. Apa, n e&icwon dev €xel BeTikéc aképateg AOGELG.
(ii) H e€lomon ax + By = 2af &el aképaieg Moels, 0pov (o, f) = 1. Mo tpopavic

Mon g e&lowong etvar n (x,,¥,) = (B,a). Emopévac, ot Moelg, (x,y), g
e€lomong divovtat amd Tovg TOTOVG:

x=B+pt xou y=a-at, oémov telZ

Avaintodpe Betikéc Moeig g e&iomong. Apa Bélovpe va 1oyvet

x>0 B+ pt>0 t>-1
= = o -l<t<ler=0.
y>0 a—-oat>0 r<1

Apa, povadikn Betikn Avon g eicwong ivarn (B, a).
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5. 'Ecto x,y € N* ot apBuntéc tov khaopdtov. Tote Oa 1oyvet

x y 33 , ,
—+4+-—=" N, 10000vaua, 13x+7y=233. 1
2t 53 o H y (1
Avalnrolpe, emopévag, Tig Betikég aképateg Aoelg g e&icmong (1). Eredn
(13,7) =1, n (1) éxer axépateg Avoelg. Mia e1d1kn g Avon givor n (—33,66).
Apa, ot aképateg Aoels, (x,y), g (1) divovrat amd Tovg TOTOLG

x=-33+7¢t xau y=66-13f, 6mov teZ

"Etot éxovpe

x>0 -33+7t>0 33
66—-13r>0 7

6
D= oS —<tI<—& =5,
y>0 13

3 1
Apa X=2 xat Y =1 kot emouévee — = —+—.
P Y BV 177 13

4.7 IZOYIOAOIIIOI API®GMOI

A" OMAAAX

1. T ta oToryeia ToL cLVOAOL A €xove:

33=4.7+5, omoTE 33 =5(mod7)
-17=(-3)7+4, omoTE —17 = 4(mod 7)
23=3-7+2, omoTE 23 =2(mod7)
35=5-7+0, omoTE 35=0(mod7)
41=5-7+6, omoTE 41=6(mod7)
—20=(-3)7+1, omoTE —20 =1(mod 7)

2. (i) AAnOng vy kdBe « € Z, apod (15k +1)—1=15k = moA3
(1) AAnONG Yo kOe K € Z, apov (15k +1)+4 =15k +5 = moA5

(iii) Aev adnBedel yia k4Oe kK € Z, apod (k° +5)—1=k>+4 mov dev sival
TOAMATAAG10 TOV 4 OTAY O K €ivorl TEPLTTOG.
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(iv) AMnBng yio kaBe me N*. Ipdypatt eivar m+1=1(modm) omdte
(m+1)* =1° = I(mod m).

3. Eivan
a =6(mod11) a=1lk+6, KxeZ @
10<a <100 10<a <100 (2)

H (2), Moyw g (1) ypaoetot
10<11lk+6<100 = 4<11k <94

omdte, and v (1) maipvoope

a=17,28,39,50,61,72,83,94.

4. (1) 'Eoto a évag amod toug ntoduevoug Betikolg aképatove. Tote Oa ioyvet
a =2(mod3) kot o =1(mod4) )

omote Ba vapyovy X,y € Z TETOl0l OCTE

o =3X+2 xar a =4y +1 2)
omote 3x+2=4y+1 kot bpa
—3x+4y=1 (3)

Mia mpogoviig aképata Avon g (3) etvorn (x,,¥,) = (1,1). Apa, ot axépaieg
Aoegg e, (x,y), divovtal amod Tig GYECELG

x=1+4¢t xau y=1+3¢ teZ

Emopévac, Aoym g (2), Oa eivat
a=12t+5, teZ
Onwg o a givar dStyneloc. Apa Ba 1oyveL
10 <100 < 10<12t+5<100
& 5<12t<95

<::>i£t<9—5
12 12

=1=1,2,3,4,56,7
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Apa, ot TavE TWEG TOL a €ivat ot
17,29, 41, 53, 65,77, 89.

Ot tipéc avtég givan OAeg deKTES, POV KAVOTTOLOVV TIS (2).
(i) Av a =3(mod4) kot o = 4(mod6), 161€ Bt 1oYvEL
a=4x+3 xuu a=6y+4, o6mov x,yelZ
omote Ba Eyovpe 4x+3 =6y +4 1, 100d0OVO,
4x—-6y=1

H e&iomon, opwc, avt etvar addvatn apov (4,—-6) =2 kot 2 / 1. Apa, 10 Tpod-
BAnua dev €xet Avon.

5. (i) Enedn 2° =8 =1(mod7) xou 100 =3-33+1, &yovue
210 = 2334 = (29)P.2=1".2 = 2(mod 7)
Apa 1o {nToduevo vwéAomo givar ico pe 2.

(ii) Eneidn 9 = 1(mod8), éyovpe 9'° =1' = 1(mod8). Apa to {nrovuevo vid-
Aowro givat ico pe 1.

