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e To npmto KeEPGAMO amoTELET i 160DV 6T0 Aiavoouotikd Aoyiouo Kol 6Ty
Avolotikn Feawuetpio. Ta dtovicpata £xovv 101aitepn onpocio oyl LOVo Yio To.
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To, omo1adnmote 6YOALN, TOPATNPNGELS 1| KPioeLg Yo To BiAlo, amd cuvadElpovg,
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Mdptiog 1998.
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1 AITANY2XMATA

Eiwcayowyn

To ddvuopa eival €vo YopoKTNPICTIKO TOPASELYLO £VVOL0G TOL avorTTOYONnKe
péca and tn otevny aAlnienidopaon Mabnuotikodv kKot Pvcikng. O “kavovog Tov
TOPOAANAOGYPOLULOV”, GOUP®OVO LE TOV 000 TO HETPO Kol 1 KaTevbvvern dvo
SLVAREMV OV AOKOVVTOL GE £va GOUA ek@pAloviot amd TN doydVvio Tov To-
POAANAOYpaLOL TTOL oynuatilovy, TV YVOGTOG e SIAPOPES HLOPPEG GTOVG
Apyaiovg EAdnvec emotnuovec. O 'Hpwv o AdeEovdpeng, yio TapadelyLd, 6To
£pY0 TOV “MNYaVIKE”™ omOdEIKVVEL LLE XPTOT) OVOAOYIDV TNV OKOAOVON YEOUETPL-
KN TpoTaoN:

Av éva onpelo X' kwvelton pe opoAn kivnon xotd pnkog pag gvbsiog AB, evo

oLYYPOVLG M AB Kiveital mapdAAnia TPog ToV r y

€00DTO TNG LE TO AKPO A va dlaypapet pia vdeio
AL, t6te M wpaypatiky Tpoyld tov 2 (N “cuvi- A B
otapévn kivnon”) Ba etvarl n Staydviog 44 tov
TopoAANAGYpappov ABIA.

A B
AvTOG 0 “KOvOVag” YPNOCYLOTOONKE TOAAOVG

OUDVEG Y0 TO YEMUETPIKO TPOCGIHOPIGUO TNG

GUVIGTOUEVNS, XOPic Opmc va Bempeital Eva vEo €1d0g Tpdcheong evbuypaupwy
TUNUATOV, SAPOPETIKO amd ekelivo mov ypnolpomoteiton otnv Eviieideia I'ew-
petpio. ['o va yiver ovtd, yperdotnre amd Tn pio LePLd 1 0rod0yn Kol GUGT -
TIKN XPTON TOV APVNTIKOV aplOudv 6to Madnuatikd kot amd tnv GAAN 1 peAétn
(PLGIKAOV TOCOTNTOV OTMG 1 TAYVTNTA, T SOVOUN, 1] OPHI KoL 1] ETLTAYVVGOT, TOV
yopaxnpilovror 1660 amd 10 HETPO 060 Kot amd 11 d1evhuvon Tove. AVTEG Ot
eEeMEe1g €pepav 0TO TPOGKNVIO TIG EVVOLEG TNG TPOGOVUTOAMGLEVTG Kiviong Kot
TOV TPOCAVOTOAGUEVOL ELOVYPAULOV TUALOTOS, TIG TPADTEG WOEES TOV OTOIWMV
GUVOVTAUE o€ £pyo emoTNUOVEOV Tov 1700 cudva 6mmg ot J. Wallis, 1. Newton
ko G.W. Leibniz.

H oavamtuén evog cuotnpatikod AOYIGHOD HE TPOGAVATOMOUEVE gVOVYpOLLL
Tunpota dpyloe ota éAN Tov 180v audva, yio va dobel pio YeOUETPIKNY EpuN-
vela 6TovG apvNTIKOVS 0ptBpovs, oALA Kot Yo va, Bpebel Evag TpOTOG aVOAVTIKAG
£€KQPOOTG TOV UNKOVG KoL TG dlevbuvong Tv evbdypappmv tunudtov. Ilpwto-
TOPLOKO VINPEE TPOS AT TV Katevhuvon o €pyo Twv C. Wessel (1799) kot R.
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Argand (1806). ZEekivdvtog od TNV OmAN TEPITTMOOT TOV TPOGOVUTOMGUEVOV
TUNUATEV Tov Bpickovtal oty id1a evbeia, TPOYDOPNGOV GTOV OPICUO TOV TPH-

Eemv pe Tuyaio TUNUOTO TOV ETMESOV. ZVYKEKPIUEVA, Ol Oplopol Tov Wessel
nrov ot e&Ng:

A
To alpoiouo. S1000(1KDOV TPOTOAVATOITUE- 4
VOV TUNUGTOV EIVOL TO TUNIO TOD EVMVEL
TNV apx1] TOV TPWTOV UE TO TEAOG TOV TEAED- B e

Ta100.
AA=AB+BI+I'A

To yvouevo 000 mTPOTOVATOLIGUEVOV TN - ab

UOTOV TOV GYHUATICODY YWVIES ¢ KOl @ b

OVTIOTOIXWG UE EVOL LOVOOLALO TUNUA, ETVOL ot

7O TUNUO TTOV EYEL UIKOS TO YIVOUEVO TV o

UNKOV TV 000 TUNUATWV KOl GYNUOTICEL 'Q

Yovio @+ @ UE TO HoVadlaio TUO. "a‘ .

211G epyacieg v Wessel kat Argand (Kot opiopéveg GALEG TOL SNUOGLEVTIKOV
€Ketvn MV €moyn) LVIAPYOLVV 01 POCIKEG 1OEEC TOL GLYKPOTOLV GNLEPD TO Ato-
VOGUOTIKO AoYIopd Tov emumédov. H ovorootikny avdmtuén tov khddov apyilet
OUMG LEPIKEG OEKAETIES OPYOTEPO, OTOV ETLYEPEITOL 1] YEVIKEVON OVTAV TOV 10€-
®V 6TOV TPLEAACTOTO Y®PO Kot 1 Oeperimon oG yeviknig podnuoatikng Oempi-
0g. Kabopiotikd vimpée mpog avtiv v kotevBuvvon tov €pyo tov W. Hamilton
(1843) kot tov H. Grassmann (1844). O W. Hamilton ypnoipomoince tov 6po
dvucpa (vector). O 0pog vector Tpoépyetal Kotd (o K00y amd TO AUTIVIKO
pfua “vehere” mwov onuaivel petaeépw. O H. Grassmann ypnotipomnoince tovg
OPOVG ECMOTEPIKO KO EEMTEPLKO YIVOUEVO.

H nmopanépa eEEMEN ToL AOVLGHOTIKOD AOYIGHOD EMNPEAGTNKE OTOPACIGTIKA
omd Tig e&ehitelg otn Puokn kotd To devTEPO Gd Tov 190V adva. H ypion
g Bewpiog Tov Hamilton amd tov 10pvtr| TG nAektpopayvnTikng Oempiog J.C.
Maxwell (1873) 0dnynoe 6€ OpIGUEVEG TPOTOTOMGELS, e Pdomn Tig omoieg o1 pu-
owoi J.W. Gibbs ko1 O. Heaviside dnpiodpyncav otig apyE g 0EKAETIOG TOV
1880 t ovyypovn Bewpia tov Atovvcopatikod Aoyiopov (ototyeia Tng omoiog
napovctdlovtol 6° avtd To KePdrato). Télog to 1888, o G. Peano, pe Baon

Oswpio Tov Grassmann Oeperinoe alOUATIKE TNV €Vvold TOL JLVUGLLOTIKOD

KDOPOVL.
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1.1 H ENNOIA TOY AIANYEMATOX

Opiouog tov Awavicuatog

Yrdpyoov peyébn, 6mmg eivor n palo, o 6yKog, m mokvotnta, 1 Oeppoxpocio
KTA., T0 0Toio Tpocdlopilovtot amd To HETPO TOLG KOl OO TNV OVTIGTOLY HOVA-
da pétpnone. Ta peyédn avtd Aéyoviar povopetpa 1 fodpoTd.

Yrdpyovv opmc kot peyédn, 6mmg ival n ddvaun, n ToxvINTA, N ETLTAYVVGT, N
LETOTOTION, 1 HOYVNTIKY ETOY®OYN KTA., TOL Y10 VO TO TPOGIOPIGOVLE, EKTOG
oo TO HETPO TOVG KOl TN HOVASO HETPTM OGS, YPEOpaoTE TN dievBuvon Kat
@opa tovg. Tétota peyéin Aéyovion S1ovOGHOTIKA LEYEON 1] OTTADG OLOVOGIATO.
e > ['sopetpio T0 ddvvopo opiletar g Eva B (népac)
TPOGOAVATOMGHUEVO €VOVYpOapOo TUNHO, ONAOON|
®G &va evOVYPOLELO TUN L TOV 0ToloL Ta dpo. Oe-

—

opovvtal dwatetayuéva. To TpdTo Akpo AéyeTon 4B

apyn 1 onpueio EPaproynNs Tov dVOHGLATOGC, EVED .
TO OgVTEPO AEYETOL TEPOG TOV dLovOoHATOC. To Ot- A (apxi)
avuopa pe apyn to A ko tépag 1o B cupPoAileTon
ue AB wou TOPIOTAVETAL e €va BEAOG OV EgKvael amd TO A Kol KATAA|YEL GTO
B.

Av 1 apyn Kot To TEPOG VOGS SLOVOCUATOS GLUTITTOVV, TOTE TO SLAVLCUO AEYE-
Tou p1deviké dravvopa. ‘Etol, yia mopdderypa, o Stvoopa AA eivar pmdevikd
ddvocua.

[No 10 cupPoMopd TV SVUGUAT®V ¥PNCULOTOIOVUE TOAAEG POPES TO LIKPA
YPAUUOTO TOV EAANVIKOD 1] TOV AOTIVIKOV OAQAPNTOL emtypappicpévo e BELog
Y10, TOPAdSELY L, d,ﬁ,...,ﬁ,f/,...

e H andctacn tov dkpmv evog Slovicpotog 4B, SnAadh 1o pHiKog Tov svhv-
YPOLUOV TUROTOG AB, AéyeTar péTpo 1 piKog Tov dtaviopatoc AB Kot cuppo-
MCetat pe | AB|. Av 10 Sibvoopa AB éxst pétpo 1, €
TOTE AEYETOL HOVAOLAL0 S1VUGLLAL.

e H gvbeio mdveo otnv onoia Bpioketatl Eva un pn- y
devikd divoopa AB Aéyeton gopéag tov AB .
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Q¢ popéa evog pMdevikod dtaviouatog AA pmo-
povpe vo Bempovpe omoladnmote and Tig gvOeieg

OV J1EPYOVTOL OTTO TO A.

AV 0 PopEag VS Saviouatog AB sival mopdAANAOG 1| GupmITTEL e pa svBeia

¢, 1o1e Aépe 0t1T0 AB givar mapdAinio mpog ) ¢ kot yphpovue AB/ /L.

e Avo pn pndevikd davoopoto AB Kot
T'A, mov £yovv ToV 310 Popéa 1| TaPEAAN-
A0VG POpelg, Aéyovtal TapdAinAa 1] CLY-
YPORUIKA SovOGUATO. TNV TEPIMTTOON
auth Aépe 6TL T AB Ko TA éxovv idra
d1e00vvon kat ypagovpe AB/ITA .

Toa cuyypoppikd dStovdcUaTo SoKPIVOVTOL GE OPOPPOTO KOl OVTIPPOTTO. TVYKE-

KpLuévaL:

— Abo pun undevikd dravoopata AB Kat
A Aéyoviar opodppoma:

o) 0tav £QovV TAPAAANAOLG POPEIS KoL
Bpilokovtaol 6to 1010 Mueninedo ®g TPog
™V evbeia A" TOL EVOVEL TIG apyEG TOLG M

B) 6tav £govv Tov 1810 Popéa Kal pio omd

TIg Nuevdeieg AB kot IA mepiéyel TNV GAMY.

~
N
N
oo}
s3]
N

g TEPITOGELS avTéG Aépe Oti T AB kat TA £yovv v ida katedOvven (idia

d1ev0vvon kat ido popd) kat ypapovpe AB TTTA .
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— AYo pn pndevikd dtavoopoata AB kot TA
Aéyovion avtippoma, dtav ival GLYYpPOUL-
KO Kol 0gV €lvol OpOPPOTa. LTNV TEPITTOON
auth Aépe 6Tt Ta dravoopoto AB kat TA
&yovv avtifetn kKatevOvvon (idia d1evbvvon
Ko avtifetn eopd) ko ypdpovpe AB N Ia.

Toa Aravicuata

AVO pn pnodevikd dovdcpato ALyovial ica
otav &yovv v 1dwa Katevbuvon kot ioo Hé-
Tpa. o vo dnAdcovpe 6Tt 3Vo dtvdGuaTo
AB xat TA sivatioca, ypapovpe AB=TA . Ta
undevika stovocpato Bewpodvtor icao peta-
0 tovg ko supPolrifovton pe 0.

Evkolo amodetkvietot Ot

® Av AB=TA,1t6te Al =BA, AB=TA Kkt ' /
BA=Al. ’ /

e Av M givar 10 pécov 1ov AB, 10t AM = MB Kol AVTIGTPOPOC.

M

A 4
o

Avtifeta Aravicuara

Avo davdcpata Aéyovtor avrifera, otov £yovv avtifetn katebBvvon kot ica
pétpa. I'a va SnAdcovpe 6Tt dvo davdcpato AB kot IT'A eivor avrtibBeta, ypa-

(Qovpe
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AB=-TA W TA=—-A4B.
Eivow poavepo o1t

AB=-TA< AB=AI'

Ewdwotepa, éxovpe BA=—AB.

T'wvia 6v0 dravocuadrwv

"Ect® dv0 un pundevikd stovocpoto a Kot ﬁ . Me apyn éva onueio O maipvoope
To dtovocuaTa OA=d xat OB = B.

Tnv xvupt Yovia AOB, mov opifouv ot nuievbeieg O4 ko OB, v ovopdlovpe
yovia Tov dlovvepdtov ¢ kar f kot t cvpporilovpe pe (g?,A/;’) Ll (,B,Aa?) Ll
OKOUO, 0V OEV TTPOKOAEITAL GUYYLOT], HE £VO LKPO VPO, Y10 TOPASELY oL 6.
Ebrola amodeikvietol 6Ti | yovio tov @ kot f eivol aveéapm omd Ty emt-
Aoy1 Tov onueiov O. Eivat pavepd emiong 611 0° <0 <180° 1§ oe aktivia 0< 0 <«
KO €101KOTEPOAL:

e 0=0,avaTTp.

e0=n,ava TN p.
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T, o , - =
Av 6 = 'R TotE Aéple OTL TO StavOopaTO & Kol S y

givar opBoydVIa 1 KGOeTa KoL Yphipovue & L f.

Av éva and Ta Stavoopata &, f eival To PNdeVIKO SIAVVGHa, TOTE OC YmVIio TOV
@ xon ff pmopovpe vo Osmpricovpe omotadimote yovio O pe 0<0 < 7.

"ET61, HmopovpiE vo. Osmpicovpe OTL To undevikd dtdvooua, 0, sivol oudppomo 1
ovTippomo 1 axoun Kot kabeto og kKabe dGAlo didvucya.

E®PAPMOI'H

‘Eoto M to péco g nievpds Al evog tprydvov ABI. Mg apyn 1o M ypa-
ovpe ta Sraviopote MA=IB kow ME = BA. Na anodeiytei 6T1 To A givon
70 péco tov AE.

AIIOAEIZEH

Apxei vo dgiovpe 01t 44 =AE. Tpdypatt, emeidh
MA=TB, sivat

MTI =AB (1)

Ouwg 10 M givar péco tov A7 Apa,

MI = AM )
Emopévag, AMoyo tov (1) kat (2), éxovpe AB = AM , onoTe:
AA = BM (3)
Enedh) emuihéov ME = BA, é0vpe
AE = BM 4)

'Etot, and tig oxéoelg (3) ko (4) €govpe AA=AE.m
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1.2 MPOXOEXH KAI ABGAIPEXH AIANYXMATQN

IlpocOcson diavoouadrwv

"Ecto 800 daviopata d kor B. Me apyn éva onueio O maipvovue diévooua
OA=d xa ot ouvérelo pe apyi to A maipvovpe ddvoopa AM = . To did-
voopo OM Aéyetan GOPOIGHA 1 GUVIGTOPEVI] TOV Slovoopdtov & kot S Kot
cvpPolileton pe @+ f.

Oa anodeifovpe 6Tl TO GOpOIGHN TOV SlovucpdTteov ¢ Kot f sivor aveEdptnto
™G emAoyng tov onueiov O. [pdypoatt, av O givat Eévo GALO onpeio Kot Tapovpe
0 Stoviopoto O'd =d ko AM' =3, eneld OA=0'A' =d «on AM = A'M = 3,
&poope 00" = AA" xon AA'= MM. Enopévag, 00" = MM', mov ocvvendyetot 0Tl
Ko OM =O0'M'.

To aBpotspa dvo dvvcudtmy Bpioketot .
KOl [LE TO AEYOUEVO KOVOVO TOD TOPOAAN- K
ASypogyiov. Anhadn, av e apyn éva on-
ueio O mapovpe to Srovdopata OA4 =d
ko OB = f3, tote 10 GOpotopa G+ ff opi-
Ceton amd N daydvio OM tov TopoAin-
AOYPOULOV TTOV EXEL TPOOCKEIUEVEC TAEL-

péc tig OA4 xar OB.
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Iowotyres IlpooOsong Aiavoocudrwv

T v Tpdcebeon Twv SLVLGHAT®VY 16XHOVY 01 YVOGTEG 1010TNTEG TG TPOGHESTC
TPAYHOTIKGY aplOpudy. Anhadi, av d, B, 7 eivor tpia Stavdopato, TOTE:

(1) a+p=f+a (AvtipetaBetikn S1otnTaL)
(2) @+B)+7=a+(B+7) (ITpooeTatploTikn 8LOTNTA)
(3) a+0=a

(4) a+(-a)=0.

AIIOAEIZEH

® A1 T0o TPONYOVUEVO GYNLLA EXOVLLE:
G+ =04+AM =OM
Kot

B+d=O—B+W:O—M.

Emopévag, d+f = +d. y B
® A6 10 SuAavO GYNILOL EXOVLLE: ( N
a

(G +B)+7 =(0OA+ AB)+BI' = OB+ BI" =OI xat

{
<

G+(B+7)=0A+(AB+BI')=0A+ Al =Or .
0 - o> o F
~ - a+p+y
Enopévog, (a+p)+y =a+(B+7).

e O1 1510t teg (3) Kou (4) elvonr Tpopaveic. m

H mpocetaipiotikn wddtta pog emrpénet vo cupforilovpe kabéva amd ta ica
abpoicpata (o? + ﬁ)+ 7 Ko d +(B + 77) ue @+ f +7, 10 omoio Oa Aépe GOpotoua
TOV POV Stavuoudtov d, f kot 7. To 4Opolcpa TEPIGGOTEP®OV SIAVOGUATMVY
a,,0,,0;,....,0,, V=3 opileton emoymykd og eENG:

o, +a,+o,+..+a, =(a,+a, +o; +..+a, )+a,-
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Mo mapdderypo, @, +d, +a, +a, =(a, +d, +d,)+a,

- >

a|t+ar+ast+aq

Aniadny, yio va TpocBécovpe v Stovoopata o, ,d,,A;,..., &, , T0 Kobiotole dia-
SoyIKA, 0OTE TO AOPOIGLA TOVS Oa givan To d1dvLGHL, TTOV £YEL ™G apyN TV opPYi
TOVL TPATOL Kl O TEPAG TO TEPAG TOV TEAEVTAiOL. Emedn pdMota woydouv 1
OVTILETAOETIKT KO 1] TPOGETAPIOTIKY] W010TNTA TNG TPdSHeoNS, To abpoicua o
petafarretor ov oALAEEL M GEPA TOV TPOSHETEDV 1 oV LEPLKOT 0t 0V TOVS OVTL-
Kotaotafodv pe to dfpoloud Tovg.

Apaipeon Ariavocudtwy

H Swapopé & —f tov dtavdcpatog S omd 1o Siévucpo d opiletot mg aOpotspa
1OV SlovoopdTov d kot —f . Anladn

a-p=a+(-p)
2 -
> Z -
p \ .
a-p -/

ZOUQOVOL LE TO TOPOTAV®, oV £YOVUE dVO davoouata & Kot B, TOte VILdpyEL
povadiko dtdvocua X, tétotlo, dote B+ X =da. [pdypartt,

f+i=d <= (L +(L+X)=(-pfl+d = 0+%=d+(-f)=X=d-f-
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Awgvocuo Oéoewg

‘Ecto O éva otabepd onpeio tov yopov. Tote yu

k0e onueio M tov Ydpov opileTal To SAVVCH

OM , 10 omoio Aéyetar davvopa Bfcsmg Tov M

N dwavvopatiki aktive Tov M. To onueio O, Tov

gtvar 1 Kown apyf OA®V TOV SIOVUGUOTIKOV 0KTi- o
VOV TOV GNUEIOV TOL YDPOV, AEYETOL GT|IELD OVa-

Popag 6To YDPO.

Av O givon éva onpeio ava@opds, TOTE Y10 OTOL0ONTOTE SAVLGLLOL AB &yovpe
OA+ AB = OB a1 €m0 HEVOG

AB = 0B -0A

Anhodn:
“Kafg oravoopa 610 y®po £ival ico e T1) S10VUGUUTIKI] OKTIVE TOV TEPATOG
HELOV T1] SLEVUGHOTIKY] OKTIVA TG 0py1S”.

Métpo Abpoiouarog Aiavoeudrwv

210 duthavo oynpo. PAérovpe to dOpot- y Z) B
opoL TV SvuopaTOV d Kot f. AT ™V
TPLYOVIKY avicotnto yvopiloope OU®G ;
ot 0 4 +ﬂ_’
[(04) = (4B) |< (0B) < (0A4) +(4B) __—
0 p

KOl EMOUEVOG

|14 <l + A\ A

E®PAPMOI'EXY
1. e técogpa onueia A, B, I, A va. amodeyytei 611 AB+ A = AB + AT
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AIIOAEIZH

Av O glvor éva onpueio avapopag, TOTe YOV UE: A

AB+AT =OB~0A4+O0I' ~-OA=0B~0A+OI ~OA=AB+ AT

B
2.Naa1r06£lx‘rsi()ﬂ |G+B+7|<|a|+|B|+]|7].

AIIOAEIEH

Exovpe |G+ B+7 =@+ B)+7I<la+Bl+|7I<Ia|+|Bl+7].

AXKHXELY

1. Owdvvapeg K, F,, ..., F, ackodvtot oto copa 2. Iow dovaun xpetdle-
TOl, MOTE VO, U1V 0PNOEL TO GO X vo petokivnOel and ) B€on Tov;

2. Atveton éva teTpdmhevpo ABIA kou é6tw d, f,7 Kol & Ta ovTioTOHO
dtavdcpato Bécemg g mpog €va onueio avapopds O. Ti pmopeite va
TELTE Y100 TO TETPATAELPO ABIA av:
() @a+7=pB+6 (i) |
(iil) @+7 =B+6 Kat lad-7|=f-6

3. No ekppdoete T0 S1OVUoUO X G& KOOEVH 0O TO TOPOKATM CYNLOTO MG
GLVAPTNOT TOV GAA®V STOVUCULATOV TOV divovTaL:




21

iii)

B

4. Av yio 800 tpiymva ABI wou AAE wyver AB + Al = AA+ AE , va deifete
OTL 10 TETPATAEVPO BATE gival TopoAANAOYPOLLLLO.

5. Aivovtal t€ocepa onueia 4, B, I, 4 kol €6t O, T0 HEGO TOV TUNLATOG
A" No anodeifete 6Tt OB +OA= AB — AT .

6. Atvetal kovoviko e€dywvo ABIAEZ. Av AB =d xou Bl = B, VoL eKppa-
GETE TO OLOVLG LA, I'A ®C GVVAPTNON TV & Kot f3.

7. T éva tuyaio eEayovo P P,P.P PP, va amodeitete 6T

_— S — —  —

PP,+P,P,+PP.+ P,P.+P.P+P.P, =0

1.3 HMOAAAIIAAZIAZMOX APIOMOY ME AIANYXMA

Opiouog loilamiaciacuod Ap1Buod us Aigvooua.
Eotm A évag mpoynotikog aptfudg e A =0 kot & €va pun undevikd Sidvooua.

Ovoudlovpe yvopevo Tov A pe to & kot to cvpPorilovue pe A-ad | Ad éva
didvocpa To omoio:

® civat opdppomo tov d , av A >0 ko avtippono tov a, ov A <0 kot

® &ysLpétpo | Al .

Avetvar 2 =0 9 @ =0, tote opilovpe wg A-G 10 pndevikd devoopa 0.
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T mopdaderypa, av 10 dSdvucua & TOL SUTAO- e

voO GYNUaToS €xel LETPO 2, TOTE TO ddvucua /
30 eival opOPpPOTO pHE TO @ KOL EYEL WETPO

[3d|=3]d |=3-2=6, evd 10 didvoopo -3 givor

OVTIPPOTO LE TO &, OAAG £YEL Ko 0VTO PETPO 160
pe | -3¢ |= -3||a =3-2=6. -

1
To ywopevo Ed T0 cupPoiilovpe Kot pe % .

Iowotntes Hollamiaociacuov ApiBuod ue Aiavocua

T 10 yvopevo mpaypoatiko aptOpov pe dS1évocuo 1I6x00VV 01 ETOUEVES 1O10TN-

TEC:
(1) Ma+p)=Ad+A8
(2) A+ w)a = Aa + ud
(3) Mud) = (Ap)d
AITOAEIEH*

(1) YnoBétovpe 6Tt o Sravdopate é@ Kot
glvar un undevikd ko 611 A # 0. Iaipvovue
éva onpueto O kon oyedidlovpe ta dStovdcua-

10 OA=d, Ezﬁ. Tote eival @=&+[§.
Tyedialovpe EMMTALOV TO H1OVOCUOTOL

04’ = Ad o OB’ = A(d + f3). Eneidn

(OA") _(0B N

_| 2‘ |7
(OA)  (OB)

ta plyova OAB kot OA'B’ eival 6pota kot erouévac n mhevpd A'B’ giva mo-
pPAAANAN pe TV AB kot 1oydet
A'B’
B = A].
(AB)
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Avtd onuaiver 011 AB' =2-AB = 2B. <0 A
Enopévmg, enctdf OB’ = 0A'+ A'B’, €yov- >

e A(d + f)=2Ad +AB. L a 5
H 131610 1oydel Tpo@avdg Kot 0tav Eva B: Ala+ p) (0] K
TOVAQYLGTOV OTO TO SIOVOGLOTO, & KO B 2+2 B

glvor o undevikd 1 6tov o aplipoc 4 eivon
pundév.

H oanddeiln tov wwmrtov (2) kot (3)
OPTNVETOL ®OC AOKNON. W 4

Q¢ cuVETELD TOV OPIGLOD TOL YIVOEVOL aptBpoD e S18vLGLHO Kol TOV TOPomd-
VO 1B10TNTOV EYOVUE:

(i) 2d=0c21=0% d=0

(i) (-2Ad) = A(-@) =—(Ad)

(ii)) A@-B)=ra-AB

(iv) A—-wa =Ad —ud

) Av @ =1 won A %0, tote d=f

(vi) AV Ad = pd kon @ =0, TéTE A = LIt

I'poupixos Lvvovaocuos Aiavocudtwy

Ag Bswpricovpe dvo drovdopata & kat f. Amd ta Stavdouata avtd “ropdyo-
VIO, Y10 Tapadetypo, to Stovoopoto ¥ =36 +56, 8 = —2d +3 kTh.

Kobéva omd o S1vdopato onté ASYETor Ypoppkos cuvdvacpog tov @ kat f3.
[evikd, ovopdletol Ypappkég cvvdvacudg 500 Stavooudtov & kot f kade
S1vocpo TG LopeNig V = Kd + AB, 6mov k, A e R.

Avahoyo opileTor Kot 0 YPOUUIKOG GUVOVOGHOG TPLOV 1 TEPIGGOTEPMV O1AVV-
oudrov. ‘Etot, yio mapadetypa, to diévoopo V =3a — 25 +57 sivar évag ypappt-
KOC GLVdVLACHOS TV d, Kot 7.
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2vvOikn Hapaiiniiag Aiavooudtwv

Onwg eldape, av dV0 dtovdcpaTa o Kol ﬁ , 0oL ﬁ #0, cuvdéovtar pe ™ oxéon
a=AB, tote T Sravvopara ovtd sivon Tapdiinia. Ioydel Opmg Kot To avti-
6TPOPO. AnAadn, av o dtovocpato ¢ Kol B eival mopdAAnia Kot B #0, t01e
VIAPYEL HOVOSIKOS apOudg A Tétolog dote d =A-f. pdaypoty, av 0écovpe
|a |

|81

K= , TOTE |&|:K|E|.Zuvsno’)g:

o Ava™ B, 1ot d=xp.
e Av &Tiﬁ, ToTE &:—KB.

e Av a=0,1t6te d=0-f.

2e KGOe Lowmdv mepinTon vrdpyel 4 Kol LAMoTo Hovadikog (1otnra iv), té-
T010G, ®ote ¢ = A- . Emopévmg:

OEQPHMA

Av d, B eivar 8o Stavdopota, pe f =0, tote

dllp<d=218,AeR.

TN Topdderypa, oto Tapakdto oynuo av 4 Kot £ givor to péoo tov mAevpov A8
Ko A" tov tpry®vov ABI, €govpue:

BT = BA+ AI" =2AA+2AE =2(AA+ AE) = 2AE .

AoV Lowmdv Bl =2AE, ovumepaivovue OTL
AE [IBI xav |BI' |=2|AE|, mov onuoivet
ot AE = %BT . Eavoppiokovpe dnAadn ™
yvootq pog and v Evkieideio 'eopetpia

oyxéon AE =//%. B r
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Awavvouatiny Axtiva Méoov Tunuarog

Ag mapovpe £va S1vocpo AB Kot £vo onusio 4
avapopdg O. Enetd AM = MB , éxovus
_— = — M
OM -0A4=0B-0M
ondte
20M = 0d+ OB B
, 0]
Ko apa
OM = A+ OB
2
E®PAPMOI'EY
1% Na omoderyrei 61: 4
(i) 'Eva onpeio G givor to fapUkevipo £vOg TPLY@OVOL
ABT, av xan pévo av yder GA + GB + GI" = 0 ko
(ii) Av G givon 10 BopVkevrpo Tov ABI, T6TE Y10 0101001
mote onueio 0 woyveL OG = l(a+@+0—r).
3 B 4 r

AIIOAEIEH

(1) I'vopilovpe and v Evkieidewo ['empetpia 6t av G givol to ké€vipo Bapovg
oL TpLYy®VOL ABI, 1018 AG =2GA, dmov A4 1 didpecog tov tprywvov. Emopé-
VG, 10YVEL AG = 2GA , ondte &yovpe

GA+GB+GI =GA+2GA=GA+ AG = GG =0.

Avtiotpbpwg, ov Y évo onueio G oxvel GA+GB+GI =0, t6te O £govpe
GA+2GA=0, 6mov A 10 pécov g B, omote Ba 1oy vet AG =2GA .’Eto1, 10 on-
peio G avikel ot dapeco A4 kai ioyvel AG =2GA . Apa, 1o G gival 10 kEvipo

Bépovg tov tpryddvov ABI!

R;%(@H@WT)
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2. Na amodeLyTel 6TL T gVOVYpappo Tppate Tov opifovv Ta péca TOV
OTmEVOVTL TAEVPAV EVOS TETPATAEVPOV KOL TO HEGH TOV SLAYOVIOV TOV
OLEPYOVTAL ATTO TO 1010 ONUEI0 KAl O1YOTONOVVTOL 07TO TO oNuEi0 AVTO.

AIIOAEIZEH

‘Ecto @, ,7,8 to dtovdopato 0£6emg Tov

KopLPOV A, B, I', 4, avtictoiymc, evOg TeETpa-

mAgupov ABIA ®¢ mpog €va onueio ovapo-

péc O.

Ta Swavoopota Oécemg tov péowv H g BI™
1 - . -

Kot @ g A4 givan E(ﬂﬂ/] Ko %(a+5)

OVTIGTOTYMG KO TO dtdvuca BEcemg Tov Lé-
cov G tov HO givar to

N1, 5 1 = 1 =~ =
—|=(B+y)+=(@+5) |=—(@+P+y+9).
2[2(13 ) 2( )} 4( B+7+9)
Opoing Bpickovpe 6t To ddvooua BEcemg
1 _ -
TOV pécmv Tov Tunuatev £Z kot IK sival to Z(o? +B+7+0). Apa o TUqpOTA

HO, EZ xon IK 51épyovtal and 1o 1610 onpeio kot dyyotopovvrar and avtd.

AXKHXELY

A" OMAAAX
1. Av d givar évo SLIOVUGHLOL, TL UTOPEITE VO TEITE Y10l TO HETPO KOl TNV KOTED-

) I T
Bvvon tov Savdopotog o, = ﬁ'a 5
a

2. Na Bpeite 10 didvocpa X og Kabepid and TG TEPIMTOCELS:
1 1 = ~ ~
(1) 5()‘(+o?) =§(X+ﬁ) (i) X+3(a+p)=4(a - p)—3X.
3. Av o10 duthavo oynua etvon (BM ) =2(MI"), 2

va amodeifete OTL X = %(B +27).
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4. Zt0 SOmlovo GyNUo EYOVUE: r
AE =2EB, AB=d, AT’ =2d wou AA=f. 3

(i) Na. ekppdoete cuvaptiost tov d kot f B -

E 2a

To S1VOCLOLTOL AB, EB, I'B, AE ot ET . P

(ii) Ao Tic exppboeg tov AE kou EIT moto y < - y
GULUTEPAGLLOL TPOKVTTTEL Y10 TOL oNUEia A, B
E xou I';

5. Xro mopaxdreo oy vo omodeifete o0tita onueion A, I' ko E - efvor cuvendelod.

6. Av AK +3BK —2BA=BA+3AM , va anodeifete 6Tt o onpeio K, A ko M

eivatl cvvevOelokd.

7. Av A4, BE wou I'Z givon dudpuecor tprydvov ABI, vo amodeiete Ot
AA+BE+TZ =0.

8. Av K, A, M givan ta péca twv mievpwv Bl T4, AB, avtiotoiymg, Tpry®dvou
ABI, va amodei&ete 6t1 Yo omotodnmote onpeio O woydeL:
OA+OB +0I' =OK +0A+0M .

9. Av M xou N givon ta péca tov dayoviov 4717 kol BA, aviiotoiyms, evog
TeTPOmAEdpOL ABIA, vo. amodeifete 61t AB+ AA+TB +T'A=4MN .

10. Aivetor to pn pundevikd didvocpo AB kat onueio 7" 1€to10 doTE va, 1oy OEL
AT =AAB xat BI' = uAB. Na omodei&ete 0TL A — pu =1.

11. Aivetartpiyovo ABI. Av AA =k AB+AAI" xon AE = AAB +x Al -vo. omo-
deitete 6TL AE /BT .
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B OMAAAX
. Zto Sumhavd oyfiua sivar AA= %E Ko E
AE = —%ﬁ. Av G givarl to k€vipo Papovg A
4

TOL TPLYDOVOL ABI, va amodei&ete OTL TO
tetpamievpo AGAE  elvor mapoAnAio-
Ypoppo.

B Y/ I

BOswpovpe Evo moparinidypoppo ABIA kol dvo onueio £ xou Z tétoa,
dote AE =k AA xon AZ = AAB, 6mov A = Ll’ pe k #1. Na amodeiete OTL

to onueia £, 1" ko Z givon cuvevbetokd.

. No anodeifete 611 av wyvovy 800 and Ti¢ oyéoeg xKA+ yKB+zKI =0,

xAA+ yAB+zAT =0, x+y+z =0, 16te Ot 10y0et on 1 Tpitn (t0 onpeio K

gtvor S10popeTIKd amd T0 A).

Av a, Bxot T gival ol S10vOCHOTIKEG OKTIVEG TV onpeiwv 4, B kot M avti-
., MA « , , , .

GTOY®G Ko T = - vo, omodei&ete O6TL av 10 M gival EcmTEPIKO TOL AB,

. 2d+xB
TotTE I = ﬂ

Ad —kf

, VO v t0 M glvan eEwtepikd Tov AB, t0TE T =

A+K A—K

Atveton taparlinAdypappo ABIA. Nao Bpeite onpeio M 161010, OGTE VoL IGYVEL
MA+MB+MT =MA

Atveton tetpamhevpo ABIA kon €6t M ka1 N to Péca TV S10y®vimv Tov
AT kot BA avtiotoiywg. No anodeifete 611 av 4MN = AA— BIT, 101€ 10 Te-
TPATAELPO AVTO EIVOL TAPUAANAOYPOALLLLO.
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7. Av G kxou G’ etvar ta Bapdkevipa dvo tprydvev ABI" ko A'BT ', vo omo-
deitete 6T A4 + BB + 1T =3GG' .

8. Aivovtor ta onueio A, B kou 1. Na amodei&ete 0Tt oo omolodfmote onpeio
M to S1évoopo 3MA—5MB +2MT  givon 6tadepo.

9. X10 dumhavo oynua 1o ABIA givon tpaméllo pe A I T
(4B) =2(I4), 10 KAAB mtopaAnAOYPOLLO
ko To / péco tov 4. Na amodei&ete OTL:

] — — 1
(1) KI' :—%KA Ko KA:—EKB

(ii) Ta onpeia 7, K, 4 eivar covevbsiaxd. 4 B

1.4 SYNTETArMENEZX XTO EITIIIEAO

Aéovac

Iadvo og o evbeia xx emAéyovpe dvo onueio O kot 1, £T61 AGTE TO SLAVLGHLOL
OI va &xel pétpo 1 kar va Bpioketon onv nuevdeio Ox. Aépe tote OTL €YoV UE

évav GEova pe apyn o O Kot povadiaio dtavoopo to O =i Kot Tov GuUPOAL-
Covpe pe x'x. H nuuevdeio Ox Aéyetar Oetikég nuiagovag Ox, evo 1 Ox' Aéyetal

apvnTiKog nuudcovag Ox'.

x’ O I M(x) X

\

Av, topa, Tave otov dEova xx mipovpe Eva onueio M, emed OM /i, o vrdp-

YeL okpBOC Evag TpaypoTikds apdpoc x tétolog dote OM =x-T. Tov apOud
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x tov ovopdlovpe TeTpumuévn tov M. AAG Kot avTioTpOP®S, amd TV 160TNTo
OM = x-1 mpoxbdrrel 611 og kaOe Tpayuatikd aptdud x avrictoryel povadikd on-
peio M tov déova xx pe tetunuévn x. To onueio avtd cvpPforiletar pe M (x).

Kapteoiavo Emimedo

ITédvw o€ éva eninedo oyedidlovpe dVo kdbeToVg AEOVEG XX KO ¥’y e KON apyn
O o povodiaio Stovoopota to 1 kot . Aépe tote OTL YOVUE £vo 0pOOKEVO-
VIKO GUGTILO GUVTETAYPUEVOV OTO EMITESO y

N amAOVGTEPQ £VO GUGTIUO GCUVTETAYUEVEOV

670 £MINED0 M| AKOUA £VO, KAPTEGLAVO emime- M, M(x.y)

00 Kot To cvpPoirifovpe pe Oxy. To cvoTU
Oxy Aéyeton opbokavoviko, yluti givar opbo-

N

ydvio Ko Kavovikd. Opboydvio givar, yloti J

ot GEoveg x'x ko ¥’y eivon kdbetor, kon ko- X > >
4 4 4 - - y -

VOVIKO, yloti To dtvocpoto | Ko | givol 0 i M,

GOUNKT).

ITédvw oto kapteciavo erinedo Oxy maipvovpe Eva onpeio M. Awo 1o M pépvou-
HE TV ToPUAANAN GTOV ¥y, TOL TEPVEL TOV XX 6TO M|, KOl TNV TapUAANAN 6TOV
x'x, TOL TEUVEL TOV Y'Y 6T0 M. Av x glvar ) teTpunpuévn tov M| g tpog tov déova
x'x Koy m TeTUNpéVI T00 M, ¢ TPOG TOV GEoVa 'y, TOTE 0 X AéyeTol TETUMREVN
Tov M ka1 o Yy teTaypévn tov M. H tetpumpévn ko 1 tetaypuévn AEyovtol 6GuvTe-
Taypéveg Tov M. 'Etol og kd0e onueio M tov emmédov avtiotoryel £va {evyog
GUVTETOYUEVOV.

AN kot avTiopopws o€ k6Oe (gVYOG (x,y) TPAYULOTIKOV aplOU®dV avTioTory el
povadikd onpeio tov emumédov, to omoio Bpioketon g e€ng: [avew otov a&ova
x'x maipvovpe to onueio M, (x) kot 6Tov y'y 0o onueio M, (y). Amo to M, ko M,
Pépvovpe TOPAAANAEG 6TOVG AEOVEG Y'Y KO XX OVTIGTOIYMG, TOV TEUVOVTIOL GTO
M. To onpeio M eivor to {nroduevo. Eva onpeio M pe tetpumpévn x kot tetaypévn
y cupporiletar kKon pe M(x,y) M amAd pe (x, ).
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2vvretayuéves Aiaviocuatog

‘Ectow Oxy éva cOOTNUO GUVIETAYUEVOV GTO eMITESO KOl & £vo S1AVLGULA TOV
emnédov. Me apyn to O oyediblovpe 1o dtavoopa O4=d. Av A xai A, eivar ot
TPOPOAEG TOV A GTOVG AEOVES XX Kal 'y aVTIOTOTYMG, EXOVLLE:

0d =04 +04 (1) v4 a
Av x, y elvar ot cuvtetaypéveg tov A, toTE p y
o0t 04, = xi' kot O4, = yj. Enopévog n 166- g )
mra (1) ypdoeton A a
@ =xi+yf J _ R N
Amodei&ope dNAadN OTLTO d €ivol YPORPIKOS o A X

cuvdvaonés Tov i Kat j.
ZINV TOPOTAVE KOTOOKELT ot aptpol x kot Y eivar povaducoi. o amodsifovpe
TOpa OTL KAL) EKPPOCT] TOV & OG YPOUUKOD GuVdLOGIOD TOV | Kot | eivol po-
vadwn. [pdyportt, Eéotm 6T 1GYvEL Kot

+y7 .

a=x7
Tote Oa Exovpe
xi+y=xT+y7
(x=x)i =(y'=»)]
Av vrofécovpe 6Tt X = X', INhadn 6Tt x— X' =0, 1dte O 1oyvel
y'-y-
7 J
X—X

i:

H oyéon avt, duwe, dniavel 6t i //j, mov eivar dromo, apod ta 1 kot |
dev elvan ovyypapuikd. Emopévog x=x', mov cuvemdystor 0Tt ko Y=Y
Qore:

“Kafg o1avoopo @ Tov EMAES0V YPAPETUL KOTA LOVASIKO TPOTO 6T Hopo1|
a=xi+y”.

To dwovdouata xi Kol yj AEYOVTOL GUVIGTMOOES TOL JOVOCUOTOC O KOTA TN
devbvuvon tov | Kot ] avTieToiyme, eV ot aptdpol x, Y AEYoVTol GOVTETAYUEVEC
ToL & o710 cvotnuo Oxy. [T cuykekpéva, 0 X AEYETAL TETUNREVT TOL & KOL O
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y Aéyetal TETAYPEVI] TOV . ATO TOV TPOTO TOL OPIGTNKAY Ol GUVIETOYUEVES EVOG
SavOGUATOG TTPOKVTTEL OTL:

“Av0 dtovOopaTO EIVOL i60 OV KOL HOVO OV 01 OVTIGTOLYES CUVTETAYUEVES TOVG
gival ioeg”.
Koabéva and ta ica Stavdcpato pe TETUNUEVN X Kot TeETaypévn Y, 0o to cupPoAi-

Covpe pe to drateTarypévo Levyog (x, p).

2vvretayuéves I pouuikod Xovovaocuod Aiavocudtwy

Av yvopilovpe TIG GUVTETAYUEVEG OVO SLOVUGUAT®V A Kol B tov KOPTESLOVOD
EMITESOL, TOTE PIOPOVIE VOL PPOVIE TIC GLVTETOYUEVES TOV afpoicpaTog d + f3,
TOV YWVOUEVOL Ad, A € R Kot yevikd KdOe ypappkod cuvdvacpod tov d kat f.
Hpdypatt, av @ =(x,,¥,) kot f = (x,,,), 10T £govpe:

® 5‘"‘3:(X1;+y1j)+(x2;+yzj):(x1 +xz)l?+(y1 +y2)j
o la :),(xl;+y]j):(),x])17+(ﬂ,y,)]

Enopévog
&+B:(x1+x2, n+y,) Kor  Ad = (Ax,Ay)

N 16odbvapo

(x13y1)+(x27y2)=(x1 +X5, 0 +y2)
)'(xpyl):()'xl’)«y[)

TeVIKOTEPQ, Y10L TO YPOLUIKO GUVSVOOUO Ad + ufi £xovpe:

Ad + .uﬁ = (Ax;, Ap) +(uxy, 1y,) = (Ax, + px), Ay, + 1y,) .
T mopddetypa, av d = (1,—-1) ko S =(1,2), 1ote
a+p=01-1)+(12)=(2,1),
26 =2(1,-1) = (2,-2),
a —B =1,-D)-(1,2)=(1,-1)+(-1,-2) =(0,-3),
Kot 2d - =2(1,-1)—(1,2) = (2,-2) + (-1,-2) = (1,-4)
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2vvretayuéves Méoov Tunuarog

Ag Bswpnoovpe dVo onueia A(x,,y,) kot B(x,,y,) TOL KAPTECLOVOD EMTESOV
Ko 0g vrobEécovpe 6Tl (x, ¥) €ivar ot GuvTETAYHEVEG TOV HEGOL M ToV AB.

Eneidy OM = %@ +0B), Kou YA B(x2.y2)
0—M=(X,y)» a:(xp)ﬁ)a aé=(x2,y2), M(x,y)
&yovpe

1 X, +Xx + A(xlayl)
(5 ) = =10, )+ (3] = 22 A2

2 2 2 >

o X

Enopévog woyvet

2vvretayuéves Araviouartogs ue I'vwora Axpo

YA
Ag Oswpioovpe dvo onueio A(x,,»,) Kot B(x2.2)

B(x,,y,) TOVL KOPTEGLOVOD EMITESOL KO A(xy,31)
oG vroBécovpe O0TL (x,y) eivor ol cuvvte-
Taypéveg Tov dovdopatog AB. Emedy,
AB=0B-04, AB=(x,y), OB = (x,,,)
Kot OA = (x,,7,)

€yovpue:

= Y

(x5, 1) = (x, ) = (X, 1) = (X, =X, 1, = )

Emopévac:

Ot ovvretaypéves (x,y) TOL SlvOCLATOG e GKpo T onpeior A(x,,y,) Kot
B(x,,y,) divovtol and Tig oyéoels

X=X,-X kot Y=Y,—VY.
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Anhodn
TETUNUEVT TOV AB = TETUNWEVT TOV B — TETUNMEVT TOL A

TeToypévn Tov AB = teTorypévn Tov B — Tetaypévi Tou A.

o mapadetypa, to divoopa 4B pe apyxq 10 A(l,2) kot mépag o B(3,7) &xel
GUVTETOYUEVEG X =3—-1=2 kot y =7 -2 =5, dnAaodn eivan ico pe to d =(2,5).

Métpo Araviouatog yA

e Eoto d =(x,y) é&va S1AVOGHO TOL KOPTEGL- 4 | A(x.y) %
ovoV eTESOL KoL A TO ONUEID e dvuCUOTL- a
Kf axtive O4 = d. Av A, xar A, givor ot Tpofo-

MG ToV A 6ToVG AEOoVE XX Kol ¥y avTIoTOolYMG, 0 il ;
€MELON TO oNUElo 4 €Yl TETUNUEVT] X KO TETAY-

pévn y, Ba woyder (OA) = x| kar (OA) =Y.
"Etot Oa éxovpie:

|G '=(0A)" =(0A)" +(AA)" =(0A) +(0A) F x| +|p['=x"+".

Emopévac:

Av @ =(x,y), 10T |d |=A/x" +)° (D

Ta mapddstypa, av @ = (5,12), tote |a = V5> +12° =13,

o Ac Oswpnoovpe tdpo 600 onpeia A(x;,y,) A

kot B(x,,y,) 7TOv KOPTEGLOVOD  EMTESOVL. B(x2.y2)
Enewon n oamdéctoon (AB) towv onueiov A4
Kot B gtval ion pe 1o pETPO TOL S1UVOGUATOG
AB=(x,—x.,y, =¥, cOpupmva, pe tov tomo (1)
, Ax1,1)
Oa woyvet:
0 X
(AB):\/(xz_x1)2+(yz_y1)2 (2)
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Enopévog:

H andéotoon tov onueiov A(x,,y,) kot B(x,,y,) &lvorion pe

(AB)=\(x,~x) + (3, - )

o mopdderypa, n amdctoon tov onueiov A(2,-7) kou B(5,-3) eivor ion pe
(AB) = [(5-2) +(-3+7)" =3’ +4” =5.

E®PAPMOI'EY

1. Av A(-2,1) xon B(1,4) givor ot 300 Kopveég Tov Tapaiinidypoppov ABIA ko
K (2,-3) to kévtpo Tov, va. fpedovv o1 cuvteTaypéves TOV KOPVPAV I Ko 4.

AYZH B(1,4)
Av I'(x,y,) kot A(X,,Y,) ivar ot 300 dAleg Ko- AC2.1)
PLPEG TOV TOPAAANAOYPAILOV, ETEON TO K glvat ’
T0 pécov tov A7 ko BA, £govpe:
3
x]+(—2):2 X +1 )
2 —5—=2
Kot 2
n+l_ yt4_ g ’ -
> 22T
2
Emopévac,

{xl =6 {xz =3
Ko .
»=-1 y, =-10
Apa, 01 GUVTETAYUEVEG TV KOpLe®V I kan A givon (6,—7) ko (3,-10) avtiotoiymg.

2.* . . .
.7 No Bpe0dodv o1 cuvteTaypEvES TOV KEVIPOL

Bapoug G Tov Tpryddvov ABI, av givan A(x11)

YVOOTEG Ol GUVIETUYREVEG TMV KOPLYOV

TOV.
AYZH
Av (x,2,), (x5,,), (x5,;) elvon ot GuvteTOypUé- A\
VEC TOV KOpLOGOVY A, B, I avtioTtoiyme ko (x,y) 22 Tesys)

glval o1 CUVTETAYUEVEG TOL KEVTPOL Pdpovg Tov
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ABI, emedn ﬁ:w (Egopp. 1 § 1.3), Ba éyovpe:
x,y)+(x,,y,)+(x,,
(x’y):( L)+ ( 23y2) (x3,73)
:(xl+x2+x3,y1+y2+y3):(xl+x2+x3, y1+y2+y3J
3 3 3
Apa
x=X1+;(2+X3, y=y1+é/2+y3.

2vvOnkn Hapaiiniiag Aiavocuadrwv

"Eoto d =(x,,y,) kot = (x,,7,) 600 S10VOCLOTO TOV KAPTESLOVOD ETTESOV.
— Av 10 dtavdcpato ivor TapdAinia Kot vtofécovpe 6Tt B #0, t61¢ Oa VIap-
yel A e R, tét010G, Mote d = Af. Emopévac, Oa éxovpe (x,,y,) = A(x,,y,) 1 100-
dvvopa:

X =A%, ko Y, =4Y,,

X,
ondte Oa 1oydEL XY, — VX, = Ax, Y, —Ap,x, =0 9 1codvvapa | N2 0.
X N
P X, X,
— Av B =0, t61¢ Oa 150€L | Ry
X, ¥ |00

Agifope Snhodn 6Tt av Ta Stavoopote @ kot f eivon mopdAinia, toTe

X 0
Xy Wy
. XN . , = = . .
e Avuotpépwg, av |1 =0, 1618 T0L Srovdopota ¢ xor S Oo sivon mapdAinia.
X, 0
XN

e 0, é&govpe %12 =X, 0.
X W

IIpayparty, emedn

Emopévac,
7 xl 7 , X] ,
— Av x, #0, 10t y, = - ¥,, OMOTE, av BEcovpe - A, Ba éxovpe
2 2

X, =AX, Kot Yy, =AY,.

Apo, ¢ =AB Koicuvendg d//f.
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— Av X, =0, 10t¢ X,y, =0, ondte av X, =0, ta Savdcpata a@ Kot B Bo elvan
TOPAAANAO TPOG TOV AEOVA TMV TETAYUEV®OV, AP0 Kot LETAED TOVG TOPOAANAL,
evo, av Yy, =0, tote 10 B 0o givar To pMdevikd Savucpo Kot dpa, TopEAANAO
TPOG TO A.