(iii) Emedn 3° =27 = —1(mod 7) kot 1998 = 3-666, &xovpe
3% = (3%)% = (=1)°* =1(mod 7)
Apa 1o {nrodpevo vwoAowmo givar ico pe 1.
(iv) Enedn 5% = 25 = —1(mod 26) ko1 2004 = 2-1002, éyovpe
529 = (5%)' = (=1)'" =1(mod 26)
Apa 1o {nTodpevo vwoéAomo givar ico pe 1.
6. (i) Emeidn 5° =25 =1(mod8), é&yovpe
5% +7=(5) +7=1"+7=1+7=8=0(mod8).

Apa 8l(5% +7).
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(i1) Eivan

243 =2.2" 4+3.27"
=2-2" +3-2"(mod5), apod 27 = 2(mod )
=5-2"(mod>5)
= ((mod)5).
Apa 5l(2 +3),
(iii) Eivon 2% =16 = 1(mod15). Apo 2% —1=(2%)" =1=1" —1=0(mod15).
(iv) Eivan

2 45 = 16-4" +5.25"
16 =-5(mod 21)

=(=5)-4" +5-4" (mod 21), agot
5 (mod 21), agod {2554(m0d21)

=0-4" (mod21)
= 0(mod21).
ApOL 21|(22V+4 + 52V+l)'

7. (i) Apkei va Ppodpe o vorowwo g draipeong tov 3%

3> =9 =—-1(mod10) kar 1998 =2-999. Emopéveg

pe to 10. Eivan

31998 — (32 )999 = (_1)999 =_1]= 9(m0d10)

3]998

Apa 10 TEAELTALO YN Pio TOV glvar 10 9.

(ii) Apxei va Bpodue to vwdrowmo g dtaipeong Tov 72"

7% =2201=1(mod100) kot 2003 = 4-500 + 3. Emopévag

pe to 100. Eivon

7003 _ 745003 _ 73 (749500
=43-1"(mod100), apov 7° =343 = 43(mod100)
= 43(mod100)

2003
7

Apa, T0 TELEVTOIO SYNPLO TUNHO TOV aptBpoD glvat to 43.
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B OMAAAX

1. AgvmoBécovpe 6T vmapyst B € Z tétorog ote 3o —1= B7. Tote Oa 1oyvet
B* =—1(mod3), ondte

B* =2(mod3) (D

Opwe, B =0,1,2(mod3), ondte B> =0,1(mod3), mov avriketron sty (1).

2. O apBudc p eivor g popeng p=10x +v, v=0,1,...,9. Enedn], opwg, eivar
TPOTOG Kol LeyaAdTEPOS TOL 5, B etvon g popeng p=10x +1 9 p=10kx+3
np=10k+7 M p=10x+9, x € N. Emopévag, 0o 1oyder p=1,3,7,9(mod10)
omdéte p° =1,9(mod10) 1, wwodvvapa, p* =1, —1(mod10),

OV oNUOiveL OTL

p> —1=0(mod10) 1§ p* +1=0(mod10)

Kot Gpa. 10[(p* =1) 7 10[(p* +1).

3. o tpémog: Eivor a” +a —6 = (a +3)(a —2). Emopévac
5|(a” +a —6) < 5|(a +3)( —2)
<:>5|(a+3) n 5|(a—2)
Sa+3=5«, keZqfa-2=51, AeZ
Soa=5%-3, keZMa=51+2, A€Z
Sa=5A+2, Ael,
apov o o =5k —3, k€ Z ypaopeton oo =5(k —1)+2=51+2, A=x-1.

B’ Tpbémog: Av v glvar To vrdroro TG evKAeidelag dtaipeong Tov a pe Tov 5 tote
Oa woyvel o =v(mod?), omdte

a’+a—-6=v"+v—-6(mod5).
Enopévog:

e Av 0 =0, 1018 @’ +a —6=—6=4(mod5), ondte 5f(a’ +a —6)

e Avv =1, 16t @’ +a —6=-4=1(mod5), omdte 5](012 +a—-6)
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e Av v =2, 1618 ot +a —6=0(mod5), omote 5|(a’ +a—6)
e Avu=3,10te ¢’ +a —6=6=1(mod5), omdte Sf(a> +a—6)
o Avu=4, 161 o’ +a —6=14=4(mod5), ondte S’ +a—6)
Apa, 1oy0eL 5|(oc2 +a —6) povo o6tav a =2(modS), dniadn, uovo o6tav o a eivar
mg puopeng o =51 +2, AeZ.
4. o” Tpomoc: Enedn X =1(mod?2) kot X = 2(mod3), Ba 1oydet
X+1=2=0(mod2) kot X+1=0(mod?3).
Enopévas, 2[(x+1) xon 3|(x+1), ométe 2-3|(x+1), agod (2,3)=1.
Apa 6|(x+1), omote X+1=6k, K e€Z kuovvendg X=6k -1, x € Z.
B’ Tpémog: 'Ecto X évag and tovg {nrovpevoug aképatove. Tote Ba woyvet
X =1(mod?2) kot X =2(mod3), €))
ondte Bo vhpyovv K, A € Z 1€T0101, OOTE
X=2Kk+1 ko1 X=31+2. 2)

"Eto1 00 eivar 2k +1 =341 +2, ondte
2k -3 =1. 3)

Mua pogavig Mon g (3) eivonn (x,,4,) = (=1,—1). Apa, o1 aképareg AGELS,
(k, ), divovtal amod Tig oYEoELg

Kk=—1+3t xau A=-1+42t, teZ
Emopévac, Moym g (2), Ba eivar
x=6t-1, teZ
Ot Tipéc anTég ToV X givar OAeg deKTEC AoV tKavomoloHv Tig (1).