Amodei&ape Aoutdv 0Tt

- x
al/fe™ M=o (1)
Xy W
Tnv opilovca N , TOL €Yel OC 1IN ™ YPOUWY| TIG GUVTETAYUEVES TOV Ol0-
XZ y2

VOGLATOC & KO O 21) YPOUUY TIG GUVIETOYUEVES TOV SLOVOGHOTOS 3, T AEUE
opilovca TV Sravoopdtov @ ko f (L ™ cepd ToV divovtat) Kot Oa T GUp-
BoAiCovpe pe det(d, B) . Etot, n mopomdve 16oduvapio Statumdvetar og eERG:

allB < det@ f)=0

T Tapaderypo:

— Ta dwvdopoto &:(\/Z -1) xo E=(3,—\/§) glval mapdAinio, a@ov
NER
3 3

— To dwwvdopoata o =(2,3) xou B =(-12) dev eivar mopdAinia, apov

det(@, B) = =-3+3=0, ev®d

- 2 3
det(oc,ﬂ)z_1 )

‘=4+3:7¢0.

2vvredeotijs AievQvveng Araviouarog

e 'Eoto o =(x,y) éva un pUnodevikd Stvocuo Alxy) Ay
kot A To onueio Tov EMUTESOL Yo TO OmOio |
woyder OA=d. Tn yovio @, mOv dlaypdpst o

nuwé&ovag Ox av otpagel yopw and 10 O KoTd

™ OeTiKi] Popd UEYPL VO CUUTEGEL e TNV ML~

QJ‘S

>y

gvubeio OA4, v ovopalovpe yovia wov oym-

poatiler To owGdvoopa o pe Tov Ggova x'x.
Eival pavepo o611
0<p<2rm.
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Mo ™ yovia ¢, 6mog eival yvootd and v Tpryovopetpia, ov 10 & dev givon
TOPAAANAO TPOG TOV G&ova 'y, 1oxDEL

cop="2.
X

To mAiko 4 NG TETAYUEVIG TPOG TNV TETUNUEVN TOL SVOCUOTOS & = (X, V),
X

pe x # 0, To Aépe cvvreresT) 01eVOVVONG TOV O Kot Tov cupPorilovpe pe A, M
amAag pe 1. Emopévac:

<

A

= =209

Etvon pavepo ot

—Av y =0, miadn av a //x'X, 16tE 0 GLVTEAEGTNG d1evOVVONG TOV SAVOGLATOG
a gtvoro A =0.
— Av x=0, dnhadn av a//y'y, 1dte dev opileTar cuvtedeotng devHBvVENG TOV
SlavOoHOTOG a.

e Ac Bepiicovpe THpo dV0 Stavicpota @ = (x,,¥,) Kot f = (x,,V,) HUE CUVTELE-
otég devbuvong 4, kar 4, avtictoiywe. Tote £xovpe Tig 1Icoduvaie:

XN

X, W

allf <

=0 x5y, =) Q&:&Q& =2,

XX,
Emopévag, 1 cuvOnkn mapariniiog yia Vo dtovdopato & kot S e GUVTEAE-
otég devbuvong 4, kar A, Slatvndvetar og £ENG:

allf < =21,

E®PAPMOI'H

No. Bpe0otv o1 Tipéc Tov 4 € R ya Tig omoigg To onueia A(1,0), B(—u*,3) kot
I'(-5u,9) gival cvvevBeroka.

AYZH

Taonueio 4, B, I givor suvevdetard, av kot ovo oy todtovioporo 4B = (—u’ —1, 3)

ko A = (=5 —1, 9) eivar mapdAinia, dnhadn, av kat pdvo av det(4B, AT') =0.
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"Eyovpe Aowmdv

det(AB, AT ) =0 <

-’ -1 3
—Su-1 9

< 9u’ —9+15u+3=0
S3u* -5u+2=0

, 2
Su=1 1N /,z=§.

AXKHXELY

A" OMAAAX

1. IMow eivar  Béomn ot0 KOpTESIOVO €Mimedo TV onueiov M(x,y) yo To
omoia oyvEL:
@) [x[=2 (ii) [x]<2 (i) y>2 @) [xH ]

2. Noa Bpeite T1g amooTaGEIS TV TUPUKATO GNUEIDV ard Tovg AEOVES XX Ko vy
A(-12), B(3,4), I'(-5,-6), A(a—1,B+2), M(x,y).

3. Aiveton to Sitvoopo @ = (2> -4, 1> =31 +2), 4 € R. [ o Ty tov A givo:

(i) d=0; (i) a0 wou @//xx;

4. Aivovtol To S10vOo ot
a@=(A"-3A+2,227 -34-2) xar B =(A*-51+6,-31>+7A-2). Na Bpeite

10 A eR, ®ote va givan o = .

5. Na Bpeite tov mpaypotikd aplOpd x, dote to SlovOcpato o = (X,1) Kot
B = (4,%) va givol opdppoma.

6. Av U =(3,4), mo10 dtdvucpa givarl cuyypappkd pe to U Kot £xel SUTAGG10

UéTpo amd to U;
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A
7. Z10 Omlovd GOOTNUO GUVTETAYLE- Y p
vov givor O4 =7 ko OB = j. Na ek-
PPACETE WG GUVAPTNON TV | KoL
a) Ta dtovdcpata BEcemc TV onuei- B 4 |60 [H
A
ovI, A4, E Z K kot H. 5 %
. J
B) Ta dravoopata I'A, KA, HA, KA, -
HO, ZA xo KZ. 0 - —

. Atvovton ta onpeia A(-1,6) war B(-9,-2). Na Bpeite (1) To onueio tov

aéova xx mov wooméyel and to A kol B (i1) To onueio tov d&ova yy' mov
woanéyel and ta 4 ko B.

B OMAAAX

1
. Av ta onuela K é,é , A 3,z , M 4,2 , N(3,l) Kot E(z,—j slval Ta
2°2 2 22

2
péoa tov mievpav AB, Bl I, AE ko EA, ovTioTolm®C, TOL TEVIOY®DVOU

ABIAE, va. Bpebovv 01 GUVTIETAYUEVES TOV KOPLODV TOL TEVTAYDVOV.

. Zg éva 6OOTIN IO CUVTETAYUEV®V 01 TETUNUEVES dV0 onueiov A4 kot B givot ot

piCec g e&icwong x> — (A% —44 +3)x—17 =0. Na Bpeite Tnv Tip Tov 1 € R,
MOTE TO HECOV TOL TUNUATOG AB va €xel teTunuévn ion pe 4.

. Atvovton ta onuetoa M, (x,4,), M,(x,,4,), M;(x;,A) xou M, (x,,A,). Na

amodei&ete OTL, av To onueio avTd givor To LEGH TOV SLUBOYIKAOV TAELPDV
EVOG TETPOTAEVPOV, TOTE 1GYVEL
K+K, =K, +k, xouu A4 +A4=4,+1,.

. Il omo10VGdNTOTE TPOLYHOTIKOVG OPOUOVG 0, &y, B, B, X, Y VOL amodeileTe OTL:

Jo—a ) + (=B +x—a,) +(y—B,)° 2 (@, -, ) +(B, - B,)* -

. Atvovtot 6Vo un cvyypoappikd dtovocpata & Kot S evog emmédov. Na amo-

dei&ete OTL 0O10ONTOTE d1AVLGHA T TOV EMITEIOV OVTOV UTOPEL VO EKPPOL-
oTel O YPOUUIKOG GLVOVACHOG TV & Kot B KATA Lovadikd Tpdmo.
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1.5 EXQTEPIKO T'INOMENO AIANYEMATQN

T'vopilovpe 611 10 €pyo MOV TOPAYETAL OO L0l

H F
dovaun F otav petotomiler 1o onueio gpappo-
YNG ¢ anmd 10 O oto 4 givon 6o pe 10 yvopevo /
9

| F |(OA)-cuve. To yvopevo antd copforiletar pe

. 0 A

F - 04 ka1 AéyeTal E6mTEPIKG YIVOREVO TNG SOVALNC
E

pe to dvocpa 04 . I'evikodtepa, Exovpe Tov akdAovHo oplopd:

OPIXMOX

o Ovoudlovpe E6OTEPIKO YIVOREVO SVO [N UNOEVIKOV SLOVUCUAT®OV ¢ Kot
B kat to cupPolriovpe pe G- B TOV TPAYHOTIKO 0ptOud

a-p=lal-|B|-ovve,
6mov @ 1 yovio Tov Stovooudtoy @ kot f.

e Ava=01 =0, 16t opilovpe G- =0

T Topdderypa, 10 E6OTEPIKO YIVOUEVO VO SLOVOGUAT®OY O Kol S pe | d =3,
- T ,
| B =8 o qozg gtvan

G-f=38covE=3.81-12.
3 2

ANEGEG GUVETELEG TOV TTOPATAV®D OPIGHOD gival ot e€Ne:

° a-f=p-a (Avtietabetikn 131011 TOY)
e Avdalf, 16t a-f=0 KO OVTIGTPOPMG.
o Ava'™ B, 1ot a-B=lal|Bl KOl OVTIGTPOPMG.
e AvaTl B, 1ot a-B=-lal|B| KO avTIoTPOPMC,.

To ecwTEPIKO YIVOUEVO @ -G cLpBOAILETON pE @7 Kot AEYETOL TETPAY®VO TOV Q.
‘Exovue: @° =|d |-|d|ovv0 = a|’. Emouévog
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Edwcotepa, yio To povodioio Slovicpato i Kol ] ToL KopTeEGLovoD emimedov

oybovv:

I

i-j=ji=0 xam i’=j=1

Avaivtiky ‘Exppaocn Ecwtepikov Iivouévov

B0 dOVLE TOPO TOG LTOPOVLE VO EKPPEGOVLE TO 3 Ay

£0MTEPIKO YIVOUEVO SVO SOVUGHATOV & = (X, V) (2972)

Ko f=(x,,y,) GUVAPTHGEL TOV GUVIETAYUEVOV AQx 1)
T0VG. Mg apyn to O maipvovue To SLVOGLOTO Z) 0 77

OA=d kot OB = ff. A6 T0 VOLO T®V GUVIITO- a R
VoV 6T0 Tpiywvo OAB &xovpe v 160TNTO o X

(AB)? = (OA)? + (OB)? - 2(0A)(OB)cuvAOB,

N omoia 1oYVEL KO GTNV TEPITT®OT oL To onueia O, 4, B gival cuvevdeloKd.
Opnwmg givon

(AB)? =(x, —x))> +(3, = )%, (OA)’ =x] + ] xou (OB)’ =2 +7.

Emopévmg, £yovpe dradoyika:
(6 =%)"+ (¥, = ¥,)° =X + ¥+ +y; ~2(0A)(OB)oWAOB

X4 X = 2X %, + YR+ Y2 =2y, = X2+ Y2+ X+ y2 —2(OA)OB)owAOB

kot enedy (OA)(OB)oUVAOB = G - B, £)OVE TEMKA:

&'ﬁ =XX t VY,

Anhodn:

“To £6OTEPIKO YIVOUEVO 0V0 dLEVUGUATOV €ival ico pe To GOpoopa TOV Y1-
VOREVOV TOV OLOVULOV GUVTETAYREVOV TOVS”.

o ToPASEyHo, TO ECMTEPIKO YVOUEVO TOV @ =(=3,4) kat f=(2,—1) sivou
G- f=(=3)-2+4(-1)=-10.

Me ) Bondeta TG avaAVTIKNG £KPPACTS TOV EGOTEPLKOV YIVOLEVOL Ol omodel-
Eovie OTL 1IGYDOVV 01 EMOUEVES IOIOTNTEC:
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o (2d)-f=d (AB)=r@a-p)

o G-(B+y)=ad -f+a-7 (Empeprotikn 510t ta)

e dlf o AN =-1 omov A=2 ka A,= A 89OGOV a,fNyy
pdypatt, av & = (x,,y,), B= (x,,¥,) KOl ¥ =(X;,;), TOTE EQOVLUE!
i (Aa)- B = (Axp, Ay )X, 1) = (Ax)) Xy + (A0)yy = A% % + 113y) = e - E)
Ko
@ (AP) = (%, 7%, ,) = X, (2, + 3, (Ay,) = Ax,x, + 3,y,) = M@ - ).
Apa,

(26)-B=d-(2B)=2(a )

° &(B+77) = (X, V)X + x5, 3, +3) = X%, +x3) + 1 (0, +03)
= (0%, +X,X5) + (11, +3,v3) = (0%, + 1,0,) + (65 +,0;5)
=a-p+a-y.
o dlfodf=0ox%+ny,=05yy=—xx @ﬂﬁ:—lc:d,liz =-1
X1 X

2vvyuitovo I'wviag 0vo Aiavocudtwy

AV @ =(x,y) ko f=(x,,y,) eivor &0o pn pmdeviké SlavicHATH TOV ETTESOV
mov oynuatilovy yovio 6, tote - =|d || f | ouvO Kot emopévac,

Eivot opmg
G-P=xpxtyyy, @+ ke |Bl=yx 43,
Emopévac,
XX, .y,
i+l a3

cuvl =

o mapadetypo, av 0 sivor N yovia tov Staveoudtov & = (1,2) kot = (3,1), 1o1e:

1-3+2-1 5 1 2 B T
cvvl = * —, onote O = Z

e i 5o V22
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E®PAPMOI'EXY

1.Av G xat § sivar 00 Stavioparta tov emmnédov, va anoderytei otu:
M a-Bl<lal|B] (i) (@-B)* <a’p?

M6t woyvovv o1 166TNTES;S

AIIOAEIZH

(i) Av @ givou 1 yovio tov Stovoopdtov @ kot f, T0Te £xovpe:
|@-Bl=|la|-| Bl-oove|=ld|-| BI-|ovvo ||| B].
H 166tnta 1oy0et povo, av cuvl = £1, dniady, udvo av é@//f.

(i) Emiong, éxovpe (@-B)° =|a-BL<(al-| B’ =la [ -|B[}=a’-p".
H w6 ta 1oyvet, dnwg Kot Ttponyovpévag, uoévo otav o/ /f.

2. "Ect® 800 dlavoopaTe O Kol B mov &yovv pétpa |a = \/5, [BI=1 ko
oynpartiovv yovia ¢ = % Na Bpedein yovia tov Stavvopdrov X =d+

Ko y=a-f.

AYZH

<

X-

Av 0 givarn yovio tov X kol Y, 10Te cvvl = . Apxkel, emopévag, va vmo-

[X]-17]
AOYICOULUE TO X - Y KO TO LETPOL TOV X, V.

"Eyovpe Aowmdv
o X y=(@+pa-Py=a’-pr=al -|fPF=3-1=2.
X[P=x>=(@+p)? =a’+p>+2df

=@ +|BF+2|d|lBlovve

V3

=3+1+2-\E-1~7=7.

* |yP=y'=@-pB) =a’+p*-2dp
=lal +| B -2]d| B |ovve
:3+1—2-\/§-1-§:1.
2 27
Vi1

onote 0 =41°
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3. No amodgyTel 6T cuv(a — B) = cuvacuvvP +nuanuf, 6mov 0< B <a <.

AIIOAEIZEH
Av 6TOV TPIY®VOUETPIKO KOKAO Ta S10VOGLATO 04

Kot OB oynuotifouv pe tov a&ova x'x yovieg a Kot

S avtiotoiyme, tote Oa givanr O4 = (cuva,Mpa) Ko v

OB = (cuvB,nup).

Emopévmg, Ba éyovpe:
OA-OB =|OA|-| OB |-cuv(a — ) =1-1-cuv(a — B) = suv(a — )
Ko
OA-OB = (ocvva,nua)(cvv,nup) =covva -cov + nuo -NuS.
Apa,

cuv(a — ) =cvva -cuvf +nua -nup

Ilpofoing Aravicuarog e Aigvooua.

"Eoto @,V 800 dtaviopoata tov emmédov pe @ # 0. Me apyi éva onpeio O maip-
voupe To Stavoopoto OA=d kot OM =v. And 10 M @épvovpe KGOETO 6T d1e0-
Buvon tov 04 kat éotm M | T0 {xvog g kabétov.
To divvopa OM, Aéystol TPoBoii] TOV V 6TO d

Kot cupporileton pe mpoP,v. Anhadn,

OM, = mpof,v.

AmodetkvieTat 0TI 1] TPOPOAN TOV vV TAV® 6To d eivat aveEApTnTn amod Vv mt-
Aoyn tov onpeiov O.
I"a 10 ecTEPIKS YIVOUEVO TOV G KOl V €YOVLE:

d@-v=a-(OM,+ MM)=G-OM, +d-M,M =G-OM, =d -npof,v

a

Emopévmg:
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EPAPMOI'EXY

1. Na PBpebei m mpoPfoin Tov SwvOCHETOS V TAVM GTO SLAVUCMHA G, OV

| - ] . - Lo n
o |= >’ |v|= NE) KOLT] YOVIQ TV S10VUGUATOV d KoL V givalion pe ¢ = re

AYZH

‘Eocto V; = npof;v. Tote o woxbdetl V, = Ad. Enedn d -V =d-npof,V, Exovpe:

a-V=a-Vya-V=a-id

Sav=1-a°

<|

Sld || V]oove =A-|d [
2 2
S A=3
Apa, V, =3d.

2. Aivovto ta owvvopoata & = (3,1) ko v = (1,2). Na avorv0ei to v o€ 600
KAOETES GVVIOTOGES, 0O TIG OTTOLES 1] Hia va gival Taparinin 610 & .

AYXH
‘Ecto ¢ n gvubeio n kéOetn ot dievbuvon tov d. AY
. &
Amd to mEpag M tov vV pépvovpe Tig kabeteg MM, M
Kot MM, ot dievbuvon Tov d Kol GTNV & VTl Iy 1A
Vv A
ototymg Kot éot®@ OM, =V, Kou OM, =V,. i Vo
"Eyovpe V2 Vi
.- M,
V=V +V,. 1 >
e (1) — -

To didvocpa v; eivor n TpoPfoir tov vV oto
Kol emewdn v, //d, vmdpyert A e€R, tétolo ®ote mpofyV =Ad =(34,4). Opwmg
0 -V =0d -mpofzV Kol EMOUEVOS EXOVLE OLAUOOY LKA
3,D-(1,2)=(3,1)-(31,1)
3-141:2=3-3A+1-4
5=101

U B 1 L 1 1
Zuvenmc, v :Ea 25(3,1) :[%Ej Kot V, =V -V, =(1,2)—(%,5j=(—5,§j.
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AXKHXYELY

A" OMAAAX

. Av d =(-13) ko B =(2,5), to1¢

(1) No Bpeite ta ecoTEPIKE YvVOUEVA & - B, (2d)- (—3ﬁ) kat (6 —B)-(3d + ﬁ)

(i1)) Na Bpeite 1 oyéon mov cvvdéetl Toug Kk, A € R, ®oTE T0 €6MTEPKO Yi-
vopEvo Tov dtovoopdrov U = (k,1) kat f vo givon ico pe pundév. Tota
N oY€01 OA®V TV SIVUGUATOV U GTNV TEPIMTOOT QVTY;

. Av i =(1,2), v=(4,2) xon W=(6,0), vo. VTOLOYICETE TIG TAPACTAGELG:
i-(v+w), [u|(V-w), |@-v)w| ko (@ |V) -w.

. Av @ =(1,0) xon B =(1,1), vo Ppeite tov 1 € R , dote:
(1) To. StvOopotTo A Kot o + B va givon kGBeToL
(i) Ta Srovdopata f kou @+ A va sivon kGOeta.

. Na Bpeite ta dtavocpata mov givat kabeto oto U = (3,-2) Kot £govv PETPO
ico pe 1.

A
= 3 = a 7 2
. Av |d =2, | BFE3 xa (d,B) ==, vo vmoloyicete Tov K € R, ®ote ta dia-
voouata G =3d —f ki V =«kd +2 va sivor kaOeta.

. Av d =(k,1) xou f§ =(4,3), va Bpeite Tov k € R dote va 1oydeL:
Q) f=0 (i (o?,ﬁ):ﬂ (iii) G /1P .

. Av |d = |ﬁ|—11<0u(d

q) ==, va. VTOAOYI{GETE TN YOVIQ TOV SLOVOGUATOV
U=2d+4f xon V=d —f.

. Av ta dtovdcpato d. kot B etval pn pndevikd, vo amodei&ete Ot

QJ

aL(@-p)e oov(d,f)= ||

= E‘

. Na anodeifete 611 to Swovoopara U= d|f+|f|a wou V=al|f—|B|a

elvat kdOeta.
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10. No. anodeitete 6Tt yia d00 pm pmdevicd Stovbopata @ ko S, To diévoopo
V=% —(d-B)B sivar k6Beto 670 f3.
11. Aivovton ta onueia A(3,-2), B(6,—4), I'(1,5) ko 4(—1,2). Na vroroyicete

(1) To ecmTEPIKO YIVOUEVO AB-TA

(i1) Tt cvpmepaivete yio to dStovdcpato AB xat IA;
12. Aivovtou ta Stoviopata @ = (2,—4) kar § = (=8,5). No avardoete 10 f og 50
K@OeTEC GLVIGTOOCES, OId TIG OTToieg 1) Wia va. Eivot TapGAANAN TPOG TO a.

13. No vroAoyicete Ta UAKN TV S0y ®VimV eVOG TAPUAANAOYPELLLOV TOV KO-
TackevaleTon pe o Sravoopata 5d +28 kat 638, av |d |= 22 ,|Bl=3

Ko (o?,ﬁ) =45,

B

14. o ta davoopate Tov STAAVOD \ I

OYNUOTOC VO VTOAOYIGETE TNV Ta- \\

B N
dotaon AB-AI+ AB-TA. N

P " \\ / AN

15. Na g&etdoete moTe 1oY0EL \A%
E A Y|

() 1@+BHal+| Bl
i) |é@1-1B =1 +p|
B OMAAAX
1. Ta Swwvdopata d ko B eivon pn pndevikd kot pn cuyypoppikd. No omo-
dei&ete OTL Y100 OAOVG TOVG TPOYLOTIKOVS 0ptOpovg A Kot i 1oyveL:
2202 +2 (@ - B)+ p* B >0,
I16te woyver 0 "=";
2. No amodeiete otu:

. N DR B
G) |a+V P +|a-v[=2|al* +2|v[ (11)u-v:Z|u+v|2——|u—v|2.

N

3. Aivovtot to pm undevikd kot pn cvyypappkd dtavoopote & kot S. No
omoodei&eTe OTU:
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(i) O @opéag Tov Sravvopatog b =| f | d+|d | B Syyotopsi ™ yovia tov Sio-
VOGUATOV & Kot f.
(ii) O popéag tov dovvopatog V =| f|d—|d | B Syyotopsi v mopominpwm-

HOTIKTH YOVio Tov Stovooudtomv o Kot f§ .

. Av|dl=2, |BIEL, |7|=3 ka2 d+ B +7 =0, va vroloyicets to:

(i) ovv(d, B), cuv(B,7), cLV(¥,d), Konva amodeifete 6TLd = -2 kon 7 = 3.
. Av 1o Stovoopoto d = (k,A) kot f = (u,v) sivar KOst Kot Exovy péTpa

ica pe ) povéda, va deifete 6t (kv —Au) =1.

. Noa amodei&ete 011 —1< ay +psé

- 2 2 2 2S1
\/a +f \/7/ +0

. Xe NuKOKAMo pe ddpetpo 4B kol kévipov O moipvouvpe onpeio M.

(i) Na ekppéoete to. Stoviopoto MA kou MB
©¢ GVVAPTNON TV & Kot f.

(ii) No Bpeite 1o ywopevo MA-MB . Tt ov-
UTEPOIVETE Y10 TN YOVIK TOV SOVUGUAT®V

MA kot MB ; TTow. mpotaocn e Evkheidetog

I'eopetpiog £xel amoderytei;

. Xg 1plyovo ABI to 800 Oy tov BE kou I Z A

tépvovion oto H. Eotw HA=d, HB =

xou HI® = 7.

(1) No exppacete T S10VOCLLOTOL AB, AT
kot BIC ©G Guvapmon TV d, f Kot 7.

(i) No.  amodeifete 6t 7-d=7-f
y-B=a-p. B r
(iii) A6 TO TPONYOVLEVO EPADTNLLO TPO-
KOmTeL OTL ¥ -d = B-a.

Me 1 Pon0gta tng 166t TaG AVTAG Va dgi&ete 0Tt AH L BI'. Tlow tpoTaom
¢ Evheiderag [N'ewpetpiog €xel amoderytet;
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9.

10.

11.

Atveton tpiyovo ABIT wou eEm-
TEPIKMG OVTOD KOTUOKEVALOVLE
ta tetpdyova ABEZ xow ATHO.
No exkppdoegte to dovdcpaTo

@ Ko zr MG CLVAPTNON TV
EI, ﬁz,fl,fz KOl vo. LToAoYiceTE

TO ECGMOTEPIKO YIVOUEVO BO-ZT .
Tt cvumepaivete yio Ta TUpLOTO
BO xar IZ;

~
~
210 dumhovo oynua to ABIA givon mopalAnio- { AN o 7
Y|
ypoppo kot to. B, A" ov mpoPforég tov I oTiC /

AB xou A4 avtictoly®s. Na amodgi&ete 0Tt

AB-AB'+ AA- AN = AT 0

A B B

Atveton k0K oG (O, R) wo onpeio M tov enutédov tov. Av petofintn gv-
Oeia mov diépyetot amd To M tépvel Tov KOKAO ota A Kou B, va anodeilete
O0TL TO Yvopevo MA- MB givor otabepo. (To yivopevo avutd Aéyetar dovoun
00 anueiov M w¢ wpog tov kdrio O).

I'ENIKEXY AXKHXEIY

1.

Av vapyovv mparypotikoi aptOpoi x, A, w pe |k [+ | A |+ | i £ 0, Té€T0101, DoTE
K+A+p=0 ko, kOA+A0B+ Ol =0

va omodgi&ete 6TLTo onpeia 4, B kot I eival cuvevufelokd Kol ovTioTPOPMG.

. Av yuo 10 onuegio M tov gmmédov evog Tprydvov ABI 16x00VV 01 GYECELS

AM =2 AB+ uAT' wou BM = A AL + uBA , va anodeifete 611 0 M givar 1o
pécov g migvpag BI.

"Eotm O kat A §%o otadepd onpeia tov enmédov pe | O4 |=3. Iow ypopuy

YPAPoOVV To onpeio M Tov emmESOV Y10 ToL OTOi0L ETvoL OM -(OM —204)=17;
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. Aivovtar 800 pun pndevikd Stavdcpota é@ kot B. Avumdpyet A € R, této10¢,
dote |d+ AL |=1, vo anodeifete 6Tl TO EUPUSOHV TOV TAPUAANAGYPOLLLLOV

OAI'B pe OA=d wo OB = B sivon pcpdTepo 1 ico tov | B .

. 'Eoto O 1o mepikevtpo tprydvov ABI (dniladn To onpeio yio 1o 0moio 1oyv-

gl OA=O0B =0I'), ko1 é6Tm, &, f kat 7 1o Stovdopata OEGEmS TOV Kopu-
ooV A, B kol I avtictolymg pe onpeio avapopdg to O.

(i) Na deitete 6t 10 onueio H pe Sidvoopo 0écewg OH = + f+7 &ivor 1o
0p0BOKeVTPO TOL TPrYy®VOL ABI .
(i1) Noa Bpeite to dtavvopa 0Ecemg Tov BopvKeVTpov TOV Tpryd®VOL ABI e
onueio avapopdg to O.
(iii) Na amodei&ete 011 10 Mepikevipo O, 1o Papvxevipo G kot 10 opOoKe-
vipo H evig tprydvov ABI etvan cuvevBeioxd onpeio kot 611 G dronpet

1
To T OH og Adyo 7°

Atveton TopornAoypappo ABIA kol KO-
KAOG KEVTPOL O OV JEPYETOL OO TNV KO-
poen 4 kot tépvel Tig vbeieg AB, A ko A4
ota B', I'" xou A" avtiotoiyws. No amodei-

Eete OTL AB-AB + AA- AN = AT - AT

A ——4" A
. 'Ecto éva tpiywvo ABI] G 1o Kévtpo Bapovg
Tov ko 4, E ta onpeio mov opilovion amd TG 160TNTESG

ﬂ:%ﬁ Kmﬁ:%z&.

Av [ gival o péoo tov AE, va amodei&ete 011 10 G givon to péso tov A7

YA
Y| E
. 210 Sumhavd oxfuo ta OAEA, OBZI kon  Z B(0.5)
ATHE® givon tetpdyova ko ta K, 4, M f °x
elval T kévrpa tovc. Aeov Ppeite Tig oL- A(a,0)

, g >
vtetayuéveg tov K, A4 ko M, vo anodel- I o X
Eete OTL

| AA || KM | kav AA L KM .y
H ]
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EPQTHXEIY KATANOHXHXY

1.

Aiveton 6t 0 TETpaATAELpO ABIA givon poppog. Kabepio amod tig mopakato
166t 1EG £lval cwot M AdBoc. Av glvol 6mOTY, KUKAMGTE TO YPALLO X, oV
givon AdOoc kukAmote to A.

(i) AB=AI X A (ii) AB = BA T A
(iliy AB=TA X A (iv) |AB|HAC| = A
(v AB=AA I A (vi) |ABIHBI[| X A

. Av A4, B, I'xou 4 gival téccepa onpeio, vo GUUTANPOCETE TIG IGOTNTES:

(i) AB+BI =... (viy Al +TA-BA=..
(i) AB-AB-=.. (vil) TB+BA-AA=..
(iliy AB+BI +TA=.. (vili) AA+AB+BA-=..
(iv) BA-TA=.. (ix) AB+BA-TA-Al =..

(V) AB-AB+AT =..

3. Av O &ivai 1o onpeio Topng TV doy®vimv Tov TapaAInAOYpapov ABIA,

VO GUUTANPDGETE TIG 1I0OTNTEG:

(i) 2AB+BA=.. (iv) 2A —-BI -2AB =...
i 1=—= 11— e
(ii) 5AF+EAB:... v) AB+AA+BI + AT =...

(i) A +AO0-TO-=..

4. o to SovOHGHATH TOV SITAGVOD GYNLOTOS VO

BdéAiete e KOUKAO TN COOTN AmAVINON.

1) ‘m+m‘>‘m+@‘ A

ii) ‘AM +MB| = ]AN +ﬁ\

iii) |AM +MB| < IAN +@|
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5. Xe éva ohoTNUO GLVIETAYUEV®VY GTO €MimedO divetan To onueio A(-3,-2).

No cOUTANPOGETE TIG 1IGOTNTEC:

(1) Zopperpkd tov 4 ®G TPOG TOV X X!

(1)) ZoppeTpikd Tov 4 ®C TPOG TOV Y'y:

(iii) Zvppetpiko tov 4 wg tpog v apyn O:

A
A )
Ay

(iv) Zoppetpikd tov 4 ™G TPOG TN SLYOTOLO TNG xéy: A, ()

6. Aivovrtotta onueio 4(3,1), B(6,5), [(-4,-2), 4(3,-3) ka1t £(-3,5). No cuvoé-
GETE LLE LA VPO KAOE SLAVUGHLO TNG TTPMTNG CTHANG LE TIG CUVTETAY LE-
VEG TOV OT1 dEVTEPT GTNAN

Albvoopo  ZUVIETOYUEVES SLOVOGLLOTOG
AB (0,—4)
AT (3,4)
AE (-7,3)
AA (—6,4)
BE (-9,0)

7. Atvovton ta onpela A(3,2), B(-4,5), I'(-3,-2), A(3,-4). No cvvdéoete pe
Lo YPOoUUY] KEOE TUROL TG TPATNG CTAANG LE TIG GUVIETOYUEVEG TOV Wé-
GOV TOL 61N devTEPN GTNAN.

Tunua ZVVIETAYUEVEC LEGOD
AB (0,0)
BI (-l Zj
2’2
o (3
2°2
AlC (0,-3)

8. Na PdArete oe kOKAO TOV 0pOUO TOL OVTIGTOLKEL GTN COGTH ATAVINOT).

(i) Atveton to dtdvoopa @ = (3,-2) xatto onpeio A(4,-1), B(-2,7), I'(0,3)
kot A(1,5). TTowo amd ta Stvdopata givorl ico pe to &:

1.AB 2. AT 3.AB 4.BA 5. A
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(i1) Aiveton to ddvucpa & = (3,-2). [Towo amd Ta StovdcpaTo Eivol TopaA-
Ano pe 1o a:
1. =B84 2.7=(4,-2) 3.5=(-63) 4. 5=(-6,4)

9. Atvovtanr tetpdyovo ABIA pe xévipo O Kou r

mAevpd a. Na Bpeite o¢ cuvaptnon Tov o To
E0MTEPIKE YIVOLLEVOL: A ‘
(iv) OA-OI

(i) AB-AA
(i) AB-AT" (v) AB-AT' } B
(iii) OA-OB (vi) AB-TA. )
10. To dwavoopata U kol V €govv pétpa 2 kot 3 avtiotoiyws. No Bpeite to
YWOUEVO 1 -V , OV 1 YOVIO TOV SUVUGUATOV oVToOV givat: 1) 00 ii) 30°
iii) 600 iv) 90°  v) 1200 i) 150°  vii) 180°.

11. Na Barete o€ KOKAO TN COOCTN ATAVTNON:

Av GV=0W xon G#0,t0te A.v=w B.v/lw Lalv-w A i Lv+w.

12. Na ovvdéoete pe o ypoppr kKabe {edyog dtovucpdtov e Tpdtng 6Th-
ANG e TO €100G TNG YOVING TOVS TOV AvaPEPOVTAL GTN OeVTEPN GTHAN.

Awvdcuata Tovia
1. #=(7,5),v=(-12) opn
2. u=(-3,4),v=(2,-1
3. 4=(3,5),V=(6,0) o&eia
4. i=(0,-1),v=(-5,4)
5. u4=(-2,3),v=(3,2) oppAreio
6. ii=(k,A),V=(-,K)

13. T ToL SovHGATO TOV TOPOKATM GYAUOTOS VA BAAETE GE KOKAO TI GOGTH
omdvinon:

(i) AB-AA> AB- AT e
(i) AB-AA< AB- AT '

(iii) AB- AA= AB- AT’ |
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2 H EYOEIA
2TO EHIIEAO

Ewcaywyn

H ¥éa g ypnoonoinong evog GUOTAUATOS GUVIETOYUEVMOV Y10 TOV TTPOGC-
dlopiopd g B€ong evog onueEiov TAVMD GE A ETPAVELN TPOEPYETOL ATO TNV
leoypapio kot MTov YyvOOT| 6TOVG apyaiovs YE®YPAPOLS. XNV EQAPLOYN
avtng ¢ Wéag ot leoperpia ompiletar n €vvown g e&icmong pog Ko-
UTOANG, ONAdT TG OAYEBPIKNG 10OTNTOG TOV IKOVOTOLEITOL OO TIG GUVIETOY-
Héveg TV onueiov g KaumvAng (kot poévo avtov). H évvola avtn Bswpei-
TOl CNUEPA TOCO OmAY], MOTE 1 ddacKaAio g va apyilel and o [Mvuvdoio.
ZINV TPOYUOTIKOTNTA OU®G 1| €EEMEN TNG YPELOTNKE TOAD ¥pOVO KOl LINP-
&e to amotélecpa pog ovvheong avapeca ot [eopetpio ko oty AlyeBpa,
LE EMOVOCTOTIKEG CUVETELEG Y10 To. Mabnuatikd kot 11 Oetikég Emotnues.
H avayxn kot to mpdTo ixvn evog “cueTAHATOS ovopopas” eppavioviol otnv
apyoio ednvikn F'eopetpio Katd T HEAET] TOV KOVIKOV TOU®V (ONAadn g
mopaBoAnc, TG VIEPPOANG Kot TNG EAAEWYNG, TIG OTtoieg O peheTnGoVLE TTOPO-
Kat®). O AtoAldviog oto 1o Birio tov “Kovikdv”’, apod opilel oavTtég T1g Ko-
UTOAEC GTEPEOUETPIKA O TOREG TOV KOVOL amd éva eminedo, ypnoonolel dHo
GLYKEKPIUEVEG LOEIEC TOL GYNUATOG, VIO VO, OATTOOEIEEL YUPAKTNPIOTIKEG 1010TN-
TEC KAOE KAUTOANC.

T mapdodetypa, otny mwopafoin tov dmio-

voO OYNUOTOG ATOSEIKVOEL OTL OV QPEPOVLLE o K

mv kdBetn KA (“retoypuévog Katayouevn’)

omd onueio NG KOUTOANG TPOG TN OLAE- . Tetoyuévag
tpo ZH, t6te 10 TtETPhydvo pe mhevpd KA KaToyOuevn

givar 16odHvapo pe to opboydvio mov Exst £
TAEVPEG ZA, ZO), dmov ZO éva tunpa KaOeTo 4 H
otV ZH otV Kopupn KapmOANg (To wiKog

TOV 0moiov TPocdtopileTal amd To €100G TOL

K®VOL Kol oo T 0€om Tov TEPVOVTOG EmL-

TEOOV).



56

H oyéon KA = ZO - ZA “ic0dvvapel” BéPata pe T ovyypovn eicwon y° = 2px
™G TopaPOANG, OOV X, Y Ol GUVIETAYUEVES TV CNUEI®V TNG O TPOS £Va Op-
Boydvio cvotTnuo cuvieTayUEVOV e AEoveg Tov

a&ova ovppetpiog e mopafoins kot v kabetn

G’ OVTOV GTNV KOPLON TNG.

H Boaocwm dtapopd avapesa oty apyoio Kot 6tn v | < Tetoypéwn
oOyypovn néBodo Ppicketal 6to yEYovOg OTL M
televtaia ypnoipomnotel T cvuPoiikn avomapd- .
OTOGCT] TOV YEMUETPIKAOV GYECEMV Kl AEIOTOLEL [ Tetumuévn
mv gveMé&io Tov aAyefpikod AoyiopoL (Tov €k-

Ppaletal Le T YPNON OPVNTIKOV GUVTETAYUEVOV

KTA.). AvTtd TO OmMOPOCIGTIKO Prpa €ywve YOp®

oto 1630 amd tovg R. Descartes ko P. Fermat,

01 070101 EMLYEIPN GOV VO ¥PNGLUOTOMGOVY GTI HEAETT] SVGKOAWMV TPOPANUATOV
™mg apyoiag eAAnvikng 'eopetpiog ™ cvpPorkn AdyeBpa mov giyxe dnpiovp-
yNnOei o ddpkela Tov 160v audva and tovg Cardano, Viete k.4. Xta £pyo TV
Descartes kot Fermat dev vdpyovv ot d&oveg cuvtetaypévav 1 ot eEIGMOELS
TOV KAUTOA®V TOV ¥PNCILOTOIOVUE CHUEPH, OAANL TEPTYPAPETAL LE GVGTIHOTL-
K6 TPOTO 1 dOSIKAGIO VoY YNG EVOC YEOUETPIKOD TPOoPANHaTOC 68 oAYeERPIKd
(M avtiotpoea). Idwaitepn enidpaon glye to Epyo tov Descartes “La Géométrie”
(1637), 6to omoio —akp1PdG Y10 VoL YIVEL TTLO OTOTELEGHOTIKT 1) YPNIOT TOVL OAYE-
Bpucod Aoyiopot ot 'eopetpio— eiodyovion véol cupforciol (OTme, Yo Tapd-
detypa, 1 ekBeTIKN YPOPN TOV SLVALE®MV), TTOL PEPVOVY OVGLUCTIKEA TNV AAYERPO
OTN GNUEPIVI} HOPPT TNG.

"Yotepa and v mpdTn ovvOeon tng AlyeBpag kot e [ewpetpioc, ov e&erilelc
vanp&ay paydaieg Kot 00 yNoaV GTNV KEVIPIKN £Vvola NG cOYYPOvNG AVOAVTL-
kN eopetpiog:

X

X

“H eliowon piog kourving, amxo fondntixo uéoo yio t Avon
EVOG YEWUETPIKOD TPOPANUATOS, YIVETOL UEGO OPIOUOD KOL
OVATOPAOTATHS OVTHS THG KOUTOANS ™.

O J. Wallis, oto Bipirio Tov “Tractatus de sectionibus conicis” (1655), opilet v
EMAeyn, TV Topafoin Kot TV VTEPPOATN TOGO LE TOV KAOUGIKO TPOTO, MG TOUEG
K®VOVL, 660 Ko [ e&lodaoetg 200 Badpov, eved o 1. Newton 1o 1676 ypnoponotet
LLE CLOTNUATIKO TPOTO VO AEOVEG KOl 0PV TIKEG GUVTETOYUEVES, Y10, VO LEAETN-
o€l Kol vo TAEIVOUNGEL TIG KAUTOAES TpiTtov Babpov. v epyacio emiong Tov
Newton “Artis analyticae specimina vel geometria analytica” (mov dnpooctedtnke
o 1779) ypnowomnoteiton yio tp®dTN Popd 0 6pog “Avorvtikn ['ewperpio”. Ot
e&ehi&elg avtég, mov EhaPav yopo mTapdAinia pe tn dnuovpyic TOv dlPOPt-
K00 KOl OAOKANPOTIKOV AOYIGHOV, SIOUOPPOGOV £vo VEO KAGD0 Tev Mobnpuo-
TiKdv. O 20¢ 100G Tov KAaowkov £pyov tov L. Euler “Introductio in analysin
infinitorum” (1748) amotelel Eva TANPeS SWBAKTIKO £yyepidto AvorvuTikng [ew-
HETPIOG, 6TO OTOI0 Ol KAUTOAEC TOV ETTEOV KOl Ol EMLPAVEIEC TOV YDPOV Opi-
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Covtor ko €€eTalovTon amOKAEIOTIKA UECH TOV EEICMOEDV TOVS MG TPOS £VOL
TAOYLOYDOVIO GUGTN O GUVTIETOYLLEVOV.

2.1 EZI>Q3H EYOEIAX

Ecdicwon I'papputjs

Av éyovpe po eéicoon pe 800 ayvdoTovg, Yl mapadstypa v y =x°, 1018
Mon g e€lomong avtig Adyeton kdbe (gvyog vA
apOudv (x,y) mov v emoindevet. ‘Etot, yia
mopaderypa, ta Cevyn (L 1), (2,4), (3,9), (0,0),

(l,lj, (1/3,3) eivar Moeig g y = x”.

Av topa og éva GOGTNUO GUVTETAYUEVAOV TToL-

pacTioovLLE Le onpela OAeS T AVoelg Tng e&i-

" |

cwong y =x’, 1ote Oa mpoxdyel N ypoupn C, 0

TOL SIMAOVOV GYNILOTOG TTOV, OGS Yvopilovpe
oo mponyovueveg Ta&elg Aéyetan mopaforn.
Eme1om ot cuvtetaypuéves (x, y) tov onueiov M(x,y) g mapaBoing C, kot pdévo
avtéc, emaindsdovv v eéicoon y =x?, yawtd 1 ekicoon y =x* Aéyston g&i-
cmon g tapoPorng C. ['evikd:

Mo e&iocmon pe 600 ayvdGTOVG X, Y Aéyetal eElcwon H10G YPOALLUNG
C, 6tav ot cvvretayuéveg Tov onpeiov g C, kot povo avtég, v
gmainfegvovv.

2 cuvvéyela, avti va Aéue, yo mopadetypa, “divetor n mapopfoin C pe e&i-
299

coon y=x"7, 0o Aéue “Siveton n mapaforn C:y=x

299

N oamA®g “diveton M
Topaoin y=x
Me T1¢ €£I0DOEIS TOV YPOUUDV UTOpOVUE e aAyeBpikég HeBOSOVS Vo LeAETN-
GOVLE TIG YEOUETPIKES OLOTNTES TMV YPULUUDV CLTOV 1 VO OVTLETOTICOVUE
ddpopa GAla cuvapn TpoPfAnuaTe. Avtd ival Kot To PocIKO OVTIKEILEVO TG
Avorvtikng ['eopetpiog.



58

2vvredeatiis AievOvvong Evlciog

H gvbeia ypappn eivor 1 amlodotepn Kot 1 T GUYVA YPNCLULOTOIOVUEVT] YPOLLL-
un. v avalntnon g e&lomong puog evbeiag Oa pag dievkoAbvel 1 £vvolo Tov
ovvteleotn devbuvong evbeiag.

® 'Eotm Oxy éva cOGTNO GUVTETAYUEVOV GTO EMimedo Kot & o eveio wov té-
pvel tov a&ova x'x oto onueio 4.

YA Ay
&
13
w
X’ A X X’ A\ X
/ y' y,

Tn yovia w mov dtoypdeet o dEovag x'x 6tav oTpapel Yupw amd 10 A Kotd ™
Oetixn popa PEYPL vo cOUTECEL e TV gvbeio € ™ Aéue ywvia mov cynuatiéel
n & ue Tov aéova x'x. Av n gubeia ¢ elval TapdAnAn mpog tov déova x'x, TOTE
Aépe o0t oynmuatiel pe avtdév yovio @ =0. Ze kabe mepintmon ya ™ yovia
o woydel 0" < <180° M| oe axtivie 0L o < . Qg ovvrereoT] d1evBvvong 1| ®C
KAMion og evbeiog & opifovpe v epamtopévn g YoViog w Tov oynuatilet 1
& pe tov aéova x'x. Ilpopoavdg o cuvteheatng dievbvveng pag gvbeiog givor Oe-
TIKOG, ov 1 Yovia w wov oynpoatifel pe tov déova x'x etvan ogia ko apvnTikdc,
av eival oappieia. Av n evbeio oynuotilel pe tov xx undevikn yovia, dniadn
gtvon TapdAAnin otov d&ova x'x, 0 cuvTEAESTNG dlevBuvong etval icog e PNdEV.
2y mepintoon mov N yovio g evbelag & pe tov d&ova x'x etvar 907, dniadn 1
evbeia € gtvan kédBetn otov dEova x'x, dev opilovpe cuvtereotn devhuvong Yo
v gvbeia avty.

Otav gival yvootd éva onueio pog evbeiog Kot AY
0 ovvteleotng d1evbvvong g evbeiog, TOTE B(:5.3)
umopovpe va oyxedidcovpe tnv gvbeia. o ma-

padelypa, vy vo oxedtdcovpe v gvbeia mov A2

oEpyetarl and 1o onpeio A(-2,1) kol €xel ov-

=V

vieleotn devBuvong /1:—%, apkel and 10 4
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va kivnbodue 3 LovASEG TPOG TO APLOTEPH KOL GTN GLUVEYELX 2 LOVADES TTPOG
to tave. [Ipocsdiopilovpe €tol To onpeio B(-5,3), omdte 1 {ntoduevn gv-
Oeia givor n AB.

e 'Ecoto tdpa éva dtdvocpa & mopdAinio o o gubeia €. Av ¢ Kot @ givat ot
yovieg Tov oxynuotilovv 1o § Kalm € [e ToV XX avTloToiyws, Tote O 16YveL ¢ = @
N @ =7T+® KOlETOUEVOS QP = epm. Apa:

“Otav pa gudeio kou éva ordvoopa givon Tapdiinia, £0vv Tov id10 cLVTE-
Aeoti] d1evBuvvong”.

A y A

/ p=w 3 / p=ntw

Av glvol YVOOTEG 01 GUVTETAYUEVEG OVO GNUEI®V H0G U KOTOKOPLENG gVOei-
og &, onradn wog evbeiag mov dev givan kabetn otov dova x'x, TOTE Umo-
povue va Bpodpe Katl To cuvtelestn d1evbuvong g evbeiog avtg. [pdyuportt,
av A(x,y,) xat B(x,,y,) €lvar d0o onueio g vbeiag &, TOTE 0 GLVTEAEGTNG
d1evbuvong g & elvor 160G pe T0 oVVTEAESTN S1EVOBLVONG TOV SLUVOGHOTOC

AB = (xy =X, ¥, = »), ONAodN ioog pe B7h Emopévag:
X, =X

O cvvigheotig devBuvong 4 pog gvbeiag mov Siépyetor and ta onueio
A(x,, ) Ko B(x,,y,), M€ X, # X, €lvon

/l yZ_yl

Xy =X

T mapdodetypo, o cvvteleotng devbuvong g evbelag mov diépyetarl amd To

4=,

onueio A(l,-2) xou B(-1,4) elvon A = R
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2vvOnkes KaOstotyrag wou Hapaiiniias EvOsiayv

Me 1 Bondeta Tov cuvtelestn dtevBuvong svbeiag, LTOPOVILE VO STOTLTTOCOVLE
TIG 6LVONKEG TOPUAANATNG Kot KaBeTdTNTOG dVO gVOEI®VY GTOo emimedo. [Tpdypart,
av g, &, eivan 300 gvbeiec pe avtictoryovg cvvtereoTég d1evbuvong 4, 4, kot ta
dravvopata &, kot 5, eivol TapdAALo TPog TG &, KO &, AVTIGTOIXWG, £XOVUE TIg
oduvapieg!
g/le, =816, =X =4,
Ko
g Lle, &6 L6, &1 =—1.

Enopévamg, av ot gubeieg &, kot &, £x0uv cuvteheotég dievbvvong 4, Kot A, avri-
otolymwg, TOTE:

glle, &A= kal g Le, & A4, =-1

Eéiocwon Evfcioc

Mua evbeia ot0 eninedo kabopiletar, dtav divovion Eva onpeio TG Kot 0 GLVTE-
AeoTg d1evhuveong e 1 dvo onueia Tg. Oa Bpode v e&icmon g evbeiog oe
KaOed oo T1g dVO AVTEG TEPUTTMOGELG.

e 'Eotow Oxy éva cVOoGTNHO GUVIETAYUEVOV GTO eminmedo kot A(x,,y,) &va

onpelo tov emumédov. Zntape v eEiocmon

YA 3

™¢ evbeiog € mov di€pyetat amd T0 A Kot el
oLVTEAEGTN O1evBuveong A.
‘Eva onueio M(x,y) dapopetikd tov A(x,,v,)

OVAKEL GTNV &, OV KOl HOVO 0V TO O1AVLGLO /
@
ul

AM  givan TOPAAANAO oTNV &, onAadn av

ol 4

Kol poévo av to AM kol m & €govv Tov 1d10

cuvtedeoty Sievbuvong. Emedy AM = (x—x,,y—y,), £XOOHE A = Y=V

Y=Y
X=X,

Enopévocg, to onueio M(x,y) ovikel oTnv € ov Kot LOVO av =1 M

T ocuo e/l e oue Ot lece &, etvol Topd N ovuTi-
I Me 1o cupfoiioud /! &, evvoodpe 611 o1 gvbeieg &, Ka &, efvorl TapaAinie VT

TTTOLV.
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=y, =Mx-x,). H tekevtoia e&icwon emoinBevetar ko and to omnueio
A(x,,y,)- Apa n e&icmon g gvbeiag ¢ eivat:

| y=y=Ax-x,) (1)

T mopdderypa, n vbeio mov diépyetor amd o onpeio A(—1,2) kot £xel cuviee-
ot 61evbvvong A =-3 &gt e€icwon y—2=-3(x+1), nradn y=-3x-1.

e 'Eotm ¢ 1 gubeio mov di€pyetor and ta vA €
onupeion A(x,,») ko B(x,,y,).
Av X, #X,, T0TE 0 GLVTELEGTNG devBuvong

™g gvbeiag etvor A =270 m EMOUEVOG
xz —xl
n e&icwon y—y, =A(x-x,) ylvetau s R
0 X
Y= %
-y, == (x- 2
Y=h=3"5 (x-x) ()

O e&omoeig (1) kot (2) dev pmopodv va ypnoipomombovy, 6tov 1 evbeia € eivar
KOTAKOPLOT, 0POV GTNV TEPIMTOST AL TN OV 0pileTar o cuviehesTng 61€VOVVONG
¢ evbeiog. Opmg 1 e€icmon oG Kotakopvueng evbeiog Tov diEpyETOL Omd TO
onuelo A(x,,y,) umopel va Bpebet apéowg, apov kabe onueio g M €xet teTun-
pévn x, ko dpa N e&icmon g eivor:

X=X,

[No mapaderypa, n gvbeio mov diépyetal amd to onueion A(-3,5) kar B(4,1) €yxet
1-5
4+3

KaTakdpLEN gvbeia Tov SiEpyeTaL amd o onueio A(-3,5) éxel e€icwon X =-3.

, , . . , 4 23
g&looon y-5= (x+3), 1 omola petd tig mpd&elg yivetor y = —7x + - KoM

E10ixés mepimraroels v

e H e&icwon egvbeiag mov téuvel tov dEova y'y

oto onueio A(0,B) kot €xel GLVIEAESTN OlEV- A0

Bovong 4 eivar y— B =A(x-0), n omoio TEMKA s >
yphpeToL 0 X

y=Ax+p.
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e Av pia gvbeia diépyeTon amd v apyn TOV
a&OVaV Kat £xel ouvterleatn dlevbuvong A, tote
n e€lowon g etvan y—0=A(x—0) M

y=A21x.

y 4

‘Etol, ot 610T6p0L TV YOVIdV XOY Kot yOX'
€yovv eEICMOEIC ¥ =X KOl y = —X OVIIGTOI®G.

el 4

e Téhog, av po evbeia diEpyeTon amd To onpeio
A(x,,y,) Kot etvar mapdAinin otov aéova x'x,

A(xo.y0)

dnradn| etvan dmwg Aépe o opovtio vbeia, P
&xel e&iomon y—y, =0(x—x,), Onradn

Y=Yo-

ol 4

E®PAPMOI'EY

1. Aiveran TPplymvo pe kKopveéc to onpeio
A(-1,2), B(1,5) ka1 I'(4,1). No. BpeBovv o1
eElonoeig:

(i) Tov vyovg wov Gyetor amwd THY KopLPN A “12)
(ii) Tnc owpéocov mwov dyetol amd TNV KO-
poon B
(iii) Tng pecokaOéTov TG TAgLPaS AT,

4

A

B(L,5)

AYZH

(o))

() Emedn 2, = —1_4_ _i, 0 GUVTEAECTNG

1- -3

N
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d1evBvVeNC TOL VYOVS TOV TPLYDVOL amtd TO A glvor A = % Enopévag, n e&lcmon

, , 3 , 3 11
TOV VYOULG eivor y—2=Z(x+1) il y=Zx+Z.