5. Apxet va deifovpe 0Tt 10|(e’ —a). Ened 10=2-5 ot (2,5) =1, apkei va
deillovpe OTL 2| (@’ —a) xu 5|(ot5 —a). [Ipdypatt
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e Encid a = v(mod2),6mov v = 0, 1, 8a 1oydet o’ —o =v° —v(mod 2). Emopévag:
— Av 0 =0, 118 &’ —a = 0(mod 2)

— Avu =1, 1016 &’ —0o = 0(mod?2)

T OAec TIC MEpUITOGEIS sivon a” —a = 0(mod 2), ondte 2| (a” —a).

o Eneidi a =v(mod5), émov v =0,1,2,3, 4, 0a10y0st o’ —ot =v° —v(mod 5).
Enopévac:

— Av v =0, 1618 @’ —a = 0(mod5)

— Avou =1, 1618 @’ —a =0(mod5)

— Av v =2, 11¢ @’ —a =30=0(mod5)

— Av v =3, 1618 @’ —a =240 = 0(mod 5)

— Av v =4, 11¢ a* —a =1020 = 0(mod 5)

Y& OAeC TIC MepUITOGEIC sivon o’ — o = 0(mod 5), omdte 5|(0t5 -a).

6. (i) Exovpe
{a = B(modm) | {m|(a -B)
, OmOTE .

Apa n|(a—B), cvvendg o = B(modn).

(i1) 'Eyovpe

{na =np(modm) {mln(a -B)

(m,n)zl (mﬂn):l

Apa m|(a—B), ondte o = B(modm).

7. Ene1on a = f(modm), Ba woydet
a=Am+f, omov AeZ
Enopévag

(a,m)=(Am+g,m)=(Am+ S —-Am,m)=(S,m).
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8. (i) Emedr] 39 =3-13 ot (3,13) =1, apxel va dei&ovpe 611
3|(531°3 +103%) Kon 13|(53103 +103%).

[pdynatt
e Emedn 53=3-18—-1 «on 103 =3-34+1, éyovpe

53 =-1(mod3) kot 103 =1(mod 3)
omdte 53'% +103* = (=1)'" +17 = 0(mod3). Apa 3|(53'" +103%).

e Enedn 53=13-4+1 kot 103 =13-8-1, éyovue
53 =1(mod13) xou 103 = —1(mod13)

ondte 53'” +103” =1' +(=1)” = 0(mod13). Apa 13|(53103 +103%).
(i) Emedn 111=7-16 -1 wou 333 =7-47+4, éovue
111=-1(mod7) ko 333 =4(mod7)

onote
1117% 4333 = (1) + 4" (mod 7)

=-1+(4")"(mod7)

=-1+64"(mod7)

=-1+1"(mod7), ywri 64=1(mod7)
=—-1+1(mod7)

= 0(mod 7).

Apa 71117 +333),
9. Eneidn o =v(mod5), émov v =0, 1, 2,3, 4, éovpe a’ =v’(mod5), ondte
a’=0,1,4(mod5) (1)
o AvvmoBétovpe 011 V5v +2 € Q, 10t1¢ Ha 1oyvEL
5v+2=q?, 6mov @ e N*

omdte o’ = 2(mod5), mov givon dromo, Adym g (1).
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o Av voBétovpe 011 V/5v +3 € Q, tOTE Bar 1oy OEL
5v+3=ca’, 6mov a e N*

ondte o’ =3(mod5), mov eivar romo, Adym g (1).

10. (i) Emedn o p eivor mpcdTog Kot peyoddtepog Tov 3, Ba £xet pia amd TIg TopuKaT®
HOPQES:

p=3x+1, keN* 1 p=3x+2, xkeN*
omote Ba 1oyvEL
p =1(mod3) 1 p=2(mod3).
‘Etot, Ba égovpe
p’> =1° =1(mod3) | p* =2° =1(mod3).
AnAadn ko oTig dYo mepTOGEIC eivar p’ = 1(mod 3).
(i1) Aoy Tov (i) £yovpe:

e p’ +2=1+2=0(mod3),omdte p*+2=mnor3. Apao p’+2 sivar covdetoc,
a@oV gival ToALOTAGG10 TOL 3 Kot dev glvan icog pe 3.

e p’+p;+p; =1+1+1=0(mod3), ondte p; + p; + p; =moA3. Apa o
P+ pi + p: eivar ovvBeTog, apod eivar ToAAAmAGG10 TV 3 Kat Sev givar icog

pe 3.

(iii) Emednq 6=2-3 xar (2,3)=1, apkei va deifoope 611 2|(p° —¢°) kar
3|(p2 —q7). Tpéypart:

, ’ ’ 2 2 7 ’ 7 2 2
e Eneidy o1 p, g sivan mepittot, o1 p°, ¢* Oa eivon mepirtot, omdte o p° —¢° Oa
etvar Gpriog. Apa 2| (p* —¢*).

® Toppova pe to epdTnua (i), emeldn ot p, g eivor TpdTOL Kot LeYoAdTEPOL TOV
3, 0o oyvet p° =1(mod3) kar g° =1(mod3), omdte Oa Exovpie

p’—q* =0(mod3) ki épa 3|(p* —¢°).
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12.
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o Enc1dn 77 = 7(mod10), €yovpe
777 =77 (mod 10).

Onog 7% =49 = —1(mod10) kot 77 =2-38+1. Emopévog

77 =7(7*)*® =7(-1)*® = 7(mod 10)
omote 7777 = 7(mod10).
Apa, T0 yn@io Tov poviadwov tov 777 sivoito 7.
o Ene1dn 333 =3(mod10), éxovue

333% =33 (mod 10).

Opwg 3* =9 =—1(mod10) kon 333 =2-166+1. Emopévag

3% =3(3%)" =3(-1)'° =3(mod10)
omote 333* =3(mod10).

Apa, 10 ynoio Tov povadov tov 333** ivar 1o 3.

Enedn 2 = —1(mod3), éyovpe
2199 427 1= (=)' + (=) —1(mod 3)
=-1-1-1(mod3)
=-3=0(mod3)

Apa 2" +2"7 —1=noA3 xon emedy 2" +2"7 —1> 3,

0 apBpog 2 +2'7 —1 givar ohvletog.

I'ENIKEX AXKHXEIX 40v KEPAAAIOY

1.

Eoto a,a+1,0+2,...,a+ (v —1), v-dradoykol aképatot. Oa amodeifovpe Ot

aKpPag évag amd avtods eivar toAlamidsio tov v. ' Eoto a =kxv +v, 0<v <v
1 TAVTOTNTO TG EVKAEIdELNG O10UPESTG TOV O LLE TOV V.
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— Av v =0, 101€ 0 a glval TOALATAGGIO TOV V, APOL A = KV

— Av v #0, 10160 a + (Vv —V) &ival ToOAUTAGG10 TOL v, APov
a+V-v)=kv+o+v-v=(k+1)v.

Apa, ce kKabBe mepintoon, évag TovAdylotov amd Tovg opLOpovg

a,a+l,a+2,..,a+((v-1) givor toAlomrldcio Tov v. Ba deifovue Tpa 6TL

axplpag évag etval toAhamAdoto Tov v. Ag vroBécovpe 6Tt VO TOLAAYIGTOV ATd
TOVG TOPATAVE 0PLOLODS ELVOL TOAAATAAGLY TOV V, Y10l TOPASELY L OL

a+x kona+A, omov 0<xk<A<v-1.

Tote v|(a+A) xou v|(a+k), omote v|[(a+A)—(a+K)], dnhady v|(A-K),
7oV ivat dtomo, apod 0 <A —k <v.

o+2 :%’ érovpe 6(or +2) = 8(B +3), omote (o +2) =4(B+3) (1)

2. Emedn

Apa 3|4(B +3), omdte 3| (B +3) xardpa 3| B. Enopévag, B =3k, k € N*, onote
ar6 v (1) Bpiokovpe 60tL o =4k + 2, k € N*. "Eyovpe onaadn

o=4k+2 ko f =3k, keN* (1
. ., . k+l 10 ,
omOTE N APYIKT OYECT YPAPETAL —— = —— 1] 1G0dVVOLLL
2 y+4
(k+1D)(y +4) =20. 2)

Emedn x 21 xan y 21 Ba elvon k +12>2 xou y +4 > 5, ondte Adym ¢ (2), Ha

€xovue:
k+1=2 | [xk+1=4
y+d4=10 " |y +4=5

k=1 [k=3
y=6"ly=1
omote, Aoyw g (1), £xovpe

(@,B,7)=(6,3,6) 1 (a,B,y)=(14,9,1).

3. Ouv-dwdoyikol mepittol puoikoi eival TG LOPPNG:

Apa

a,a+2,a+4,..,a+2v—1), 6nov a TePITTOG PLGIKOG.
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Emopévac, to dBpoiopd toug S Oa givat ico pe
S=a+(@+2)+(a+4)+..+(ax+2(v-1))

[a+(a+2(v-1)]v
2

=(a+WV-Dyv

Enedn v >l kot o +v —1>1 (0pod a >1 kv > 2), 0 apBpog S =v(a +v —1)
glvau ovvBetog.

. (i) Ag vmoBécovpe 6t (a® + B>, af) #1. Tote o (a’ + B, af) o éyst évav
TovAdyLoToV BeTIKd TpdTO drapétn P, ondte Ba 1oyveL
{pl(a2+ﬂ2) pl(a’ + %)

Kot pa Bo Exovple .
plap {pla 0 p|A

— Av p|a, EMELON p|(oc2 + %), Ba 1oy0et p|ﬁ2, omoTE p|[3. ‘Etol p|a Kol
p|ﬁ, omoTE p|(a,ﬁ), oMhadn p|l, dromo.