.. -1+4 2+1 33
(i1) To pécov M tov tuqpatog A1 EYEL GUVTETOYLEVEG ( - ;j =(— —).

2 72 272
3s
Enopévamc, o cuvteleotg dievbuvong g dtapéoov BM sivon 4 = ‘?;’— = -7 ko épo.
o1
2

n e&lowon g BM sivan y —5 = —7(x —1), 1 onoia ypapetal icodvvoua y =—7x +12.
(iii) Eme1om n evbeio 41”7 £xe1 cuvtedeotn dievbuvong 2ol _é , M OTTOLAONTTOTE

KGOeT0g 08 VTNV £XEl GLVTEAEGTN dlevbuvong 5, emopévac n e€lomon g peco-

rkaBétov eivon y —% = S(x—%j N wodvvapa y=>5x—6.

2. Aivovtan N ev0sia € pe elicwon y = %x +1 kon To onueio A(2,1) . Na BpeBodv

Ol GUVTETAYNEVES TOV GUUUETPIKOV TOL oueiov 4 g Tpog Ty gvbeia &.

AYXH

Av A(u,v) givonr 10 ovppeTpikd oV A ©g s Al
mPog TNV &, 10t€ T0 pécov M tov AA" avn- Y ’ 5
KEL OTNV € KOl TO YIVOLEVO TMV GUVIEAEGTOV M

devbovvong tov ¢ ko AA4A" givan —1, a@ov

g L AA". Ot ouvtetaypéveg tov pécov M eivor A(2,1)

2 1
(%%j Kol 0 GLVTEAECTHG dlevbvvong 0

tov AA' givar ¥ _12 .’Eto1 €yovpe 10 cvotHo
u—
vl _1 p+2
2 2 2

ol 4

1
, TO OTO10 UETA TNV EKTEAECT] TOV TPAEEMV YPAPETAL

u—=2v=-4
2u+v=>5"
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. , , P 6 13 .
Ao ™ AOT TOV GLGTANATOS CVTOL PpicKovie i = 3 KoL v = 5 Emopévmg, t0

B} , , (6 13
GUUUETPLKO onpeio Tov 4 oG TPog TV € gival to A 35 )

AXKHXELY

. Na Bpeite ™ yovia, mov oynuatilovv pe tov dEova x'x ot ubeieg mov diép-

. Na Bpeite v e&iomon g gvubeiog mov diépyetar and to onueio A(L-1)

. Na dgi&ete 011 T0 TETpdmAevpo ABIA pe xopvpés A(3,1), B(5,5), I'(1,3)

. Aivovtan o onpeia A(2,3), B(-4,5) kot I'(3,—4). Na Bpeite v e&iocwon

A" OMAAAX

Na Bpeite o cvvteheot devBvvong:

(1) Tng evbeiag, n omoia diépyeton and ta onpeia A(-1,4) kot B(1,6)

(i1) Tng evbeiac, n onoia TéUveL Tovg GEoveg ota onueia I'(—1,0) ko A(0,2)
(iii) Tng evBelac, N omoia S1pyetar and to O Ko eivon kGt otV 14.

yovtot and to onpeio:
(1) A(-L4) ko B(1,6) (i1) A(-L3) xon B(0,4)
(i) A(1,3) kv B(1,-1) (iv) A(2,3) xou B(-2,3).

Ko

(i) Eivat mapGAAnin mpog 1o Stivuopa 6 = (3,-2)
(ii) Eivon mapdAinin mpog to dtévvoua 8 = (0,1)

(ii1) Zynpotilet pe tov d&ova x'x yovia o =/ 4.

®Osmpovpe tpitywvo ABI pe kopvpég A(-1,0), B(3,2) kou I'(-3,4). Na Ppei-
T€:

(1) Tg elomoelg TV VYOV TOL

(i1) Tig e&lomoElg TV PEGOKADETOV TV TAELPDOV TOV.

ko A(=1,-1) etvon popPogs. Ioeg ivar o1 E16MCELS TV doy®VILV TOL;

Na Seiéete 6t o onueion A(l,—1), B(2,0) xai I'(-1,-3) gival cuvevbeiokd.
No Bpeite v e&lowon g evbeiog & mov diépyetonr omd To. onueio
A(ocvvO,nub) xoau B (mpb,covvh), av —% <0 <% Ko 0 # % INo mow Tyun

oV O M gvBeia AVT SEPYETAL OO TNV OPYN TOV OEOVOV;

™mg evbeiog mov diépyetar omd TV Kopven 4 Kot 10 kévtpo Papovg G tov
Tprydovov ABI.
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B OMAAAX

. Na Bpeite tic e&lodoeig Tov vhel®dV, TOV diEpyovTaL od To onpeio A(—1,2)
Ko oynuotifouv pe Toug AE0VES IG0OKEAES TPiymVO.

. Noa Bpeite 116 €£10MGELG TV TAELPOV KOl TIC GUVTIETAYUEVEG TOV KOPLO®OV B

1 3
kot /7 tov Tpty®@vov ABI, Tov omoiov T V0 VYN £xovV eEICAGES V = 5* +E

Kot Y =—X+2 ovTioTtoiymg Kot 1 kopuen A €xel cuvtetaypéveg (1,4).

. Na Bpeite v e&icmwon g gvbeiag mov diépyeTon amd to onueio M (2,1)
Kol Tépvel TG evbeteg y =x+1 xot y =—x+1 ota onueia 4 ko B avtictoi-
YOG, £T61 dote To M va glvon péco tov AB.

. Aivovton ta onpeion P(x,1/x) xor Q(A,1/2), pe k,A #0 kol k # A.

(1) Na Bpebei n e&lowon g evbeiog PQ.

(i1) Av 1 evbBeia PQ tépvet tovg a&oveg x'x ko y'y ota onueio 4 Ko B avti-
otolywg, va deiéete 0TL AP = BQ.

Na dei&ete 011 1 e&lowon g gubeiog mov TéPveL Tovg dEoveg ota onpeio
A(a,0) xou B(0,3), pe a,f #0, eivoun £+% Sl
o
. Na Bpeite v e&icowon g evbeiag mov sivon TapdAAnin ommv gvbeio
2 11 , . . ,
y= —Ex—g Ko TEPVEL TOVG AEOVES XX Ko v’y ota onpeia 4 ko B, dGTE TO
abpotopa TG TETUNUEVIG TOL A Kol TNG TETOYUEVIG TOV B va givar ico pe 15.

2.2 T'ENIKH MOP®H EEIXQXHY EYOEIAX

H Eéicwon Ax + By +I'=0, uye A0 5 B=0
y 4

e 'Eoctom ¢ pa eubeio oto kopteciovod eminedo.

— Av m evbela & téuvel tov d&ova yy’ 6to onueio
2(0,B) wou €yel ovvteleot d1evbvvong A, toTE
0o éxel eflowomn y=Ax+f, m omoia ypapeTal

2(0.5)

Ax+(=1)y+B =0 /
&

ol 4
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e Avn gvbeia € vt kataxdpven Kot SiEpyeTal omd to onpeto P(x,,y,), TOte o

éxet e&iomon X = X, , 1 omoia ypapeTal 1IGodvvaLa
x+0-y+(=x,)=0. ya

BAémovpe, omAadn, OTL Kol OTIS OVO TEPUTTM-

oeic M e&iomon g gvbelag ¢ maipvel T Hopen P(xo,y0)
Ax+By+I' =0 pe A=0m B =0.

o AvTIoTpOYmG, £0Tm 1 e€lomon
Ax+By+I'=0 pe A0 n B=0.
— Av B # 0, 161¢ 1 e&lcmwon ypdoeton

A T , , , e A
y=——x——, mov givan e&lomon gvbelog pe cvvrereot devBuveng A = —— Kot

ol 4

N omoia TépveL Tov dEova 1y’ 6To onueio [0, —%j

— Av B=0, 1618, MOym ™G vdbeong, sivar A =0 kot n e&icwon ypapetot
r . . , . . , .
x:—z, mov elvan e&iocmon evbeilog kabetng otov G&ova x’x oto onueio tov

{44

2e 6Aeg howmdv Tig Teputtwoelg N e&lowon Ax+By+1 =0 pe A= 01 B = 0 mopt-
otavel evbeia. Amodei&ape, NN, OTL IGYVEL TO EXOUEVO BedpnpaL:

OEQPHMA

Kabe gvbeio tov emimédov £yel e&lomon g LopPNS
Ax+By+I'=0 peA#0 11 B=0 @
KOl avTIoTPOP®GS, Kabe e&icmwon e popeng (1) mapiotdver evbeia ypopun.

T mapdderypo, n eé&icwon 2x+y—-6=0 moapiotdvel gvbeio. H eElomon oot
YPAPETOL GTN HOPPN ¥ =—-2x+6 Kot PAEmOLpE OTL £yl GLVTEAESTN d1eLBVVENG
A ==2 xoutépvel tov a&ova yy' oto onueio (0,6).

Awavoouao IHapaiinio n KaOesto o Evbcia

"Ect® Oxy évo 60GTNHO GUVIETOYUEVOV GTO EMIMEDO Kol € La vbeia Tov emumé-
dov pe e&lowomn Ax+ By+ 1" =0. Eidape mponyovpévag ot
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. . , , A . .
— Av B %0, 161€ 1 ¢ €€l cvvtereotn devbouvong A = 3 KOl EMOHEVOS elvor

TapEAANAN TPOg To dtévuopa 8 = (B,—A).

— Av B =0, 161€ 1 ¢ glvor mapdAAnAn mpog tov aEova yy' Kol ETOUEVOS TOPAA-
ANAN Ko TIAL TPOG TO Stévoopa & = (B,—A).

e KG0e mepinton Aowmdv oyveL OTL:

H gv0cia pe elicowon Ax+By+I' =0 givan mwopdiinin oto dgvuopo
5 =(B,-A).

- y7/
Ouwme, to ddvoocuo 6 =(B,—A4) eivor kdbeto 6T0
dvvoua 7 = (4, B), apod

8 -ii=(B,~A)-(4,B)= AB— AB=0. S=(12)

Emopévac:

H gv0sio pe eicwon Ax + By + I'=0 givor kG0s- > X;
TN 670 Jwdvuopa i = (A4,B). A ,

o mopaderypa, n evbeion 2x—y+4=0 eivon mo- i=(2,-1)

POAAAN 670 Stévuopa & = (—1,—-2) Kot KGOt 6TO
dvocuo, i = (2,-1).

EPAPMOI'EXY

1. Aiveran N e€icoon:
(x=2y+5)+ABx+2y+7)=0 (1), 6mov 1 R
(i) No amwodeytei 60TL
—T o ka0g Tip ™ Tapapétpov 4 N e€icwon (1) maproTdver evbeia ypappn
—Oleg 01 gv0eieg mov opilovron amd v e€icmwon (1) (Owkoyévera evBeL@V)

oLEPYOvVTOL ATO TO 1910 oMuEio.
(i) IMown a6 Tig Topamdvm gvbeisg eivar kaOeTn otV gvbeia §:y =2x;

AIIOAEIZEH

(1) H e&lowon (1) ypaeetor 1c0d0vapo
A+30)x+(-2+24)y+(5+71)=0. (2)
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Enredn dev vmapyet Tiun tov A yio v omoio vo undevilovio Kot 0 GUVIEAEGTNG TOV
X KOl 0 GLVTEAEGTNG TOL Y, 1 e€iowon (2) mapiotdvel evbeia yio kdOe Ty Tov A € R.
T'o vo dei&ovpe 6TL OAeg o1 gvbeieg g owoyévelag (1) diépyoviar omd to id10
onueio, apkei va Ppovpe éva onueio K(xg, Yo) TOV 0moiov o1 cuvteToyuéveg va
emaAn0evoov v (1) ya 6Aeg tig Tipég tov A. To ntodpevo onueio Ba eivar
eketvo tov omoiov ot cuvtetaypéveg undevilovy T TaPACTAGES x—2y+5 Kol
3x+2y+7, dNAadn N A6 TOL GLGTHUATOG

x=2y+5=0 «wotr 3x+2y+7=0.

Ao v enfhvon Tov cvotipatog Ppickovue 6Tl X, = -3 ko Y, =1. Emopévemg,
O\Leg ot evbeieg g owoyévelag (1) diépyovrtar amd to onpeio K(-3,1).

(i) 'Eoto & gubsio g owoyévelag (1) mov sivar kabetn oty evbeia £ Tote o 1oyet
1

Xg.lgz—lc/lg.Q:_l@Ag:_E (3)
opmg, Aoym ¢ (2), o cuvtedleatng devBuveng g evbeiag ¢ etvan icog pe
A = 1+34 .
2-21

Enopévag, amd v (3) éxovpue

L/ I R NPy I S
2222 2

ondte M evbeia € Oa €yel eElomwon —2x—4y—2 =0 oL ypAPETOL

x+2y+1=0.

2. Aivetan Tpiyovo ABI pe kopvoéc A(2,3), B(4,1) kon I'(54-1,4), émov
2eR pe 4 #1. No amwodeilete 6T TO KEVTPO PAPOVS TOV TPLYDVOL KIVEL-
1oL o€ puo. gv0gio, ka0dg To A perapfarietoan oto R.

AVEH
) ) ] i 2+4+51-1 5A+5
AV G(x,y) 0 KEVTPo BAPOVS TOV TPIYGVOD, TOTE X = ————— =" KL
x_51+5
34144 A+4 . , , 3 3x=54+3
3 _At4 = .
== Eyovpe Lowtdv 10 ovoT 44 {3y=l+4

Y73

AmnoAeipovpe To 4 and 116 e§lodoels Kal Bpiokovpe 3x—15y +15 =0 1 1coddvopa
x=5y+5=0. Apa, to k€vtpo Bapovg Tov Tpry®vov ABI" Kiveitar otnv gubeia
x=5y+5=0.
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3. Na Bpedei n oeia yovia Tov evla1dwv gt y=x+1 ko &, : y=-2x+3.

AYZH

Ot evbeieg &, xar &, Eyovv cvvtedeotéc devbuvong 4 =1 ko 4, =-2. Apa, &i-
Vol TapGAANAES TPOG T SLVOGLLOTOL 5] =(1,1) ka1 32 =(1,-2). Eropévoc, n o&eia
yovia 6 tov gubeldv &, kat g, ivar ion 1 maparAnpopatiky g yoviag ¢ Tov
drovuopdtov 8, kat 8,. Opwg, ivat:

Emopévmg, cuvl = % , omote 0 = 72°.

AXKHXELY

A" OMAAAX

1. No omodeiete o011 vy kébe mpoaypatikny T tov u n e&lomon
(u—=Dx+py+u* =0 mapiotvel eubeia ypapur. I1ote  gubeio avth eivar
TOpAAANAN TPOG TOV A&ova x'x, TOTE TPOG TOV ¥y Ko TOHTE S1éPYETAL AT
mv apyn Tov aEovov;

2. No Bpeite v e&icwon g gvbelac n omoio diEpyeton omd TO onueio
A(=2,3) xou givon kdBetn oV gvbeia 2x -3y +6 =0. [Towo eivar To onpueio
TOUNG TV dV0 gLOELDV;

3. Na Bpeite v e&icwon g evbeiag 1 omoia diépyeTon amd To onueio ToUNG
Tov evbeldv 2x-5y+3=0 ko x—3y—7=0 xou givor k4Oetn oV gVO<ia
4x+y=1.

4. To onpela A(—4,6) xou I'(-1,1) €lvor o1 amévovtt KOPLEEG EVOG TOPAAAT-
AOYpappov ABIA. Ot mhevpéc BI™ kot I Tov TOpaAANLOYPAULOD 0VIKOVUY
otig evbeieg pe eElomoelg x+3y =2 kot x—y+2 =0 aviiotoiyms. No vmwo-
Aoyioete:

(1) Tig ocvvtetaypévesg TG KOpLENGS A.
(1) To cvvnpitovo g o&eing Ymviag TV Sloy®VimV ToV ToPOAANAGYPOLLLOV.

5. Noa Bpeite v T tov L € R, dote ot gvbeiec (A-1)x+Ay+8=0 ot
Ax+3y+1-22=0 va elvon kéOetes.
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6. No PBpeite v T tov k¥ € R, dote n gvbeia 3x+3y+xk =0 va diépyeton
omd To onueio Toung Tv vbeldv 3x+4y+6=0 Kol 6x+5y—-9=0.

B OMAAAX
1. No oyedidoete T1g YPUPUES TIC 0TTO1EG TAPIOTAVOVY 01 EEICMOELG:
(1) ¥*-y*+4y-4=0 (i) x* —y* —-4x+2y+3=0.

2. No amodei&ete 6t1 OAeC o1 gvBeieg TG LOPONG
Qa’+oa+3)x+(@’ —a+)y+@Ba+1)=0, aeR
d1€pyovtal omd To 1010 onpeio.

3. No amodei&ete 6t1 01 gvbeieg x+4y =35, 3x—-2y=1 xkou 7x—-8y+1=0 dép-
yovtal and 1o 1610 onpelo.

4. No Bpeite v o&glo yovia v omoio oynpatilovv ot gvbeieg y = ux Ko
(I+mx=>1A-p)y.

5. Na Bpeite v e&icwon g gubeiog 1 omoia SEPYETOL OO TNV OPYN TOV
0ESHVOV Kot 0t To oNpElD TOUNG TOV gVOELDY X +% =1 ko —+2 = 1, pe
o o
o,B#0 koo #=£f.

6. Aivetoin evbeia 3x+ y =3 kou to onueio A(l,2). Na Bpeite T1g cvvteTaypué-
VEG NG TPOPOANG Tov A oty gvbeia avt.

7. Atvetoim evbeia ¢ : X +% =1. Na Bpeite v e&iomwon g evbeiag n omoia
a

glvorn k4Betn oV € 6TO GMEElD TOL OV TY TEUVEL TOV A&ova X X.

2.3 EMBAAON TPITQNOY

Andoracn Lyuciov ané Evlcio

‘Eoto ¢ po gubeio Tov Kapteoiavod emumédov, pe e&icwon Ax+By+I =0 ko
M, (x,,y,) évo onueio ekt0¢ awg. Oéhovue va vroloyicovpe TNV owdoTOoN



71

d(M,,g) tov onueiov M and v gvbeia &. Av
M, (x,,y) eivar n wpoPorf tov M, ndve oy \ Mo(x0.y0)
&, 101€ Oa 1oy veL

d(MO’g) :l MOMI | (1) Ml(xl,yl)
] . — , >
Onmg 10 dbvoopa M M, = (x, —x,, ¥, —¥,) &€l- o X
voir TopAAANAo Tpog to 7 = (A4, B), apov Kol Ta
dv0 givan kdBeta oy gvbeia e. Apa, Oo vtdpyel A € R, 1é€t010, BOTE
MM, =i 2)
omote, AOY® g (1), Ba woyvel
d(M,,e)=| A [=| A|-|7i|= 2| A* + B? 3)
Emumiéov, Moym g (2), égovpe (x, —x,, ¥, —¥,) = A(4, B), ondte
X, =x,+AA ko1 y, =y, +AB 4

Opwg o M, (x,,y,) avikel otV e. Apa, Ba 1oydet

©)
Ax, + By, +I =0 A(x, +AA)+ B(y, +AB)+1 =0

& (A +B)A+(Ax, + By, +T') =0
Axy+ By, + 1T

SA=—
A* +B?

Emopévmg, AMdym g (3), Ba €rovpue

A B I A B I
d(M0,£)=‘ xo"' J’o"' ‘ (445 = | 14X, + By, +1 | ‘

JA*+B?

Amodei&ope dnradn ot

| Ax, + By, + I |

NA*+B?

d(M,,&) =

o moapdéderypo, m amoéctoon tov onpeiov M (-12) oamnd v evbeia
g:4x+3y+8=0 eivon ion pe

_J4(-D+3-2+8] 10

Ja#ey s

d(M()?g) :2.
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Yroloyiouos Eufadod

I°(x3.,53)
‘Ecto A(x19y1)7 B(xzayz) Kat F(x33y3) Tp{(l on-
peio Tov kopTeEGLOVOD emmédov. Gélovue vo
vroloyicovpe To euPaddy Tov Tprydvov ABI . Blx2.y2)
Av I givar 1o Vyog tov ABI amd v Kopven
I, t6te Ba 1oydet

1
(4BI) = —(4B)-(I'A). ) A(x1)

To (4B) etvaun amdotoon tov onueiov A(x,, y,)
kot B(x,,y,). Emopévag,

(AB) = J(x, ) + (v — 1)’ )

To (IA) etvor 1 awdoTaomn Tov onueiov I and v gubeia AB. o va v vworoyi-
covpe, Oa Bpovpe tpdta Vv e€icmon g AB.
H AB, av dev eival mapdAinin mpog tov d&ova ¥y, Ba £xel cuvieheotn d1evHOvv-

ong 2 =22"N  onbde o éyer ebiowon

Xy =X

AB:  y-y =2y,

X, =X
N omoia YPAPETOL 1IGOSVVALLOL
AB: (X, =x)(y =)=, = »)(x—x)=0. 3)

Av, dpmc, 1 AB givor mopdAinin mpog tov afova »'y, tote Ba £xet e&icmon X =X,
N omoia maipvet ko avtn T popen (3).
H g&icwon (3), petd v extéreon tov Tpa&emv, YpapeToL

AB: D =»)x+(x, = x)y+(xy, —x,,) =0. 4)

Emopévag, n andctaon (/1) tov I and v gvbeia 4B givon ion pe

(FA)(i) | = 2)% + (x5 —x) s + (%), —%,0,) |
VO =2+ (6 =%

(32) | (5 = X)) =) =, =) _x1)|'
\/(xz _x1)2 +(y2 _y1)2
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Apa,
| X=X =N |
(IA) = x3_x12 Y3 =0 . (5)
\/(xz _xl) +(y3 _yl)
"Etot, 1 wootta (1), Adyw tov (2) kot (5), ypdeetot
(ABF)=l|x2_x] Vo= E (6)
20x%-x Y30

Onwme, n 1 ypopun g opilovcog eivatl ot GUVTETUYUEVES TOV SLOVOGLLOTOG AB
KO 1 21 YPOLUY Ol GUVTETOYLEVEG TOV SLOVOGHOTOG Al Emopévmg, n opilovca
ovtn glvan iom pe v opilovoa det(AB, AT") twv VLG LATOV AB xau AT .’Etot,

n oxéon (6) ypdopetat

(ABIN) = % |det(AB, AT') |

TINo mapaderypa, av A(0,1), B(-1,0) kot I'(3,—-8) €ival ot KOpvPEg evog Tpt-
yovov ABI, 101€ AB =(-1,-1) xa1 A’ =(3,-9), ondTE TO euPpadov tov ABIT

eivat

S -1 -1
(ABT) = 1| det(AB, 4T 1= 1 | =liace
2 2] 39" 2

EPAPMOI'EXY

1. Na 0T0dELYTEL OTL 1| UTOCTOCT TOV EVOLIDV &, 2 Yy =AX+ f; ko Yy =Ax+ B,
diveTon amé Tov TOTO

|ﬂ1_ﬁ2|

d(g,,¢€,) =—F—=.

N1+ A2

AIIOAEIZH

H andotaon tov &, kat g, eivar ion pe vy andctacn onoovdnnote onueiov g
evbeiog &, amd TV gvbeia ¢,
I'o x=0, and v Tpd™ e&icmon Ppickovue 6Tt y = B, . Apa, To onueio A(0, )
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QVNKEL GTNV &, OTOTE £XOVUE

d(gl,f,‘z) = d(A,&‘z)

_NAO0BEB L 00 6, Ax—y4 B, =0
AP +1
|ﬁ1 _ﬁz |

NIEY R

2. Oewpovpe to onueio A(-3,0), B(-2,0) ko I'(—4,2). Na Ppedei o yeope-
TPIKOS TOTOS TOV onueiov M(x,p) yio ta onoia woyvsw: (MBI)=2(ABI)

AYZH

To epPadov tov Tpryddyvov ABI givor ico e

Ay
1 —_— == 1,01 0
(ABI')=—|det(AB, AT ) |=—| =1,
2 2 -1 2
4 M
gve tov (MBI) glvon ic0 pe
| 1|2 2 °_,
(MBI')=—|det(BI',BM) |=—| = x+y+2| A4 B X
2 2 |x+2 y
Enopévamg, to M(x,y) givatl onpeio Tov Ye®UETPIKOD
TOTOV, AV Kot LOVO oV 1oy 0EL

|[x+y+2=2&x+y+2=2 N x+y+2=-2
S y=—x N y=—x-4.

Apa, 0 (NToOUEVOS YEMUETPIKOG TOTOG amoTeAEiTon oo Tig evbeieg
y=-x Ko y=-x-4,
o1 omtoieg ivan TapaAinAeg Tpog ) Bl .

AXKHYEIY
A" OMAAAX

1. Na Bpeite v amdcToon TOL onpeiov A(-2,3) and v gvbeia
(1) x+y+1=0 (i) y=2x-3

(iif) %%:1 (iv) 5x+3y+1=0
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3

10.

Atvovtat ot evbeieg g, : 5x—-8y—51=0 Ko &, : 5x—-8y+68=0.

(1) No dei&ete 0t ¢,/ /¢,

(if) No vToAoyiceTe TIg AMOCTACELS TNG APYNG TOV 0EOVOV 0l TIG &, Ko &,
(iii) Na vroloyicete TV 0mOGTACN TOV &, KOL &,

Atvovtal ot evbeieg g, 1 4x—3y—-9=0 K &, : 4x—3y—-24=0.

(i) Nao dei&ete o011 ¢,/ /¢,

(i1) Na Bpeite éva onueio g &, Kol 6T GLVEXEWN VO VTOAOYIGETE TNV
anOCTOCT TOV &, KO &,.

[Towo onpeio g evbeiog 2x —3y = 30 wanéyetamd taonpeion A(1,3) ko B(7,9);

Na Bpeite v e&iowon g gvubeiog | omoia £yl cuvtelestn devOVVONG

A =-3 kot oméyel and TV apyn Tov aEOvev andctacn ion Le S Hovades.

H evbeia ¢ :3x-2y+1=0 givon pecomapdAinin 600 TopdAnimv svbeidv
&, Kav g, Tov anéyovv 8 uovades. No Bpeite Tig e8100GEIG TV V0LV OVTMV.

Noa Bpeite T0 euPadoOv TOV TPLYOVOL HE KOPVOES:
(111) A(L 2)7 B(37 4)9 F(_Ss _4)

Atvovton to onpeio A(5,1) ko B(1,3). Na Bpeite to onpeio M tov GEova
x'x, yio. To omoio to epPadov Tov Tprydvov MAB givon ico pe 7.