—Av p|ﬂ, TOTE KO TAA KOTOAYOVLLE GE TOTO.

Apo (o” + B*,apf) =1.

+

(i1) Av voBécovpe 6T =v e N*, 161¢ O 1008t

=R
SHIRS

a’+ p? =vap (1)
Eneidn (a, B) =1, oopoova pe to epodmpa (i), Egovue
1= (& + B*.cf) ~(vap.ap) = af(v.)) = ap.
Apo off =1, pe a,f € N*, onote a = 8 =1, mov givor dtomo, apov a # f.

. (1) ® Agvmobéoovpe o0tL (a + B,af) # 1. Tote o (o + f,aB) Ba éxet évav TOLAG-
Klotov BeTIKd TPpMTO dlanpétn P, omoTe o 1oyvEL

{pl(a +B)
plap

o {pl(mﬁ)
Ko apa Bo. Eyovpe . .
pla 1 p|#

o
, OTOTE p| (a, B), nhadn p| 1, mov givon dromo.

p|B

Enopévog, oe k6Oe mepintwon {
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, (o B . . a B .
o’Ecto (a, ) =0.Tote ey =1, ondte, av Bécovpie 5 = A kot 5 = B, &yovpe

a=8A, B=6B, pc (A,B)=1. (1)

af _5ASB

Emopévag [o, Bl = 5 5 =0AB, ondte

(c + B[, B]) = (5A+5B,0AB) = 5(A+ B, AB) =5 -1= 6 = (a, B).
(ii) Toppova pe to (i) Exovps
(@, B) = (a+ B.[a, B]) = (114,360) = 6
omoTe
aff = (a, B)[a, B]=6-360 = 2160.

"Etot éxovpe 611

a+p =114 ko aff =2160.

Apa (ot =90 xar B=24)M(ax =24 xar B=90).

6. Agumobécouvpe 6tLvndpyovy k, A, k', A" € N* 1610101 Dote
Kkp+Ag=xk'p+1iq, pe 1<Kk,k'<q wor 1<A,1"<p.

Torte Ba. 1oydet

(k-k)p=("-A)q M
0<A'<p

Apa p|(A'=2A)g o enedn (p,q) =1, &ovpe p|(A'—1). Opog ,
O0<A<p

_J0<A’<p , , o A g
ondte . Emopévog —p<A'—A < p, ondte A'—=1=0. Apa L' =41
-p<-A<0

Ko, Adym e (1), k' =«.

7. ()’ Eoto P(v) n avicotnta mov Béhovpe va amodeiEovyle.

e H avicoémta adndevet yia v =3, agod 2° >2-3.

® o amodeifovpe 61, avn P(v) eivar aAndng, Oa sivar adndng koun P(v +1),
dnradn ot

Av 2" >2v (1), totswon 2" > 2(v+1).
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Ipaypatt, Aoym g (1), xovpe
2:2">2-2v

2" > 4y
Emopévag, apkei va deifovpe 6t 4v > 2(v +1) yo k60e v > 3. TIpdypatt Exovpe
4v>2(v+) 4y >2v+2
S 2v>2
< v>1  wov woydel, agov v > 3.
Apa, n avicotta P(v) ainbedetl yia kabe v > 3.
(i) Av X =a eivar pia Betikn aképato Avor g e&icwong, T0Te Ba 1oyvet

2“ = )

Emopévac, o a Ba éxet og povadikd Tpdto dloupétn Tov 2, Guvenmg Oa lvot g
popoeng o =25, k e N*. "Etoin (1) yphpeton

27 =2y 2" =2 o 2F =2k,

"Etot, Moyw g (1), mpénel k < 3. Emopévag, ot mbaveég Tipéc Tov k givar ot k =1
nk=2.

— T k =1, éovpe a =2, mov givar Avon g e&icmwong

— T k =2, éovpe a =4, mov givat kot ovt Ao g e&lomaong.

Apa, ot povadikéc Oetiéc axépateg Maoelc g eicmong 2° = x* eivat ot 2 ko 4.
. (1) 'Exovpe

a’' —l=(@-D@" " +a" 7 +..+a+]).

Eneidf o o —1 sivarmpdrogkar @' +a” > +...+a +1> 1 (agod v > 2), mpémet
o—1=1, dnhadn npéner a =2. Apa o —1=2" —1.

Av, tdpa, vroBécovpe 6T 0 v givat cOVOETOG, TOTE QVTOC TOIPVEL TN LOPPT|
vV =K -4, 61OV K, 4 puoiKoi peyolvtepot tov 1.

"Etot, Ba éyovpue

a’ -1=2"-1=2")" -1
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=B 1, omov f=2">2

=(B-D)(B"+ BT+ B+

Enedy f-1=2"-1>1 xar ' +..+B+1>0, (apod x>1) 1 16610l

a’ —1=(B-D(B"" +..+ B +1) dnhdvel6tLo o’ —1 givor cHvOeToC, OV £ivar
dtomo.

(i1) Ag vmoBécovue 6t v = 2%, Tote 0 v Oa givan TG HOpP1C

v =21, 6mov k,A € N kot A mepirrdc peyodvrepog tov 1.

"Etot Ba éyovpe
o +1=(a> ) +1
= B* +1, émov B=a®
=(B+1)(B" " =B +...— B+]), emedn A meprTToq.
Apoo a” +1 &gl og mapdyoviotov S+1= a® + 1, yio Tov omoio 1oyvEt

l<a® +1<a’ +1, apov v =21 >2" xar o > 1.

Emopévamg, o " +1 givan ouvbetog, mov givon dtomo.

9. (i) Eivmt a =0, 1, 2,3, 4, 5,6, 7(mod8).
Enmopévag a® =07, 1%, 2%,3%, 4%, 5%, 6>, 7*(mod8), omdte a’ =0, 1, 4(mod8).

(i1) Av voBécoupe 6tL M e&icwon €xel pia TovAdylotov aképaia Avon (a, ),
161 Ba 1oy vEL

a’ + B> =1998 )
Ouwg, Aoyo ™ (i), eivar
a’=0,1,4(mod8) ko B* =0,1,4(mod8).

Apa, Oo Exovpe
a’+p*>=0,1,2,4,5mod8)

omote, Aoy g (1) Ba etvon

1998 = 0,1, 2, 4, 5(mod8) Q)
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Eme1dn to vrdérowmo g draipeong tov 1998 ue to 8 givat ico pe 6, éxovpe
1998 = 6(mod8), mov avtiketrar otV (2). Apa 1 eéicmon x° + y° =1998 dev
€xet aképateg AVoELS.

10. Av @tudyvape £va povo topyo, Tote anTog Ba giye vVyog

142+3+...4v = vv+1) €KOTOOTA.

. , L, . . viv+])
Mo va gridEovpe dVo 1wodyeic Topyovg, apkel T0 GLVOAIKO Vyog ——= va

v+

Swopeitar pe 1o 2. Anhadn, apkel va 1oyvet v = oA2 1 160dVVOQ, OPKET

v(v +1) =moA4. (D

To v, dpwg, dtoupovpevo e to 4 aprvet vtoérowmo 01 1 1 2 1 3. Emopévag éxet
L0 oo TIC TOPUKATM LOPPEG

v=4k M v=4k+1 | v=4k+2 N v=4k+3, 6mov keN¥*.
—Av v =4k, 1018 v(Vv+1)=4Kk(4K +1)=0\4.

—Av v =4k +1, 101 v(v+1)=({4rx+1)(4x+2)=2(4x +1)(2x +1) # mOA4.
N Sl

TEPLTTOG

—Avv =4k +2, 1618 v(v+1)=(4x+2)(4x+3) =22k +1)(4x +3) # moA4
NS e/

TEPLTTOG

Kot T€hog
—Av v =4k +3, 1018 V(v +1) = (4K +3)(4x +4) = 4(4k + 3)(x +1) = ToA4.

Apa, yio va TLaEOVLE 50 160DYELG TOPYOVS, TPEMEL KAl OPKEL O v vaL EYEL Lo otd
TIG TAPAKAT® dVO LOPPES

v=4k N v=4K+3, ke N*.
e Av v =4k my. av v =12, 1Ot pmopovpe va @TIaEovE dvo eobyeig THpyoLS

Qs Séﬁg log mopyog

206 mopyog
Mopyor Kopot pe axpég "Yyog
A’ (1,12), (3,10), (5,8) 39 ex
B’ 2,11), 4,9), (6,7 39 ex




172
e Av v =4k +3 .y av v =11, t6te pmopodue vo PTiaEovpe TOVg 600 160DYEIG
TOPYOLG G EENG
20¢ TOpyog

L
log mopyog
IMopyor Kopot pe axpég "Yyog
A’ 11, 2,9, 417 33 ek
B’ (1,10), (3,8), (5,6) 33 ek

11. (i) Apkei o apBpdg va gtvol aképatog. Opmg €yovpe:

VvV —

2 _
v :2(v 2)+4:2+ 4 .
v-2 v-2 v-2

Emopéva, apkei o 3 vo, glvot aképatog, Tov cupPaivet, av Kot povo av (v —2) |4

1N, 16odvvapa, ov Kot péovoav v—-2=1 1 v-2=2 i v-2=4, dnlodn, av
Ko povo ov

v=3 1 v=4 1 v=6.