Aivovton ta onueior A(3,4) xor B(5,-2). Na Bpeite 1o onueio M, tétot0,
®ote MA=MB «xair (MAB) =10.

Evog mapodnAoypoppov ABIA o1 TpELg KOPLOEG TOV £XOVV GUVTETAYLEVES
(-3,1), (-2,3) ko (4,—5). No vmoroyicete T0 eUPadoV TOL TUPOAAAGY POV,

B OMAAAX

Na Bpeite v e&lomon g gvbeiag, 1 omoia SIEPYETAL OO TNV OPYN TOV
a&Ovav kot looméyetl and ta onpeio A(-2,0) kot B(0,2).

Na Bpeite to onueio Tov dEova x'x, T0 0moio 1oATEXEL OO TNV OPYN TOV
a&ovov O kot and v gvbeia 5x+12y—-60=0.

Na Bpeite Tic e&lodoelg TV evbeldv o1 omoieg d1EpYovTaL omd TO oNUEL0
M (1,2) xou oynuatifovv pe toug aoveg tpiywvo pe epPadov E =4.
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10.

Na Bpeite 116 e&lodoelg TV gvheLdY o1 omoieg diEpyovar amd TV apyn
tov 0&6vov O kot aréyovv ontd to onpeio A(-1,3) andctaon ion pe 1.

Na Bpeite ta onpeia g evbeiog x—y +2 =0, To owoia omEyovv amd v
gvbeio 12x -5y +60 =0 andctoon ion pe 1.

Na dei&ete 6T ta onpeio A(e, ), B(y,0) xar I'(a—y,B—0) givar ov-
vevbelakd, ov kot povo av ad = By.

Atvovton ta onueion A(e,0) ot B(0,8), ue a,B #0. Av n pecokdBetog
T0V AB tépuvel Tovg déoveg ota onpeia P(p,0) ko 0(0,q), va dei&ete Ot
() ag+Bp=2pq (i) ap+pg=0.

211 GUVEYELN VO EKPPACETE TO P KO (| GUVOPTHCEL TOV & KoL f.

Na Bpeite 116 €€10DGEG TOV SOTOU®V TOV YOVIOV oL oynpatifouv ot
gvbeiec 3x—4y+1=0 xou Sx+12y+4=0.

Na Bpeite v e&lowon tng gvbeiog n omoia Si€pyetal amd To oNUEio To-
ung tov evbetmv x—y+1=0 kot 2x—3y+5=0 kot anéyel and 10 oNueio

A(3,2) amootoon ion pe %

Aivovton ta onpeio A(-1,-2) kot B(3,1). Na Bpeite To cUVOAO TV oNUET-
ov M yw to onola woydel (MAB) =38

I'ENIKEY AXKHXYFEIY

Na Bpeite v e&lowon g gvbeiog, N omoio diépyeTon amd To onpeio
M (1,0) ko Tépver Tic gubeiec y =x+2 kot y = x oto onueio 4 Ko B avti-
otoiymg, £€tol, wote (AB)=2.

Noa amodei&ete 6tL 01 v0eieg Ax+ (A —1)y =24 kot (A +1)x+ Ay =24 +1 1é-
pvovtat yio OAeS Tig TiéG Tov A € R. TTo1og gival 0 yedpeTpikdg TOTOG TV
onueimv Toung Tovg;
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Av o tpeig gvbeleg o, x+ S,y =1, pe k =1, 2, 3, diépyovtat and to 1810 on-
pelo, va arodeiEete 6t o onpela (a, ,fB,), kK =1,2, 3, eivor cuyypopptkd.

Na Bpeite v gvbela n omoio cvvdéel o onpeio 4 (o, B) pe To onueio

TOUNG TOV gvbetoy X+ Y o1 ko L4 Y = 1,0mov a,B #0 Kot o = +£.

a f p «a
Av ot gvbeieg 2221 xa S A S TOPAAANAEG HE A >a Kol
a p A B

pA-a)

Ja’+p?

B >0, va dei&ete 611 M amdoTOoN pETAED TV VOBV eivol ——x=

Na dei&ete ot
(i) H e&lowon x* —4xy +y* = 0 moprotavel S0 gvbdseiec.
(i1) KaBgpd oympariler pe mv x—y =0 yovia 30°.

Na Bpeite cuvOnkn, dote:

(1) Hevbela ax+pBy+y =0 va opilet pe To0¢ AEOVEG 1IG0GKEAEG TPiy®VO

(i1)) O d&ovag xx va Odryotopel ™ yovia tov gvbeidv pe e&iodoelg
g :ax+pBy=0 xat ¢, :o,x+ B,y=0.

>10 dimhovoe oynuo. to ABIA eival te- YA

TpAy®Vo eved T EAB ka1 ZBI gival 166- V&
4(0,2)

TAELPO TPLYyOVO TAEVPAG « = 2.
(1) No Bpette i cuvteTOyEVESG TV E Kon Z.

V4

(i1)) No amodei&ete 6t1T0 ONpEia 4, E ko
Z gival cuvevbelokd. >
A(0,0) B(0,2) X

EPQTHXYEIY KATANOHXHY

. Xg Kobévay amd TOVG TOPAKAT® 1oYVPICHLOVS VO KUKAMGETE TO A, av gfvor
oAnong, kot to W, av eival yevdng:

* Hevbela y = —3x+ 5 oynpartifer o&elo yovia pe tov aéova x'x AY
* Otevbeieg x =5 kon y =—2 &ivon kaOeteg AVY
* H ekiowon (a+ 1)x+(oc2 —1)y+10 =0, a eR mopotavel mavrote evbeio A ¥
* Hevbeio 3x+4y—1=0 de Siépyeton oo v apyr] TV aEOVMV AY
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2.

e H &flowon y—-2=A(x-3), 1 € R mapiotdvel yia 11§ S14¢QOopEG TIHES TOV
A 6Aeg TG gvbeiec mov diépyovtarl amd to onueio A(3, 2). A Y

Noa avtictotyicete KaBe onpeio TG TPOTNG GTAANG o1V vbeio TG dEV-
TEPNG OTNANG GTNV OOl OV KEL:

Xnpeio EvOsia
A(2,1)

B(2,3) y=3

(1,2) x=2

4(0,3) 3x—-2y=0
£(0,0) 2Xx -5y =-8
7(2,8)

No KUKADGETE TN 6MOTH KABE PopA amdvInon:

e Ot evbeieg 2x—y—-4=0 wor x—-3y+3=0 téuvovialr o10 oMpeio:
0(0,0) A(2,0) B(0,1) 1(3,2) A(1,1)

* Avn evbeia Ax+ By+I =0 £€yel cvuvrereotn devBuvong, Tte GLUTE-
paivovpue Ot

=0 A=0 B#0 A=0
* Mo gvfeia ka0t oty gvbeio & 1 y = X glvou n:
y=x+35Y, y=2, x+y=8, y=-2x, x=-1

Atvetou n gubeia ¢ 1y =3x+8. No ypdyete :

e Avo0 gvbsieg TapAAANAEG OTNV &

e Avo gvbeieg kaOeTeg OTNYV €

e Tnv evbBeia v TOPEIAANAN GTNV € TOV SIEPYETOL OTTO TNV AP TOV AEOVMV
* Tnv gvbeio v KAOETN GTNV € TOV JEPYXETOL OTTO TNV APY TOV AEOV®V.

No kvKAdoete v gubeio TOL AmEYEL TN LEYOADTEPT AMOGTACT OO TNV
apyn TOV aEOHVOV:

* &:3x-10y-1=0 * &5,:3x-10y-6=0

® &:3x-10y-9=0 * g,:3x-10y+6=0.

Ot evbeieg 2x+y+2=0 ko1 2x—y+2 =0, givou
A. TlapaAiniec B. Kdé0Oeteg
I Zoppetpucéc mg mpog tov déovaxx A, ZOUUETPIKESG WG TPOG TOV GEOVA. 'y
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3 KONIKEY TOMEY

Eiwcaywyn

H peién g édierymg, ™g mopafoing kot g vepPoAng amd Toug Apyoiovg
"EAMveg pobnpotikong goivetol 0Tt glye a@etnpio T 6YECN QLTOV TOV KOUTV-
AV e OPIGHEVE TPOPANLOTO YEOUETPIKMY KOTUCKELMOV, OTMG, Y10, TOPASELY LA,
TO TEPIPN O TPOPAN O STTAAGLOGHLOD TOV KOBOoL:
“Aobévrog evog KOPoV, Vo KaTaokevaoTel EVaS GAL0S e AITAGTLO OYKO ™.

Me odyeBfpikd cUUPOAGUO aVTO GNUOIVEL OTL OV 0 Eival | TAEVPE TOV APYLKOV
KVOPoV, Vo KataokevaoTel £va evBvypapo TURHa X, Tov Bo gival 1 TAELPA TOL
KOPBov pe 6yko 2a’, dnhadn X' =2a’. O Ipdxrog (450 mepimov p.X.) avagépet
011 0 Itmokpdng o Xiog (430 wepinov m.X.) ROV 0 TPMTOS TOL AVIYALYE TO TPO-
PAnua duthactosov Tov KOBov oTtnV TapeUPoAn 600 HEGOV aVOAOY®OV AVAUECO
GTO 0 KOl TO 20, ONAdN GTNV KOTACKELT dVO TUNUATOV X Kol Y, TETOU®V, OCTE
¢ % = % (1) (am6 TIg averoyieg antéc mpokvmTet €bkora 6Tl X° = 2, Snhadn
70 x Ba glvor  TAevpd Tov {nTovEVOL KVPOV).

YrevOopuilovpe €d® 6Tt TO TPOPANLO TOPEUPOANG LG HEGTG VAAOYOL aVELLE-
6o 6€ dV0 YVOOTA TUAHATO o, f (ONA0dT N KOTOGKEVT TUUATOG X TETOL0V, MOTE
%: i) Advetol e0KoAn pe Kavova kot SN, oniadn pe tn Pondeio gvbeiog
KoL KOKAOL. Agv 16Y0EL OU®G TO 1810 Yo TNV TopeUPOAN dVO HEC®Y OVOAOY®OV M
omoio amontel TN YPNOLOTOINCT SOPOPETIKOV YEOUETPIKMOV KAUTOA®Y. Emet-
M and Tig avaroyieg (1) mpoxdmtel x° =ay (2), y* =2ax (3) ka1 xy=20° 1

20

y= (4), ocoumepaivovpe OTL To URKN TOV TUNUATOV X KoY Oa givatl ot ov-

VIETOYUEVES TOV ONUEIOL TOUNG dV0 amd TIg TPELS KOUTOAES (2), (3) kot (4), mov
givo ovtiotoiymg 00O TopaPoAiéc Kot pio vepPoin.

H ppdon “Mevarypeiong kovotopelv TPLadas”, Tov avapEPETOL GE £VOL ERXTYPOLLL-
po tov Epatocévn tov Kvpnvaiov (250 mepimov m.X.) oyetikd pe 1o duthacio-
opd Tov KOPOL, £xel 0dNYNGEL TNV VITOBEST OTL O1 TPELS AVTEG KOUTOAES CLVOLKOL-
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A0eONKay amd Tov Mévaryo, etaipo otnv Akadnuio tov [TAdtova, yopm oto 350 w.X.
Zm pio amd 116 dvo Avoelg Tov Mévarypov, Tov avapépel o Eutokiog o Acka-
Aovitng (550 mepimov p.X.), ot KopmTy-
AeC KatookeLAloviol COUP®VA LE TO Topofors
YEOUETPIKA 16000vapa Tov (3) ko (4).
Ta mapddetypo, to M, og onpeio g
mopaPoAnc, wpocdopiletal, £T6L MOTE

< A 0OOUTTOTN

10 TETPAy®wVo TAevpdc MK va givor 160-

dHVapo mpog Eva 0pHoY®VIO e TAEVPEG

2a ko MA (dnhadny ¥* =20x), Vi o AGOUTTOTN

onueio g vepPoing, £161 doTE TO Op- (nrobpeva
Ooymvio pe mhevpég MA kaw MK vo glvar  tpfjuato
1603UVOLO TTPOG Eva 0pHOYDVIO LE TAEL-

péc 2a xan a (dNAadn xy =2a’). Téhog,

o (ntodueva TUMpaTo X, Y tpocdlopilovror eépvovtag Tic kabeteg amd to on-
peio Topuns Twv SVO KAUTHA®Y TAVE GTIC OGVUTTOTESG TNG LITEPPOANS (N pio omd
TIC 0Toieg glvort TaLTOYPOVA KOt AEOVAG GUUUETPING TNG TOPAPOANG).

Ipow oto 300 ©.X., N vrepPoin, N wopaPorn Kol n EAAEYN giyav yivel aviikei-
LEVO GUOTNHOTIKNG UEAETNG, G Ol TOUEG TTOL ONULOVPYOVVTIOL GTNV ETLPAVELQL
€VOC K®VOVL 0o £va. emimedo KAOETO G€ Lol YEVETELPA TOV.

opbn
@vio
o

Avaroya pe T yovie  ofgia
yovia

™G KOPLENS TOV KOVOL

ol KapmdAEG avTtég opi-
lovtav g “o&uvywmviov
K®VoL Topn” (EAAetym),
“opBoywviov k®vov toun” (mapafoin) Kot “opl-
Proywviov kdvov topn” (vepPfoin). Ot dpot av-
Tol ypnoomolovvtol amd tov Apyundn (287-212
m.X.) ota épya tov “Terpayovicopdg opboymviov
K®OVOL TOUNS” kot “Tlepl KOVOEWEMV KOl GOALPOEL-

démV”. AtokopOPm®a TG 0epnTIKNG LEAETNG TOV

TPIOV KOVIKOV TOU®V KOTE TNV apyondtnTa, banpée to mepipnuo épyo “Kovikd”
Tov AToALdviov tov [epyaiov (250 wepinov m.X.), 0 omoiog otnpiytnKe 6€ TPO-
nyovpeva £pya tov Apiotaiov Kot tov Evkieidn, ta omoia dpwg de dtucmOnkav.
Ta “Kovikd” ftav yopicpéva o 8 BipAio, Tov TEPLElyov Lo Yoy YEOUETPIKN
Osopio TOV KOVIKGOV TOP®V Kot £vo LeYIAo TAN00G VE®V amoTeAeoOTOV. XT0 7
npodto PiPAio mov £yovv dncwbel vapyovv 387 Bempruata evd 6to 80, dT®G
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ovvayetol and poptopio tov [arxmov, vampyav dAia 100. Mo Poacik Kowvo-
Topio. TOv ATOAAMVIOL LTNPEE 0 OPICUOG TV TPIDOV KOUTOAWDV SIUUEGOV TPLDOV
SLOPOPETIKOV TOUDV EVOG KOVOL, KaOMS Kol 1) El0aymyr TV dpwv “Tapafoin”,
“EMenym” ko “vrepPoin”.

Ta ovopoto ovtd €xovv AUEST GYEC™N UE TO VEO
TPOTO OPIGHOV TOV KOVIKOV TOUDV 010 TOV ATOA-
ADVI0, COUPOVO [E TOV 0Toilo, o KAOe Toun TOV

K®VOL ot TO eMIMEDO avTIoTOYYEL éva oTabdepd PNn-
koG (TopAueTpoc), To onoio eoptdtal and To &i-
d0g tov K®VOL Kot amd T Béon Tov emmédov. O

TOPALLETPOG

Amolldviog €de1&e OTL Yo kKGOe KopmoAn o 0o

ypoppookiocuéve ppodd oe kabévo amd to dt-
mhava oynuato givor ica peta&d tovg. To éva and
oVTA givot To TETPAY®VO e TAEVPA TNV KAOETN Y amd onueio TG KOUTOANG TPOG

Tov GEova GuupeTpiag TG TO AL gival éva opBoym-

VIO HE o TAEVPE TNV

M DR amOGTOGT X TOV {Yvoug M
yi i ovTNG ™S KABeTNng amd y:
xA: ' NV KOPLPN TS KOUTD- X % o
E._P i Ang. H oxéon g dAAng gp | i
é : TAELPAC TOL opboym- \;:i : ;
g— i viov mpog 1t ortabepn § :r——: EMketym
| L_a

s TOPAUETPO NG TOUNG
glvar avt) mov kabopi-

Cel tn popen Kot To GVOUM TNG KOUTOANG. Av 11 GAAN
TAeLPA 16oVToL (“TapafAAreTarl”) TPOG TNV TOPAUETPO, TOTE 1| KAUTOAN £ivor
mopaBorn). Av 1 dAAN Thevpd eivor pukpotepn (“eAleinel”) amd TV TOPAUETPO,
N KopmOAn givor EAAeyn, evod ov givar peyorvtepn (“omepPaiier”’), N KOUmTOAN
glvan vepPon.

3.1 OKYKAOX

Eéicwon Kokiov

"Ectom Oxy éva ohotnpo cuvietaypuévov 6to eninedo kot C o KOKAOG e KEVTPO

to onueio O(0,0) ko oktiva p. I'vopilovpe and ™ 'eopetpia 6TL £va onueio
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M (x,y) avikel otov koK o C, av kat uoévo ov Ay
anéyel oo 1o KEvrpo tov O andotaot ion pe
p, MAadN, av kot Pdvo av 1oydEL:

(OM)=p ) P)

Ouwg, (OM) =/x* +y*. Emopévag, n (1) ypd- 0 1(0,0) :
peTon
C
VX' +y* =p 1, 10080vapa,

X’ +y°=p’. 2)

ITapatnpodpe, dNAdT, OTL 01 GUVTETAYUEVESG TV CNUEI®V TOV KOKAOL Kol LOVO

M(x 5)/)

avtég emaindebovv v e&icwon (2). Apa, o KOk og pe kévrpo 1o onpeio O(0,0)
Ko okTiva p €xel eElomon
X4yt =p? (3)

T mapaderypa, o KOKAoG pe kévipo to onpeio O(0,0) kar axtiva p =1 €yet €&i-
cwon x” +y° =1. O kdkhog awtdg Adyeton povadiaiog KOKA0GC.

Hapauetpixés Eélomoeis Kvklov

‘Ectow 0 kokhog C:x*+y?=p° xar éva onpueio
Mix.y)

M (x,y) TOV KAPTECIOVOV EMUTESOV.

Av 10 M(x,y) avikel atov kOkAo C ko ¢ €[0,27) \iﬂ

givou n yovia wov oynuotilel To dStvucpo OM ue o

Tov d&ova x'x, TOTE, OTMC Yvopilovpe amd v Tpt- \J

yovouetpia, 0o 1600V 01 GYEGELS:

el 4

X=poovep ko y=pnup. (1)
AvTtiotpopmg, oV Y10 TIC GUVIETOYUEVES X, Y TOV M 1oyvovv ot oyéaelg (1), Tote 10
onueio M Ba avikel otov kokAo C, apov

x*+y" = p’ouvip + p’nuie = p(cuvip +Muip) = p’.
Emopévmg, o1 cuvtetaypéveg tov onueiov M(x, y) tov kokiov C kot povov ow-

TG IKOVOTIOL0VV TIG EEIGMGELS

|x=p60wp Kol y=pnpe, <pe[0,27r)|

O1 e&lodoelg avtég Aéyovtot TapapeTPIkég eE16MGELS Tov KuKAoL C.
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Egpantouévy Koxiov

"Eoto ¢ n epamtopévn tov kKOKAOL Ay e
C:x*+y> = p’ og éva onueio Tov A(x,, ). /M/
I'vopilovpe and ™ leopetpia otL éva on- ()
peto M(x,y) avikel otV &, oV KOl LOVO OV A(x1y1)

OA L AM, dnhadn, av Kot Ldvo o oy OEL

OA-4AM =0. (1) 0 >
Onwmg a:(xl,yl) Ko m:(x—xl,y—yl).
‘Etoun (1) ypaoetor dradoyikd
x(x=x)+y(-»)=0
XXy =5+ W
X6+ =p, apob Xy =p’

Enopévog, n epantopévn tov kokAov x° +y° = p® oto onueio tov A(x,,y,) &xet
e&icmon

| XX1+yy1=p2 |

Mo mopdderypa, n epoamtopévn Tov kKokkov x°+ 3> =1 oto onueio A(l,gj

éyel e&lomon x%+y? =1, n omoia ypaopetat x+\/§y—2 =0.

H E&icwon x*+y’+Ax+ By +I'=0

e ’'Eotow Oxy éva oOOGTNUO OCULVIETAYLE-
vov 610 eninedo kot C o kOKAOG pe KEVTPO
K(x,,y,) xou oktiva p. ‘Eva onueio M(x,y) K(xo,10)
ovnkel otov KuKAo C, av Kot HOVo av améyel

P
omd 1o Kévipo tov K andotact ion pe p, on- M(x,yz

A00M, oV Kol LOVO v 1oYVEL 0 X

(KM) = p ey

Opog, (KM) = \J(x=x,)> +(y—1,)" -
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Emopévag, n oyéon (1) ypdoetot:

Jo=x ) +(r=y) =p M, 10080v0pa, (x—x,)> +(y-y,)* = p°.

Apa, 0 kOKAOG pe kEVTpo K(x,,y,) kot aktiva p €xel e&icwon:

| (x=%,)2+(y-,)* = p* | @)

"Etot, yuo mapaderypa, o kokhog pe kévipo K(1,-3) xai axtiva p = 2 &gl e&icw-
on (x—1) +(r+3)° = p*.
® Av 1dpa exTEAEGOVUE TIG TPAeLs, N e&lowan (2) ypdpeTal
x4y =2x,x =2y, y+(x; +y; —p°)=0,
OMAadn maipvel T Lopon
X’ +y +Ax+By+T =0, 3)
2

omov A=-2x,, B=-2y, xau I =x; +y; —p’.
Avtiorpopwg, Kabe e&lowon g popeng (3) ypapeton Stadoyukd:

(x2 + A)c)—i—(y2 +By)=-I"

2 2 2 2
N N y2+2§y+B— s B
274 274 4

4
AY BY A*+B’-4r
X+—| +|y+=—| =—m.
2 2 4

Emopévacg:
—Av A’ +B* —4I" >0, 1 eéicwon (3) ToploTAVEL KOKAO LE KEVIPO

A NA*+ B’ -4r

B .
K| ——,—— | xatoxtiva, p =
(2 2) 2

— Av A*+B*-4I =0, n efiowon (3) mopiotdvel éva povo onueio, to

— Av A* + B’ —4T <0, n e&icmon (3) eivar advvorn, dniadn Sev vdpyovv on-
peion M(x,y) TV Omoi®wV Ol GUVTETAYUEVEG VOL TNV ETOANOEVOLV.



85

Amnodei&ope Aowtdv Ot

Kabe xokhog xel e€icmon g LopPng
X’ +y +Ax+By+T =0, pe A +B -4 >0 @)
KoL avTioTpoQmg Kabe e&iomon g popeng (I) mapiotdvel KHKAO.

H e&iowon x° +y* —4x+6y+12 =0, yio. mapdderypa, ypdoetat dradoyikd
(x* —4x)+ ()’ +6y)=-12
(xX*=2-2x+2)+(1* +2-3y+3)=-12+2°+3°
(x=2)+(y+3)* =1*.
Apa, mapotdvel kKokho pe kévrpo K(2,-3) kot axtiva p=1.

E®PAPMOI'EXY

1. Na Bpebodv o1 eicdoeig TV cpomTopévev Tov KoKAov C:x2+y2 =5
mov diépyovral amé to onueio A(3,1), ko va awodE TEL OTL 01 EQUTTONE-
veg avTég givon kaBeTes.

AYZH

Eoto ¢, pa epantopévn tov kvxiov C mov
Siépyetal amd to onueio 4. Av M, (x,,y,)
glvor o onueio emagrg, tote N g, Oo £xet

eglowon

xx +yy, =5 (D

Ko emeldn diépyetar amd to onpeio A(3,1),

&

Oa 1oyveL
3x,+3, =5 )

Opnwc, o onpeio M, (x,,y,) avikel otov KOkAo C. Apa, Ba 1oydet
X +yl =5 (€)

Enopévamg, ot cuvtetoypéveg (x;,y,) tov M| givar 1 ADGN TOL GLUGTHHATOG TOV
e&lomoemv (2) kot (3). Advoope 1o choTna avTd Ko fpickovpe S0 ADCELC:

(xl,yl):(1,2) ﬁ (xlayl):(zr_l) (4)
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Apa, vépyovv dvo epamtdpeveg Tov C mov diépyovrot amd o onpeio A(3,1), ot
omoigg, Aoym tov (1) kot (4), &xovv eEloMoElg:

& - X+2y=5 & :2x-y=5.

, . , . 1
Eneion o cvvtereotég S1evbvvong tov &, ko &, eivar A, = -3 Kot A, =2, ol gv-
Ocieg &, xan g, etvon kabeteg.

2. Aivovtar o1 kOKAoL C, : (x—2)} +(y—3)* =5° kau C, : x> +(p+1)* =3%
(i) Na Bpe0zi n elicmon g epantopévng & Tov KOKAov C, 6710 onusio
A5,-1).
(ii) No amoderytel 611 ) & £@amTETOL Ko TOV KUKAOVL C..

AYZH

O wokhog C, éxet kévipo K(2,3) xar aktiva

5, eved o xukAog C, €xer kévrpo A(0,-1) xau

oktiva 3.

(1) P'vopilovpe and ) leopetpio 6T évo on-
peio M(x,y) OVNKEL GTNV &, OV KOl LLOVO oV
AM 1 KA, dnhodn, av Kot Ldvo o

KA-AM =0. (1)
Ounog, @:(3,—4) Ko m:(x—S,yH). G g
"Etot, n (1) ypdoetor dio.80y1Kd A
3(x-5—-4(y+D)=0
3x-4y-19=0.
Apa, 1 e&iomon g € eivat:
3x—-4y—-19=0. 2)

(i1) T va dgiCovpe 6T M & gpamteTar Tov KOKAov C,, apkel va deifovue 6TL 1
andotacn tov kEvipov A(0,—-1) tov C, and v ¢ gival ion pe v axtive Tov
C,, dnhaodn ion pe 3.
"Exovpue Aowmov:

3:0-4(-D-19] 15

V34 5

d(A,e) = =3
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AXKHYELY

A" OMAAAX

. Na Bpeite mv e&lowon Tov KOKAOL pEe KEVTPO TNV apyn TOV 0EOVOV GE
KoOed oo TG TUPUKAT® TEPIMTMOCELS:

(i) Otav diépyetar amod to onueio A(l, V3)

(i1) Otav diépyeton and o onueio A(a—B, a+f)

(iii) Otoav gpdmteTon g evbeiog x—y =2

(iv) Otav epdmteton g evdeiog ax+ By =a’ + f°

. No Bpeite v e&icmon g epomTopévng Tov KukKAoL x° +)* =5 oe kabde-
U atd TIG TOPUKATM TEPIMTOGELG:
(1) Otav etvar mapdAAnAn otnv evbeia y =2x+3
SN0 . . , 1
(i1) Ortav eivon k6Oetn oV gvbeia y = Ex

(iii) Otav diépyetar and 1o onpeio A(5,0)

. No anodeitete 611 01 epantdueveg Tov KOKAOL x° +)° =2 ot onueia
AL, B(-L1), I'(-1,-1) ko A(L,-1) oynuatiCovuv tetpdymvo pe dioym-
VIEG TOVG GEoves xx kat y'y. [Towo gival To epPaddv TOV TETPUYDVOL OVTOV;

. No Bpeite v e&icmon g xopdc Tov kiKAov x° + 1° =4 Tov €xel PEGO TO
onueio M (1,-1).