(i1) Av X, y eivor ta ik TV TASVPGV gvOg amd {ntodueva
opBoymvia, tdte Ba 1oy vEL

xy=2x+2y S xy-2x=2y & x(y-2)=2y (1) X

Apo (Y —2)|2y, ondte, Moyo ™mg (1), Baeivar y=31M y=4 1 y = 6. Enopévac,

AOY® g (1), Ta {nrovpeva opBoymvia £xovv SIUCTAGELG:

(6,3), (4,4) wor (3,6).

v-2

(iii) Emedn n yovia a kabevog amod to kavovikd v-ymva givat ion -180°, av

v

0 YOPOG YOp® and To 4 KoAeBel e k Kavovikd v-yova, tdte Oa 1oy0eL

K(V_2-1800j23600 P
\% v-2
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"Etot, 0 aptBpog V2 Oa elvar axépatog, ondte, Ady® g (1), Ba eivan v =3

V-
nv=41nv=6. Apa, o xdpog yopw amnd to A pumopel va karlvebel povo pe 3
woomlevpa Tpiymva N pe 4 teTpdymva 1 pe 6 kavovikd eEdywova.

12. 'Ecto X 1 TAeLpE TOL PEYGAOL TETPOYMDVOD Kot Y 1) TAEVPE TOV LUKPOD TETPAYDVOL
oV glvat d10.POPETIKT TNG povadag. Tote Ba 1oyvet

x* =y?+24-1
omoTE
(x=y)x+y)=24 (1
Onog woyvet 0 < x—y < x+ y. Emopévac, égovue
x—y=1 o lx=y=2  |x-y=3 | |[x-y=4
n n n
x+y=24 x+y=12 x+y=8 xX+y=6
x=7
y=3

Apa 10 (Todpevo teTpdyvo Exel TAeLPA 7, omtoTE TO PPadov Tov ivar 49, Kot
yopiletan og 25 teTpdymva omd ta omoio Ta 24 £xovv mievpd 1 kat to Evo Thevpd. 5.

Kot emedn ot X, Y ivar axépatot pe y > 1, etvon povo {

13. AgvmobBéoovpe 0Tl X, ¥, X,V,, ..., XV, €lvorotdwyneotkot Z,, Z,, ..., Z, Ol
povoymetot amd tovg {nrodpevoug apBuovg. Tote Ba 1oydet:

XY XY, totx Yy 2z +z, +..+2z, =100

omoTE
10x, + ) +(A0x, + y,)+...+10x, + y )+ (z, +z, +...+z,) =100.
Apa
10(x, +x, +..c4x )+ () + ¥, +ooct Y +2, + 2, +...4+2,) =100 (1)

ETe1dM 01 0KEPOULIOL Xy, Xys eoy Xy Vi Voo oo Vs Z1s Zgs or Z;  €LVOAL TO YMOPia
0,1,2,...,9, aAAd povo pia @opd, 1o GOpolopd tovg Ba egival ico pe
0+1+2+...+9=45. Emopévamg, av 10 A0poiso TV yneimv Tmv deKadmv etvot
ico pe S, 101 0 ABpooHa TOV YNPieV TV povadwy Ba eivat ico pe 45-S. Etot,

100
n woétma (1) ypdeetar 10S +45—-S =100, ondte 9S =100 kot dpa S = ry ¢”Z

atomo. Emopévmg, to mpofAnpa dev £xet Adon.
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14. (i) Ereion (a, B) = 2, &yovpe [%,g} =1, ondte, av Bécovpe A = % Kot B = E,
O woydet

[\

a=2A xor f=2B, pe (A,B)=1xat A>B>0 )]

Emopévac, n oxéon o + B =10 ypdoetat:

m[(A=4 A=3
2A+2B=10A+B=5& il .

B=2
A a=8 | |a=6
o .
=2t p=a

(ii) Emeion (e, B) = 4, éqovpe Z,ﬁ =1, omdte, av Bécovpe A = % o B = E,
0 , 4 4 4 4
o 1oy 0et
a=4A xou B=4B, pe (A,B)=1 xau A>B>0 )

Emopévag, n oxéon aff =96 ypaoetar

@
4A-4B =96 < AB =6<:>{

A a=24 | |a=12
o .
SERVEYERNIE

A=6  [A=3
Moy

(iii) Enedn (o, f)[a, Bl = aff, Moyo g vmdbeong, Exovpe (a, B)-24 = 96, ondte
(a,B)=4."Etor o =96 ko (, B) = 4, ondte avayopoote oty (ii) mepintmon.

(iv) Emedn (a, f)la, Bl1=af, AOyw g vmobeong éxovpe 4-24 =af. 'Etol
afi =96 ko (a, f) =4, ondte avayduacte oty (i) Tepintoon.

(v) Eoto (a,B)=6. Tote a+f =75, onote %+§=7 He [ﬁ,gjzl. Av

B

Béoovpe A = % eZ xo1 B = 5 € Z, 101¢ €yovpe

o= 6A A+B=7
{ﬁng 3) KO (A B)=1, pg A>B>0 )
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) A=6 | [A=5 | [A=4

Etou | | .

eAv A=6«km B =1, 10t€¢ @ =60 xou =03, ondten oyéon [et, f] = 60yphoera:
[66,6]1=60 < 6[6,1]1=60 = 6-6=60<= 06 =10

Kot ovvendg a = 60 ko S =10.

e Av A=5 ka1 B=2, 16018 ot =50 a1 B =26, omdte n oxéon [a, f]=60
yphpeToL:
[56,20]1=60 < 6[5,2]1=60<=6-10=60< 6 =6

kot ovvends a =30 ko S =12.

e Av A=4 xa1 B =3, 1018 @ =46 xau f =35, omdte M oyéon [a, f]=60
yYpaosTat:

[45,35]=60 < 5[4,3] =60 < 512 =60 < 5 =5

Kot cuven®g a =20 kot S =15.