Noa Bpeite v &icmon Tov KOKAOL o6& KaOELUE 0O TIS TOPUKATM TEPUTTMOGCELS:

(1) Otav éxet kévtpo K (0,1) ko diépyetan amd to onpeio A(3,0)

(i1) Otav €xetl d1apeTpo to TR pe akpa A(-1,2) kot B(7,8)

(iii) Otav éxet axtiva p =5 kot tépver Tov déova x'x ota onpeia A(1,0) Ko
B(7,0)

(iv) Otav diépyetar omd to onpeio A(4,0) kon B(8,0) kat £xel 1o KEVIPO TOL
oty gubeio y =x

(V) Otav tépver tov d&ova x'x ota onueio A(4,0) ko B(8,0) kot tov déova

'y ota. onpeio 17(0,-2) o A0, u).

(vi) Otav gpdmretal tov aEova x'x 6to onueio A(3,0) kot Siépyetor amd To
onueio B(1,2).

(vil) Otav diépyetarl amd TV apyn TOV aEOVeV Kot eQArTTETOL TG gVOEing

3x+4y =12 oto onueio A(0,3).
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=)

Na Bpeite 10 K€vTpo Kou 1 aktive Tov KOKAOL oL €xel eElocmon
(1) x*+y* +4x-6y-3=0 (i) x> +y* —10x+12y-20=0
(iii) 3x* +3)* +6x-9y+1=0  (iv) x* +y* —dax+10By+4a’ +16B5°> =0.

Na Bpeite v e&lcwon g epantopévng Tov KUKAOL

(1) x> +y* —2x+4y+4=0 610 onueio tov A(l,—1)

(i) x> +y* —2ax-2By+a’-3B° =0 610 onpeio tov A(a,—p).
. Na Bpeite 1t oyetikn 6éon TV KOKA®V:

C :x+y =1 Kol C,:(x-1+y" =4.

B OMAAAX

. No amodei&ete 6t 1 e&lowon

(x—a)(x =)+ (y =)y =8)=0
TOPLOTAVEL TOV TEPLYEYPOUUUEVO KOKAO TOL TETPUTAEVPOL LE KOPLPEG TOL
onueia A(a,y), B(B,y), I'(B,0), Ala,8) wa1 6t ot A" kon BA ivon didiple-
TPOL VTOV TOV KOKAOV.

. Na amodeiéete 6tL 1 gubeion xoLvVE + yMue = dnue —2cLvve +4 EQATTETOL

70V KOKAOL X +y° +4x-8y+4=0.

. Am6 éva onueio M, (x,,y,) €kt6G T0VL KOKAOL x° + % = p° @épvovpe Tig

300 eQomTOpEVEG TOV. Av M|, M, givon ta onpeio emagng, va amodeifete 6Tt
N xopdn M M, éyer e&icwon xx, + 3y, = p°.

. 'Eot® C o x0Khog mov €xel kEvipo v apyn Tov a&ovev Kot SiEpyetot omd

to onueio A(3a,0). Av M givon éva omorodnmote onpeio tov C mov d¢e Ppi-
oKkeToL 6ToV A&ova, x'x, va amodei&ete O6T1 T0 KéEVTPO Papovg G Tov Tprydvou
OAM ovikel otov KOk O (x—a)* +)° =a’.

. Na Bpeite 10 yewpetpikd 16mo towv onpeiov M, and ta omoio o1 EPATTOLE-

VEC TTPOG TOV KOKAO x° + y? = p? eivon kaOeTeC,

. Noa Bpeite 10 yeopeTpikd t6mo TV onueiov M, v onoiwv 0 Adyog TV omo-

otdcewv amod to onpeion A(-3,0) kot B(3,0) etvon otobepdg Kot 160G pe 2.

. Noa Bpeite 10 yewpeTpikd tOmo TV onpeiov M, TV 0moiwv T0 TETPAY®VO

NG amOGTAONG amd TNV 0Py TOV aEOVeV glval G0 e TO TETPUTAAGLO TNG

oamdoTaong omd v gvbeion x=1.
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8. 'Ectw 10 tpiymvo pe xopuveég A(3,5), B(2,-4) wor I'(-5,—1). Na amo-
dei&ete OTL 0 Ye®UETPIKOG TOMOG TV onueiov M yio ta omoio 1oyvel
MA’ + MB*> + MI"'* =107 &ivar k0OKAOC pe kEvTpo To kEVTpo Pépovg Tov
Tpryovov ABI.

9. No anodei&ete 0TL TO onpeio TOUNG TV LDV
xouvvl + ynub =a Kar xqul — yooveo =
OVIKEL OTOV KUKAO
X2 +y2 :aZ +B2
v OAEG TG TIHEG ToL O €0, 277).

10. No PBpeite 10 YEOUETPIKO TOTO TOV HECOV TOV XOPODV TOVL KOKAOL
x* +y° =25, mov diépyovran and to onueio A(2,4).

3.2 HIIAPABOAH

Opiouoc Hoapafoing

"Ecto wo svbeia d ko éva onueio E ektdg g 0. Ovopdletar mapafoin e eotio
To onueio £ kot ogvderovoa v gubeia 0 0 yeopetpikdg 1émog C tov onpeiov
TOV EMIESOL TOL OTO1a, IGATEYOLV OTo TNV E Ko N J (Xy. o). Av 4 givar 1 Tpo-
BoAn g eotiog £ ot devbetovoa d, Tote T0 pEGo K Tov EA €lvol Tpopavdg
onueio g Topafoing Kot AEYETAL KOPLPT] TNC.

0 (dtevBetovoa)  C (mopafoin)

1

v

K\ E (sotia)

(o)
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T va Bpooue éva onueio g mapapoing C, epyalopacte g eéng: Taipvoopue
éva onpeto 77, e nuevdeiog KE (Zy. B) ko and 1o onueio avtd @épvovue Ty
k@Oetn oty KE kot €0t M, éva and ta onueio Toung g KAdetng ovTng Ko
TOL KOKAOL e KEVTpo 10 E ko aktiva [7,4. Tote, to onueio M, givor onueio g
nopaporrng C. Ipdypati, av P, eivar n opdn mpoPolr| tov M, otn dievdetovoa J,
tote Ba woyxder (M, B) =(I1,4) = (M,E), nradn d(M,,0)=d(M,,E).

Eéiocwon Hapafoing
e 'Eotow C o mapaPoin pe eotia £ kot digvbetovoa d. Oa Ppovpe v e&iocmon

g mapaporns C wg mpog chotnua cvvietaypévov Oxy e apyr O TV Kopuoen
™G mopaforng kot aEova x'x TV KaOetn amd 10 E oty 0.

Ay yA
p>0 <0 M(x,
Pt M) p () 1p
ul » .
Al O p X >
E[Z,OJ E[E,Oj O |4 X
2
Six=_P oix=-L
2
Av o710 chotnuo aVTo M TETUNUEVN TNG €oTiag £ elvon g, tote M e&lomwon g
P

dtevBetovoag Oa etvar x = 5

ZOUQMOVO LE TOV OPIoUO TG TTapafoAng, éva onueio M(x,y) Ba avhkel ot C,
av Kot Hovo av 1oyvEL

d(M,E) = d(M, 8). (D

Eivot opmg

2
d(M,E)= (x—gj +y° Ko d(M,5) = =




"Etor, 1 oxéon (1) ypaepetor dad0yikd.

2
P 2
L + —
[x 2) g
P ’ P ?
S + 2: + =
(x 2) 4 (x 2j

2 2

2 )4 2 2 )4
¥ -px+—+y’ =x"+ px+—
p. 4 y p. 1

x+L
a

y? =2px.
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2

Enmopévmg, n e&icowon g moapaporng C pe sotio E(%ﬁj Kot dtevbetovoa

. p
J: X =——c¢ival

y® =2px

INo mapaderypa, n wapaPorn pe eotia to onpeio E (1,0) kot dievbetodoa v gv-

Octa x=-1 éyer p=2 w1 emopévag éxet eEicwon y° = 4x.

O aplOuoc p Aéyetol TOAPAUETPOS TNG TOPO-
BoAnc ko n | p| moprothvel TNV andoTOC TG
gotiog amd ™ devbetovoa.

® AV TOp0O TAPOLUE GUGTIUO GUVIETAYUEVOV
Oxy pe apyn O v Kopuen s Topafoing Kot
a&ova y'y v kaet and to £ 61N J KoL gpyo-
otobue Omwg mpv, Ba Ppodue 6T N Topafoin
C éye1 e€icmon

X2 =2py

1
H e&iowon avt ypdpetatl icodvvapa y = 2—x2
p

KO TOPIGTAVEL T YPOUPIKN TAPAGTAGT TG YVO-
oS pog and v A’ Avkeiov cuvdptnong

, 1
=ax?, 6mov o = —
Y 5 2

p

=2y Ay
p>0
E(O,p
2
X
O >
p
oy=—=—
Y 2
YA  J0y=—
O | -
X
Ho2)
2
x2:2py

p<0
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T mopaderypa, n egicowon y = ixz TOPLOTAVEL TNV TOPoPorn Tov €xel p =2

Ko apa. €xet eotio to onueio E(0,1) ko dievbetovoa v gubeion y =-1.
Iowotnres Hapafoins

‘Eoto po mopafoin
y* =2px. (1

o Amnd v e&icwon (1) mpoxvmtel 6tL ta P ko x (ue X =0 ) eivar opodonua. Apa,
K0e popd M mapaPorn Ppioketor oto Nueninedo wov opilel o GEovag y'y Ko
eotia E. Emopévag, n mapaPoin Ppioketar oto nueninedo mov opilel n dievbe-
TovGa d Kou M gotia E.

® Av 1o onueio M, (x,,y,) etvar onueio g mapaforrc, dnrady, av y = 2px,, 16TE
Karto onpeio M, (x,,—Y,) Oa eivar onueio g {dtog mapafoing, apov (—y,)* = 2 px,.
Avto onpaivel 6tL o a&ovog xx eivar dEovag coppetpiog g mapaforns. Emo-
Hévmg, n kabetn and v eotia otn devbetovoa gival AEovog GLUUETPIOG TNG
mopaforng kot Aéyetal G&ovag NG TapaPoANG.

E®PAPMOI'H

"Eoto 1 mopaporn y° =2px ko pa £v0sio mov diEpyeTon amd TV £6Tia TG
ko tépveL v napofoin eto onueio M, ko M,,. No amodeyytei 6T1L T0 Yivope-
VO TOV amocTdocv Tov M, Kow M, a6 tov GEove x'x givar 6ta0gpo.

A

AIIOAEI=ZH ;Ml(xl,yl)

Av (x,y,) xo (x,,y,) €lvon ot cuVTETAYUEVES TOV
M, xar M, avtictoiywe, tdte o1 anootacelg twv M,
kot M, am6 Tov déova x'x Oa givar ioeg pe |y, | ko

ol 4

|y, | avtiotolymwe. Enopévemg, apxel vo deiovpe ot 0

10 |y, ||V, | elvor otabepd. Eneidn to onueia (x,,,), Ma(ery2)

(x,,y,) avikovv otnV TapaPorry y° = 2px, Oa 1oydet
2 2

yi =2px, Kou y; =2px,.
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Enouévag, ot cuvtetaypéveg tov onueiov M, kot M, Oa eivat
2 2
A e [ 22
(2}7 s yl J 2p H y2

2 2
Onwe, ta onuela E(E,Oj, M, y—‘,yl , M, y—z,yz givor  ovvevbelaxd.
2 2p 2p

OVTIGTOLYMG.

Enopévog: EM,//EM, , ondte €Qovpe S1000)IKA:

det(EM,, EM,) =0

2

NP

P M

2p 2

. =0

2p 2 :
Oi=r )y =PI

2p 2p
Vv =Yy =Py, +p’y, =0
y1y2(y1 _yz) = —Pz()ﬁ _yz)

o =-p, apov Yy # Y,

Apa |y |-y, Hyy Ep*.  (ctabepd)

Egpanrouévy Hapafoing

e 'Eoto pa mopafoin C pe e&icoon Ay
v =2px (1

Kot éva otabepod g onpeio M, (x,, ).

‘Eotw emmiéov o pn xoataxkdépven evbeia ¢ /
g
mov S1épyetar amd to M, (x,,y,) KOl TEUVEL TNV N

Ml(xlayl)

My(x2,y2)

ol 4

mapafoln kot ce éva aAlo onueio M, (x,,y,). ¢ \O
Tote n ¢ Oa €xel cuviedeotn devbuvong

1= Yo =N
X, — X, C
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Kot emedn di€pyetat and to onpeio M, (x,,,), 0a €xel eEicwon

vy =2 ). 2
X =X
Enedn to onpela M, (x,,»,), M,(x,,»,) aviiKovv 6TnV TopaPorr], Ot GUVTETHYHE-
veg Toug Ba emainBevovv v e&icwon (1). Apa, Oa 1oyvel

yi=2px, woau y,=2px,,
omdte Oa £yovpie S1000Y KA
Vs =y =2p(x, —x)

=y, +3)=2p(x, —x))
Vo= __2p

X, =X Yyt

‘Eto, n e&lowon (2) Ba mapet T popoen

2
y=n"= P (x=x)>»
Yt
Miadn  popen
D +y)=»n)=2p(x-x). 3)

AgvmoBécovpe Tdpa 6TL TOo onpeio M, (x,,y,), KIVOOHEVO TAV® GTNV Tapaforn
C, teivel va cvpméoet pe to onueio M (x,,y,). Tote oy, teivel va yivet ico pey,,
omote M e&lomon (3) g Tépvovcag ¢ Telvel va TAPEL TN LOPPN

(yy + Y)Y —y1) = 2p(X = Xy),
ONAadn T pHopery
yl(y_y]):p(x_xl)' (4)

H e&lomwon avt) moapiotdvel tnv eubeia g, mov glvor n opraxn Oéon TG TEUVOLGOG
¢, xabng 10 M, teiver va ovuréoer pe to M. H gubeio & Aéyeton gpamtopévn g
nopapolrg oto onueio M. H eicmon g epantouévng ypdeetar 51000 1KA.:

W=y =px—px
Yy, —2px; = px—px,
WV, = pxX+pxy

Yy, = P(X+X,).
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Enopévog, n epomtopuévn g mapoforng y* =2px oto onueio tng M, (x,,¥,)
&yel e&lomon

Y, = P(X+X,)

INo Tapddetypa, n epamtopévn g TapaBoric ¥y =4x oto onueio g M,(2,1)
éyereElomon y-2 =2(x+1), n onola ypapeton y = X + 1.
e Av o wopaPorn £xel e&lowon

x* =2py,

TOTE M EQATMTOUEVT TNG oTo onueio M, (x;,y,) €xel e&icmon

xx, = p(y+y).

Avaxlaoctiky Ioiotyra IHopafolys

Mo orovdaio 1010 Ta TG TOPAPOANG, YVOOTH OC AVaKAaOTIKY 1010THTO £IVOL
n e8ng:

H xa0etn otnv epantopévn wog tapafoing oto onueio emaghc M, dryotopel
™ yovia mov oynuatiCovv n nuevbeio M E xou n nuigvbeia M t, mov givol

opopponn g OF, 6mov E glvai 1 gotia g TopofoAns.

AIIOAEIZH
v

‘Eoto & n gpantopévn g mopafoing oto
M,(x,,y,) Kou N, T0 oNUEIO TOUNG TNG HE TOV
a&ova x'x. I'la va deiéovpe 0T @, = @, , apkel
va dgifovpe 0TL @, = ®, N\ 160dHvapa OTL Ni(-x1,0). 7).

(EM,) = (EN,). 0

[Mpaypoat, emedn m & €ger  e&lowon
w =p(x+x), 10 N, Oa €xe1 cuvtetoypéveg C

(—X%,,0), omoTe Bar 1oy vEL

2
(EM,) = [xl—gj +y7 Ko (ENI):‘§+x1.
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Enopévmg, &govpe:

(EMI):\/(xl_gj +Y12 :\/(xl_g) +2px,
_ (Xﬁﬁj -
2

H ypnion ¢ topoamdve 1016t yiveton ot TopafoAKd ThAEGKOTIN, GTO. PO

VIAp, OT0 OVAPLL TV OVTOKIVITOV, GTOVG TPOPOAEIG TV 0S0VIIATPOV KTA.

xl+§‘:(ENl). ]

Zuykekpluéva:

— Oleg ot axtiveg @TOHG TOL TPOSTITTOVY GTO TOPUPOAKO KATOTTPO TOPEAAN-
A0 TPOG TOV AEOVE TOV, OVOKAMDUEVEG, GUYKEVIPOVOVTOL GTNV ECTIA.

— 210 QOoVAPLO TOV VTOKIVATOV TOV £X0VV TOPUPOAKA KATOTTPO OL AQUTTY-
peg Bpiokovtor oy €otia Tovc. 'ETo1, 01 pOTEWEG OKTIVES, OVAKADUEVEG GTO

KOTOTTPO, EEEPYOVTOL TAPAAANAQ TTPOG TOV AEOVE TOL.

XXO0AIO
ZOUQOVO LE TNV TPOTNYOOUEVT] OTTOSEIEN, Y10 VO QEPOVLE TNV EPATTOUEVT] LLOG
mapofoing oe éva onueio g M, (x,,,), apkel va evaocovpe 1o onpeio N, (-x,,0)

pne to M, (x;, ).

E®PAPMOI'EXY

*1. Eoro n mopeforii C : y2 = 2px kot &), €, 0L EQURTONEVES TG TOPUPOINS
omd éve onpeio M (x,,y,) nE Xy =0. Av M, M, givon Ta. onpeio erapng
TOV £, &, pe TV TapaPorn C, va amoderytel 611
(i) H gvlgio M M, éyer eicwon yy, = p(X+ X;)
(i) H gvlcio M M, répystor omd Ty €6Tia, av Kot pévo av o M avikel
oT1] d1evBeTovoa TG Tapaforng.
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AIIOAEIZH

(1) Av (Xq,Y1) ko (x,,y,) €ivol ot cuvteTay- Ay
péveg tv onueiov M| ko M, t0te o1 gpa- M)

TTOUEVEG €, Kol €, Do £xouv eGlomoEls:

Mo(x0.y0)
& 1 =p(x+x) R
0 X
& 1y, = plx+x,)
Mi(x2,2)
Kol EMEWN Ol &, Kol &, SEPYOVTOL OO TO
M, (x,,¥,), B0 1GY00VV
0 &

Yoy, = p(x, +x) KOU y,», = p(X, +X,).

Enopévag, o1 cuvtetaypéves twv M| ko M, Oa enainbedovv v eicoon
Yoy = p(x, +x) (1)
Apa, 1 (1) Oa givor n eicwon g xopdng M M,.

(i1) Adym g (i), n evbeia M M, Siépyeton amd Ty eotio £ (%,0], oV Ko HLOVO oV
ot cvvtetaypéveg g £ enaindgbovy v e&lomon g yy, = p(X + X, ), dnrodn,

ov Kot Hovo av woyvet y,0 = p(xo +§) N 1odvvapo

Xy =—"—,

2

mov cupPaivet, av kot poévo av to onpeio M, (x,,y,) ovikel ot dtevbetovoa
x= —g ™mG¢ mopoforng.

YXOAIO

H evbeia M M, Aéyeton modixi Tov onpeiov M og mpog v napaBoin C, evod to
onueio M, Aéyeton wotog g M M, og mpog v C. Iapatnpodue 611 1 e&icwon
™G MTOMKNG £vOG onpeiov M (x,,y,) ®¢ mpog Vv mopafoin C : y’ = 2px éxer
popon mov Ba gixe N epantopévn g C oto onueio M, (X,,Y,), ov avtd avike
oty C.
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2. Ecto N mopaporn y° =2px Kai 1 £QOUATOPEVN TNG £ GE £vo, oNuEio TG
M, (x,,y,), M ooia Tépver T d1evbeTovoa TG Tapafoing 6to onusio M,.
No amodeyytei 6Tv M,EM, = 90°.

AIIOAEIZEH

H e&iowon g ¢ givan

W =px+x). (1)
M 1(X1,y1)
Ene1d1] to onueio M1 (X1, Y1) etvar onpeio g
2
napaBoAng, 1oxveL ) =2 px, , ONOTE X, = ;—]
p
Apa, oL cvvteToypEveg Tov M| givan X=
2 )
2p .
"Eto, m e&lowon (1) ypdoetot
» 2
yy1:p(x+gj n 2yy, =2px+y; . 2)

Enopévag, ot cuvtetaypéveg tov M, Ba givan n Adon tov cuothuatog

p

X=—=

2
2yy, =2px+y}

Amd ™y eniAvon Tov cLCTARATOG KWTOY BpicKovpie 0Tt 0L GUVTETAYHEVES TOV M, givor

2 2
_py-p
27 2y,
"Eto1, éxovpue

2 2 2 2 2 2 2
EM, = y_l_ﬁ,yl = u,yl Kow EM, = _ﬁ_ﬁ, i TP | _p,u
2p 2 2p 2 2 2y 2y,

2 2 2 2
omoTE EMI-EMzz—y1 2p + 2 2p =0.

Apa, EM\ L EM,, onéte M,EM, =90".
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AXKHXELY

A" OMAAAX

. Na Bpebei n e&icwon g mopafoAing mov £xel KopveN TV apyn TOV ago-
vov Kol aEova cvppetpiag tov dfova xx o Kabeid and T TopPaKAT®
MEPUTTMOOCELS:

(1) Orav éxel eotia to onpeio E(-1,0)

(i1)) Ortav €xel drevbeTovoa TV gvbeia X = —
(iii) Orav dépyetan and to onpeio A(1,2).
. Na Bpebei n eotia kot 1 dtevbetovoa ™ mapafoing pe e&lcwon:

(i) y*=8x (ii) y* =—8x

2

1, . 1
111 =—X 1 =——
(i) ¥ (@) y=-7

) Y =dax  (vi) y=——.
4o

. Alveton n mapaBorny ¥° = 2px. No amoderytel 611 1 Kopuen ¢ TapaBoing
glvol To TANo1EoTEPO OTNV £GTIOL GNUELO TNG.

. No Bpebodv ot cuvtetaypéveg tv onpeiov 4 Kot B g mopafoing y = %xz,
OV £Y0oLV TNV 1010, TETAYUEVT] KO 1OYVEL AOB = 90",

. Noa Bpebei n e&lomon g epamtopévng e mapaforng y = %xz o kabepd
oo TIC TOPOKAT® TEPIMTOCELG:

(i) Ortoav givor TopdAANAN oty gubeion  y=x+1

(i1)) Ortav etvon k6Oetn oV gvbeia y=-2x

(ii1) Ortav di€pyeton amd to onueio A(0,-1).
. No anodeiete 0TL o1 eQomTOUEVEG TNG TOPAUPBOANG ¥ = %xz ot onueio
A(4,4) xon B (—l,ij Tépvovtol Kafeta kot Thve o devbetovoa g.

B OMAAAX

. No anoderytei 611 0 kOKAOG (x—3)° +)° =8 e@dmtetan g TapaPorng
y* =4x. (Anhadn, &xovv Tig 81 epomTOUEVEC GTA KOVE GNUEiR TOVG).
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2. 'Eoto n mapaBorry y* =12x. Av 1 epomtopévn g mopaforng oto onueio
A(1,24/3) tépvet ov GEova x'x 610 onpeio B, vo amodelytel 6Tt T0 Tpiy@vo
EAB givol 160mAevpo.

3. 'Eoto n mapafoin y* =4x. Av n epantopévn g mapoafoAng 6to onueio
A(3,24/3) tépver t Sevbetovoa oto onpeio B, va omoderytel 0Tt 0 KOKAOG
He StapeTpo AB epdnteTon oTov AEova Xx 6TV €0Tic TNG TOPAPOANG..

4. 'Eotow M éva onueio g mapafoing y° = 2px. No anodeiytel 6Tt 0 kOKAog
pe didpetpo EM, 6mov E m eotio TG TopafBoAng, epantetol otov dEova y'y.

5. 'Eoton nopaBors] ¥° = 2px Kain eQantopévn g & o€ éva onueio A(x,, y,)
ovgs. Av 1 evbeia O4 tépvel ) devbeTovoo ™ Tapafoing oto onpeio B,
va arodetytel 6tL BE //¢.

6. Av 1 gpantopévn g mopaPfoinig y° =2px o6to onueio g A Tépvel ) Ot
gvbetovon oto onpeio B kot tov a&ova y'y 6to onpeio K, vo amodetyTel 0Tt

(i) AEB =90, (i) EK LAB  «xav (iii) (EK)> =(KA)KB).

7. 'Eoto n mapaBor y* =2px wou éva onueio g A(x,,y,). Pépvovpe v
EQOTTOUEVT TNG TOPOAPOANG 0TO 4, oL TEUVEL TOV dEova XX 6To B Kot TV
TOPAAINAN oo T0 A otov a&ova xx, Tov Tépvel ) devbetovca oto 1. Na
omodeytel 6T To TETPATAELPO AEBI gtvan popPog pe ké€vipo otov dEova y'y.

8. Atvovtar ot mapaforéc C, : y* =2px kar C, : x” =2py
(i) Noamodeitete 6T101C, xon C, tépvovrarctaonpeio O(0,0) kar A(2p,2p)
(i1) Av ot gpantopeves Twv C, xar C, 610 4 téuvovv 1ig C, xar C, ota
onueia B kot I avtiotolyms, va amodei&ete 0tin Bl glvol Kowvn €Qa-
nropévn tov C, kot C,.

3.3 HEAAEIPYH

Opiouos 'Elleryng

‘Eoto E’ ka1 E 800 onpeio evdg emmédov. Ovoudletar EAhewyn e £6TiEg Ta
onueia E' kot E o yeopetpikodg tonog C tov onpeiov tov emmédov Tmv omoiny
T0 Gbpoiloua TV amoctdoewv and To E' ko E eivar otabepd ko peyardtepo
tov E'E. To otafepd avtd aOfpoicua to svpporilovpe, cuvibwg, pe 2a Kot Ty
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oamodoToon Tov eotiwv E' ko E pe 2. H amdctaon E'E ovopdletol gotioxt)

amo6TOGN TNG EAAEYNG.