15. (D) Av Xy, X5 Xy, Xy, ..oy X, EVOLTO YN @I0 TV HOVASOV, SEKASMV, EKATOVTAS®V,
YMAS®V KTA. TOV aplOpoD @, TOTE 0 a YPAPETaL

a=X 10" +...+ %10’ + X, -10° + X, -10+ X,
=(X, 10" +...4+ X, - 10°) + (X, -10° + X, - 10+ X,). (1)
Eneidn 1000 = moA8, £xovue
X, 10" +...+ X, -10° = ToA1000 = TOAS.
Emopévac, Aoym ™g (1), o a ypdoetot
a = TOA8 + (X, - 10 + X, - 10+ X, ). )

Apa o a dwupeitar pe o 8, av Kot Loévo av o X2102 + X104+ X, Swopeiton pe to
8, OnAadn, ov Kot LOVO av TO TEAELTOLO TPIYNPLO TUNLO TOV dtatpeitan pe To 8.
(i1) Eme1dm to k66T0G g Kdbe popntic TAedpacng lvat axépatog optOudg, to
GLUVOMKO KOoTOg ¥425x Ba drapeitan pe o 72. Enedn 72 =8-9 ko (8,9) =1,
v va dwopeitor o apBpog y425x pe to 72, mpémet Ko apkel va dtopeiton Kot
pe to 8 Ko pe 1o 9.
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16.

— T va droupeiton pe to 8 mpémet vo apkel, Aoy ™ (1), To Tedgvtaio Tpuyfelo
TUN O TOV, 25X, va Swpeiton pe To 8. Avtd cvpPaivet av Kot povo av X = 6.
— TN va dwapeiton pe 1o 9 mpémet kKo apket To ABpoispa TV yneiov tov va
drpeitot pe to 9, dnAadn

IN(y+4+2+45+x) < 9|(y+4+2+5+6), apod X=6
< 9|(y+17)
< y=1
Apa, o inrodpevog apBudc etvar 14256, omote kdbe popnt) THAEdpOoN KOOTIOE
14256:72 =198 gupo.
(1) ApBpodpe tig nuépeg, Eekvavrag omd v 1 lavovapiov.

Al 1234561789 10111213 1415 16 17 18 19
BI[1234567 801011 1213 14 15 161718 19

O A maipvel pemd 611G
6,12,18, 24,30, ...,

dAadn oTo ToAAATAGGIA TOV 6, VD 0 B maipvel pend otig
9,17,25,33,41, ...,

dnAadn ota moAromAdota Tov 8 avEnpéva katd 1 (A@ov o B kabvotépnoe 1
NUEPA Y10 VO TLACEL SOVAELR).

TN va cuvavtnBovv ot pirot apkel va vdpyet BeTikd TOALUTAAGIO TOV 6 TOV
va givot ico pe éva, Oetikd ToAlomAdoto tov 8 avénuévo katd 1. Anladn aprel
vo vapyovy Betikoi aképatot k, A T€T0101 HDOTE

6K =81 +1.

Av16 dpmc, givar addvato, apov o 6k gival GpTiog, evd o 84 +1 givar meptrtodg.
(i1) ApBpode Tig Nuépeg, Eekvmvtag omd v 1m lavovapiov.

Al 12345[6]789 10111213 141516 17
BI[M23 456 7[89 1011 12 13 14[15] 16 17

Topa o A maipvel pend oto morlharAdoia Tov 6, evd o B maipvet pend ota
TolAamAdota Tov 7 avénpéva katd 1.

Ia va cuvavtBolv ot pidot apkel vo vdpyet 0£T1kd TOAAATAAGIO TOV 6 TOL VOl
glvan ico pe éva Betikd moAlamhdcto tov 7 awénuévo katd 1, dniadn apkei va
vapyovv Betikoi aképatot k, A tétolol dote 6K =74 +1 1, 1odvvapa,

6ic—TA=1. (1)
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Ene1om (6, —7)|1 N dopavtikn e&icmon (1) €xet Avom. M Tpoeavig Abomn g
(1) etvaun
(KO > 2’0) = (_19 _1)
Enopévac, ot Woetg, (x,4), ™g (1) divovtot amd tov TOT0

K=—1+7t xkn A=-1+6t, teZ

Emedn k >0 ko 4 >0 Ba woyder

1
—1+7t>0 t>7
=

-1+6t>0

t>
Emopévag, Ba etvan
6Kk =T7A+1=42t-6, t=1,2,3,...
omote ot Pilot Ba £xovv Koo pend oTIG:
36, 78,120, ...

Apa, pmopovv va cuvavtnobdv yuo tpdtn eopd otig 36 —31=15 defpovapiov.
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