ZOHO®Va [LE TOV TOPOUTAVED OPIGUO:

o) 'Eva onueio M tov gmmédov givail on-

peto g EAdeyng, av Kol Hovo ov

(ME')+(ME) = 2a

B) Ioyver (E'E)<(ME")+(ME), oladn
2y <20 omote y < a. Av y =0, t0TE TO OM-
peia E', E ovpmintovyv, ondte ) EAAewy vyi-
VETOL KOUKAOG e KEVTPO TO E Kol aKTiva o.

VK

2a

T va Bpovpe éva onpeio g Eddenyng C, epyalopocte og e&ng:

ITaipvovpe éva tpqpa K4 pinkovg 2o Kou €va, omolodnmote onpeio tov 2. Mg

kévtpa o E' kou £ kou axtiveg p'=(KX) ko p =(AY), aviietoiywg, yph-

@ovpe 600 KOKAOLG, ol omoiol Tépuvovtot oto onpeia M kor M'. Ta onueio M

kor M’ glvon onpeia g EMAetyng, yviati woyvel (ME')+(ME)=p'+ p =2a xou

(ME"Y+(ME)=p'+p=2a.
Me tov 1810 TpOTO UTOPOVUE VO KOTUCKEL-

ACGoVLE 0GOONTTOTE CNUEID TNG EAAEYNG.

TIpoaxtikd pmopovdue vo oyeddoovpe v
EMenym oc e&ng: Taipvoope éva oyowi
UNKOVG 20 KOl GTEPEDVOVUE T, GKPA TOV
ot eotieg E' xou E. Av topa pe éva po-
AOPL St povpE TO GOV TEVI®UEVO, TOTE
ovTd, Kotd TNV Kivnon tov, o dtoypdyet
mv EMAenym.

\
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Eéiocwon 'Elletyng

e 'Eoto po éMenyn C pe gotieg E' ko y *

E. ®a Bpovpe v e&icwon g EAlenyng B M(x,y)

MG TPOG GUGTNHO CLVTETAYUEVOV Oxy e

a&ova tov x v eubeio E'E ko d&ova Ve 4
ToV Y ™ pecokddeto tov E'E. E'(7.0) O E0.0) ’x

Av M(x,y) etvorl éva onpeio g €AAeL-
yng C, tote Oa 1oyveL

(ME")+(ME) = 2. (1)

Eneidn (E'E) =2y, ot eotieg E' ko £ Oa
&yovv cvvtetayuéves (—y,0) ka (y,0) avriotoiyws. Emopévme,

(ME" = J(x+7)* +° kot (ME)=+(x—y) +)*.

"Etot, n oxéon (1) ypaoetat

Jo+pP + 72 +(x-7) +)* =20,

amd TNV OToio £YOVUE SLUSOYIKAL:

Va+7) +y? =200 —(x—y)* +)*
(x+y)2 +y2 =4a? —i—(x—;/)2 -l-y2 —4a\/(x—;/)2 -l-y2

x2+7/2+2yx+y2 :4a2+x2+;/2—2;/x+y2—4a1/(x—7/)2+y2

aJ(x-p)+y' =a’-yx )

o’ (3 +y’ =2yx+ ") =(a’ —yx)’
a’x* +a’y’ —207yx+a’y’ =at +y’x* —20’yx

(a2_y2)x2+a2y2 :a2(a2_y2)
2 2
x Y
?"_az_yz =1 (3)

Enedq a >y, eivar o’ —y*> >0, ondte av 0écovpe B =a’ —y?, 1 eéicwon (3)
ToipvEL TN LOPOT|

e ! (4)
a
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AmodekvieTal Kol To avtiotpopo, dniadn 6t kébe onueio M(x,y), Tov omoiov
ol cvuvtetaypéveg emoinfevovy v e&lomon (4), eivon onpeio g EMdenyng C.
Enmopévmg, n e€iomon g éEMetyng C ue gotieg ta onueion E'(-y,0), E(y,0) ko
otabepo dBpoiopa 2a etval

x2 2 r
?4(%:1, omov B =a’-y’

T mopddstypa, 1 e€iomon e EMAelyng e eotieg ta onueio E'(—4,0), E(4,0)

Ko otafepd afpocua 2a =10 givor

XY 1 agov B=iai-yt =5 -4 =3,

® Av tdpa mapovpe cOHSTNUO GVVTETAYUEVDV Ox)y y
pe aéova TV x ™ pecokddeto tov E'E ko aova
Tov Yy v evbeio E'E kol epyactovpe 0nwg mpuy,
0a Bpovpe 611 N e&lowaon g EAreyng C eivan

2 2

IS

T mapaderypa, n EMdenym pe eotieg E'(0,—4),
E(0,4) xou otabepd dBpoopa 2o =10 givan

2 2

;C—2+)5}—2=1, QoL ﬂz\/az—yz =5 -4 =3,

Iowotyres ‘Eldetyng

‘Eoto pa EMhetyn

X Yy . _ 2 2
C:—+=—=1, omov B=+a’ -y

o Av M (x,y) slvon éva onueio g
EMewyng C, 16te ta onueio M, (x,—y,),

M, (=x;, ») ko M, (=x;,—y,) avnKovv 6Ty

C, a@oV 0l GUVIETOYUEVES TOVG ETOAN-
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0evovv v e&lomwon ™e. Avtd onuaivel OTL 1 TOPATAVE® EALENYT EYEL TOLG GEO-
veG x'x Ko y'y dEoveg GUUUETPIOG KoL TNV 0Py TOV aEOVMV KEVIPO GUUUETPIOG.
Emopévag, 1 gubeio mov evavel Tig eotieg E', E g EAAenyng ko 1 pecokddetog
tov E'E eivon déoveg ovppetpiog g Edhetyne, eved to péoco O tov EE eivon
Kkévtpo ovppetpiog te. To onueio O Aéyeton kKEVTPO g EMAEWYTC.

o Amo v e&icmon ™g EAdeyng yio Yy =0 Ppiokovpe X =za, evd yuoo x=0
Bpioxovpe y=+p. Etopévog, n édketyn C téuvel tov aéova x'x ota onueio
A'(—a,0) ko A(a,0), evd Tov a&ova. y'y ota onueio B'(0,—8) wor B(0, B). Ta on-
peio A', A, B', B Aéyovtal KOpu@Eég e EAAEIYNG, EVA TO. EVOVYPOLLLLO TURLOTOL
A’'A ko B'B, ta omoia €xovv pnkm (A'A) = 2a kot (B'B) =28, Aéyovtor peyarog
a&ovag kol pkpog agovag avtiotolyws. To evBdypappo Tuipa mov opilovv dVo
OTOL0NTOTE GLUUETPIKA g TPog O onueio M| kon M, g EAAenyng Aéyetan di-
apetpog g EMAeYNC. Amodeikvibetal Tt

28 <(M,M,)<2a,

dnAad”| 0TL kGBe ddpetpog g EAAElYNG glvor peyalvtepn 1 ion and 1o pikpd
a&ova ko pukpotepn N ion amd to peydro d&ova g EAAELYNG.
e Téhog, amd v e&lomon g EMAetync, £xovue

2 2
-
a B
ondte
X —a’<0
Ko apo
—-a<X<a
Opoimg
-B<y<B.

Apa, n EMeyn meptéyetal 6to opboydvio mov opilovv ot gvbeieg X =—a, X=a
ko y==p, y=p.

Exxevrporyra Eiletyng

Mua wopdpeTpoc mov Kabopilel Tn HopPN TNG EALEWYNG Eival 1 EKKEVTPOTNTA TG
2 2

EMetymg. Ovopdlovpe EKKEVTPOTNTO TNG EAAELYNG x—2+% =1 wot ™ ovpPo-
o
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[[2_ je2
AMlovpe pe &, t0 AOYO € =Y Eneidn y =+Ja’ - B, givon ¢ :a—ﬁ, onote
a a
2 2 2
Il :1—(ﬁj Ko épa
a’ a
B_iZe (1)
a

B

Emopévmg, 660 peyad®dvel 1 EKKEVTPOTNTO TOGO UIKPAivEL 0 AOYOG — Kol KATA
GUVETELN TOGO TO ETUNKNG YiveTon 1 EAAetyn (Zy. o).

Ortav 10 € Teivel 6TO0 PNdEV, TOTE 0 AOYOG B teivel 010 1 ko emopévmg  EAAelyn
a

B

teiver va yivel kokhog. Otav, Opme, To € Teivel 6T povdda, TOTe 0 AOYog — Teivel
a
o710 0 Kol eTOUEVOC 1 EAAEYM TEIVEL VO EKPUMGTEL 6€ EVOVYPOLLLLO TUN O

O1 gelhelyelg mov €xovv TNV 0o eKKEVIPOTNTA, Gpa 1010 Adyo —, Aéyovtal
o

opoieg (Zy. B).

(o) ®

Eivat yvootd omd v Actpovopio 0Tt o1 TPOYLEG TOV TAAVNTOV YOP® amd TOV
"H\o eivon eldeiyelg, Tov onoiwv ) pia eotio katéyel o HAlog. Ot exkevipdtn-
TEC TOV TPOYIDV QVTOV givor ot €ENG:

IMavng EKKEVTPOTNTA IMavng EKKEVTPOTNTA
Eppng 0,206 Kpdvog 0,051
Appodim 0,007 Ovpavdc 0,046
I'm 0,017 [Tocedmvag 0,005
Apng 0,093 [Mhovtwvog 0,250
Aiag 0,049
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Hapauetpixés E¢iomoeis ‘Elletyng
x2 y2

‘Ecto n éMhewyn C: —2+F =1 kot éva onueio M(x,y) TOL KOPTEGLOVOD EML-
a

TESOV.

2 2

— Av 10 M(x,y) avikel oty éAhetyn C, 1dte Ba 1oyvel X—Z+Z— =1, omdte Ha
a

DGR

Emopévmg, to onpeio N [igj Ba avikel oto povadiaio KokAo, ondte Ba vITdp-
a

€yovpe

X
xeLyovia ¢ €[0,27), Té€T010, O®CTE P GLVP KoL % =nue, ONAadn

X=acuve Kot Y= Bnue. (D)

— Avuotpopwg, av 1.oyvovv ot (1) yuo kamola yovia ¢ €[0,27), tote TO onueio
M(x,y) Bo avikel otnv EAdetyn C, apon

XY _dow'p B’y
2 ﬂZ aZ B2

Emopévmg, o1 ouvtetaypéveg tov onueiov M(x, y) g éAiewyng C kot povo ov-

=cuvip+nuie =1.

Q

TEC IKAVOTO100V TIG EEICMOELS

X = QoLV Kol y=fBnue, o €[0,2x).

O1 e&lomoelg avTtég Aéyovtal mapa-
. , . Ay

perpkés e€romaosig g Erdenyng C.

ZOpe®vo PE TIG TOPAUETPIKEG 61- M,

cwoelg to onueio M (acvve, fnue)

™mg €AAewyng mpoodlopiletor g M, oOVeNe)
®

edng: r X
T'pdpovpe Tovg KHKAOLG C1 Ko C2 pe N )

N

Olex= »l™

Ké€vtpo O Kol oKTiveS f Kol o avTL-
OTOlY®C Kol PEPVOLUE pia MELDeia B c
Ot, éto1 wote (Ox, Ot) = . Av n nut- G

gvbeia Ot Tépver tovg C, xar C, ota
onueio M, ko M, avtiotoiymg kot ot
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nopbAAnieg and to M|, M, tpog tovg GEoveg x'x, ¥y, avTioTolxwg, TEUVOVTaL GTO
onueio M, tote to M Oo. aviker oty Edhewym C. Tlpdypati, To onueio M, Oa éxet
cvvtetayuéveg (fouvve, fmue), eve o M, 0o £xel GUVTIETOYHEVEG (A CLVQ,AMUP).

Apa, o1 cuvietaypéves Tov M Ba givar (acvve, Bnue).

E®PAPMOI'H

"Ecto 0 kokhog x° +y° =a”, a>0 ko éva onpeio Tov M, Tov omoiov 1 0pO1)
npofoif otov GEova X'X givar To onueio M,. Ildve 610 £v0VYpappo Tpa

M, M
MM, opilovpe éva onpeio M, T£1010, AGTE VO 16YDEL M,M) = E, O<B<a.
(M,M)) «
Na amodeytei 6T1 0v To M, Kiveiton 6Tov KOKA0, TO M Kiveitor oty £Adewyn
xZ 2
2+ 2 =1
B
AIIOAEIZEH
"Ecto (x,,y,) ot cvvtetayuéveg tov M YA
1> 1 ’ TH S 1 v\ Ml(xl,yl)
kot (X,)) ot cvvietaypévec tov M. Enst-
Bl < )
M,M
4 (M,M) :E, gyovue lzﬁ, ondte
(M;M) y, « i
A >
X
o
W=y ey
Eneion, emmdéov n M M, eivar kdébetn
otov dEova x'x Oa oydet
¥ =X 2)

Ouwg, to onueto M,(x,,y,) avikel otov k0K o x° + > =a’. Enopévag, 1oydet
X +yf =a’, omdte, Moyo tov oxéocwv (1) ko (2), &xovue

Apa, to onpeio M(x,y) avikel otnv EAAEYN x—2+ E =1.
a
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Egpoarntouévy 'Eiietyng

e 'Eoto pa éAdewyn C pe e&lomon

A

>
2 2
g 7 | TN
a

/ X

Kol évo onueio g M, (x,,»,). H gpamro- ’\ 0
pévn e éAdetyng C oto onueio M, (x,, ;) Y
opiletal pe TpOmMO AVAAOYO TPOC EKEIVO

LLE TOV OTO10 OPIGTNKE 1 EQPATTOUEVT TNG
TopafoAng Kot amodetkvoetol 6Tt £xet e€i-

cmon
% i % =1
. . . oy .
To mopdaderypo, mn  €QATTOREV TNG EAAEWYNG E+T =1 oto onpeio
™mg MI(Z,\/g ) éxer e&lowon xl_62+% =1, m omoia ypdoetor 100dHVapLL
_ B4
6 3
e Av o Eddenym €xel eElomon
(J;—z + ;—22 =1,

161e M epamTopévn TN 6to onueio M, (x,,),) éyet e&lowon

W XX

a_zl + B_Zl =1.
e Onwg n mopaforn 1ol Kot 1 EAAEWYT EXEL AVAAOYN OVOKANGTIKY 1310TNTO.
ZUYKEKPIUEVOL:

H xé0etn oy epamtopévn pog EAhetyng oto onueio emapng M dyotopel
™ yovia E'ME, 6mov E',E ot gotieg ™G EMenymg.
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A &

ZOUEOVO LE TNV 1810TNTO oVTH VO YNTIKO KW 1] ol QOTEWN aKTiva Tov Ee-
Kivobv amd TN pio eotio pog EAAENYNG, OVOKAMUEVO GE QVTHV, JEPYOVTOL OO
™mv GAAN eoTio.

H 1816tto avt) 1pnoomoteitol 610 GXESIOGHO OPIGUEVOV TUTMOV OTTIKOV Op-
YAVOV Kol GTNV KOTAOKELT] TOV AEYOUEVOV “OTOMOV HE €101KN akovaTikny”. Ot
oT0éG aVTéG eival aibovoeg pe elher-

veppd

TTIKN 0POPY|, OTIG OmoleS €va TPOGMOTO

mov YiBvpilel ot po eotia pmopei va L ekTpodio

okovotel otV GAAN eotio. Akoun, 1M
| eMewmticd
KOTOTTPO

ovoKAACTIKN W10TNTO TNG EAAEWYNG Ppi-
okel omovdaia papuoyn oE wia lotpiky £
néBodo mov Aéyeton Libobpvyia. H pé-
0od0g avt) epapuoletor wg e&ng: X

TETPOL
vEQPOV

o eotio TG EAAEyYMG TomobeTeiTon Eval
NAEKTPOSIO EKTOUTNG VIEPNY®V, EVD O
ac0evig tomobeteiton oe tétolo O€om, doTE TO VEPPO TOL Vo givarl otV GAAN
eotia. Tote o1 méTpeg TOL VEPPOD KOVIOPTOTOLOVVTOL OO TOVG OVOKAMDUEVOUG

VITEPNYOVC.

E®PAPMOI'EXY

2 2

1. Aivovran  £dewym C, :%+%=1 Kol 0 KOKAOg C, : x* +y* =a’. Av

M, (x;,y,) givar éve onueio g C, kv M,(x,,y,) 10 onueio tov C, pe
X, = X; # 0, vo amoderytel 6T gQamTopévn &, TS EMrewyng C, 6to onueio
M, xor 1 gpamTopévn &, Tov KOKAOV C, 610 onueio M, tépvoviar mhve
oTov Ggova X'X.
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AMOAEIEH R
& y
H e€icmon g ¢, etvan €
M,

XX W0

EL (1)

a2 ﬁZ M]
KO NG &, givat p 0 1 7 2

xx, +yy, =a. 2) ¢

2 G

Ta y=0, and v (1) Ppiockovpe x =a—,
X

1
2

, , ; a p , ,
eve amod ) (2) Bpiokovpe X = —. Apa, KoL & KoL T &, TELVOLV TOV XX 670 1610
X
1

2
onueto, 10 M[a—,OJ.

X

XXO0AIO

ZOUEOVOL LE TNV EQUPUOYT GVTI, Y10, VO, QEPOVUE TNV EQUTTOUEVT &, TNG EAAEL-
yne C, oto onueio M|, pépvovpe v gpamtopévn &, Tov KukAov C, 6to onueio
M, xa1 6t GuVEKELD EVDVOLUE TO onueio Toufc M tov &, karx'x pe to onpeio M.
H MM, givar n {ntodpevn epantouévn.

2. Ecto C N éldewyn pe gotieg o onpsio E'(-y,0) kou E(y,0) ko peyad-
Ao aEova 2a. No amodelyTel 6TL 0 AOYOS TOV UMTOCTACEMV 0TOLOVINTO-
T onueiov M(x,y) g érdewyng amd v gotia E(y,0) kot v gvbscia

2

o’ . . , . .
S : X=— ¢eival ota0epig Kol i60g HE TNV EKKEVTPOTNTO TNG EAAEYNG.
14 2

Opoing, Yo v gotio. E'(-y,0) ka1 tnv gvbgio 5’ : x = e
4
AIIOAEIZH
Emedn to M(x,y) avikel otnv éMenyn C, o woydet
(ME")+(ME) = 2a. (1)

Emopévag, 6mmg gidape otnv amoddeién g e&icmong g EAleyng, Oa £yovpe

oa(x-y)Y +y* =a’ —yx ()
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H o6t ta avth) ypdeetatl Stoadoyikd:

\/(x—y)2+y2 :a_gx M(x,y)
]
=7+ =£(a—2—xj. 3) v

4 E,0) O E(v,0)

ol 4

Ounwg, a°

2
JE—7)?+1 =d(M,E) xa "‘7—x = d(M,s).

Emopévag, n (3) ypdoetot
d(M,E)=Ld(M,5)
a
1 10odvVaLa
k " d(M.E) y
d(M,5)

=g<l1.

AXKHXELY

A" OMAAAX

1. Noa Bpeite v e&lowon ™ EMhenymg o€ KaOEUIA OO TIG TOPAKATED TEPITTO-
OEIC:
(1) Otav éxet eotieg o onueion E'(—4,0) ko E(4,0) ko peyaro a&ova 10
(i1) Ortav €xel eotieg ta onueia E'(0,-5) xou E(0,5) xou peydio a&ova 26

12
(111) Otav éxet eotieg ta. onueio. E'(—12,0) ko E(12,0) Ko eKKEVTPOTNTO, T

(iv) Otav éxet eotieg ta onpeion E'(—4,0) xor E(4,0) Kot S1€pyeTol amd To
, 9
onueio M 4,;
(v) Otav &gl kévipo coppeTpiog v apyn Tov aEOvov, eoTiec oTov dEova
xx Ko diépyeton and ta onueioa M, (1,1) ko M, (2,%} .

2. No Bpeite to KN TV 0EOVOV, TIG EGTIEG KL TNV EKKEVIPOTITO TOV EAAENYEMV:
(1) x> +4y° =4 (ii) 169x° +144y* = 24336.
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3.

Na gyyphyete otny éAdetyn 4x° +1° =4 1eTplymvo pe TAELPEG ToPGUAAN-
AEG TTPOG TOVG AEOVEG.

. Av E', E &ivon ot eotieg koaw B'B 0 pukpog a&ovag g EMAewyng x* +2y° =4,

va amodei&ete 0Tt To TETpAmAevpo EBB'E’ givon teTpdymvo.

No amodei&ete OTL 01 EPATTOUEVES G EAAEWYNG GTO AKPOL LL0G OLALUETPOL
¢ elvo TopAANAES. (Aiduetpogs oG EMAELYNGC AEYETAL TO TUTLLOL TTOV GUV-
déel 800 onpeio TG EAAEYNG Kot S1EpyeTal amd TNV apyn TOV aEGHVOV).
Na Bpebovv o1 eE16MGEIG TV EPOTTOPEVOV TNG EAAeyng 3x° +3° =4, o1
omoiec:
(1) etvon mapaAinAec Tpog v evbeio y =-3x+1

. . ; 1
(i1) etvan kdBeteg otNV €Vbeia y = Ex

(iii) dépyovtar amd to onueio M (0,4).

Na amodeitete 6T1 01 epamtOpeveg TG EAAeyng x° +4y> =100 oto onueia
™G M, (4V5,35), M, (=4V5,/5), M, (=4v5,~V5) ke M, (4V/5,~V5) onpar-

tilouv TETPAY®VO e dloydvieg TOVG AEOVEG XX Ko y'y.

B" OMAAAX
_ 42
. No amodeitete 611 t0 onuelio M [afl ti ), 12ﬁt tzj ovinkel otV EAAewyn
+ +
x2 2
?+% =1 ywa 6Aeg T1g TIHEG TOL t e R.

. No amodeifete 0TL T0 oMuEeio TOUNG TOV VOOV

ay=Af(a+x) xou Aay=pfa-x), 0<p<a.

2 2

OVNKEL OTNV EAAEYN x_z + % =1 ywo 6reg i Tipég Tov L e R’
a

2 2

y

. Av M(x,y) eival éva onpeio g EAAetyng x—2+ F =1, va anodei&ete OTL
o

(ME"Y=a+¢ex «or (ME)=o—¢x.

. Av d,d’ eivar ot amootdoelg tov onueiov I'(0,y) kot I''(0,—y) amd v

2 2

EQOTTOUEVT TNG EAAEYNG x_2 + % =1 og éva onuelo g M, (x;,,), vo amo-
a

dei&ete OTL
d?+d"”? =2a’.
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2 2
5. 'Ecto M,(x,,y,), M,(x,,y,) 000 onueia g EAAeyng x_2+%:1 Kol ToL
a

onupeia N, (ex,,0) xar N,(gx,,0). Na amodeitete 6t (M| N,) =(M,N,).

2 2
6. 'Eoto 1 éMeyn x_z +2 _1 xat éva onueio g M. 'Eoto emmhéov, o KO-
a” B

2
Khog x° +y* =a® kat 1o onueio Tov N, mov &xel TV iS10 TETUNUEYN HE TO
M. And to M pépvoope TopaAAnAN Tpog v ON, Tov TEUVEL TOVG AEoveg
xx xou ¥y ota onueia I ko 4 avriotoiywg. No anodeiEete 611 MIT = 8
Ko MA =a.

2 2

7. 'Eoto ¢ xou &' ot epantopeveg g EMAetyng C : x_2+y_2 =1, 0<B<a
a

oTIG KOpLPEG TG A(ar,0) Ko A'(—a,0), avtiotoiymc, Kot 1 ePATTOUEVN
g C og éva onpeio g M, (x,, ). Avn {tépvet tic e ko &' ota onpeio -
Kot I, avTioTolyme, vo amodei&ete Ot

(i) (ATYAT") =

(i1) 0 kKOKAOG pe duapeTpo to I'T' diépyetal amd TIG €0TiEG TNG EAAEYNG.

2 2

8. 'Eoton éMewyn x_z + % =1 xoun epanTopévn oto onpeio me M, (x,,y,) . Av
o

1 €QOTTOUEVT TEUVEL TOVG GEovec xx kot y'y ota onueio I'(p,0) ko A(0,q),
2 2
o p |

vo, armodeiEeTe 0Tl ? + q_2 =1L,

3.4 H YIIEPBOAH

Opicuog Yrepfoing

‘Ecto E' xou £ 600 onueia evog emmédov. Ovoudleton veepPolri) pe eotieg ta
onueio E' kot E o yeopetpukodg tomog C tov onpeiov tov emmédov Tov omoimv
N omdAVTN TN TS dapopdc TV amootdcemy and ta E' kot E sivarl oralepi
Ko pikpdtepn tov (E'E) . Tnv amwdAun T e d10p0opdic TV anocticemy kb
onueiov g VTEPPOANG 0o TIG £0TIEG TNV TAPISTAVOVE GLVIROWMG LE 20, EVD TNV
omodoTooT TV 0TV pe 2y. H andéotaon E'E ovoupdletol eotioxn andéctacn

™G vtepPoAnc.
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ZOpemvo e Tov 0piopd avTo:

o) 'Eva onueio M eivan onueio g vrepfoing, av
Kot poévo av

| (ME") - (ME) |=2a.

B) Ioyber |(ME")—(ME)|< (E'E) diadn 2a <2y,
ondte @ <.

T va Bpovpe onueia g vaepPorng C, epyalod-
poote o¢ e€ng: Iaipvovupe Eva evBOYpapLLo TU LA
KA pixovg 2a kat £vo, 0molodnmote onpeio X g
nuevbeiog KA €Kkt06 T0UV €VOVYPOLLLOVL TUNHLOTOG
KA. Me kévipa E' kol E xou axtiveg p'=(K2X)
Kot p =(AY), avtioTolym™s, YPAPOLLE KOKAOVG Ot
omoiot Téuvovtal ota onueio M ko M'. Ta on-
peio M kot M givon onpeia g vrepPoing, yo-
i wydel (ME")—(ME) =(KX)—(AX) =(KA) =2a.
Me tov TpdTOo VTO PTOPOVLE VO, KATAGKEVAGOV-
[e ocadNToTe onpeio g veepPoAng.

Eéicwon Yrepfolijs

A

(E'E)=2y
(ME y~(ME)|=2a

AV

N
/

® 'Eotow C o vtepPorn pe eotieg E' ko E£. Oa Bpovpe v e&iomon g C wg

TPOG cVGTNHO cvvTeTaypéEvav Oxy pe dEova tav x v evbeio E'E kot d&ova taov

y ™ pecokabetn tov E'E.

Av M(x,y) elvon éva onpelo g vrepPorng C,
TOTE OOl 1IoYvEL

| (ME")—(ME) |= 2a, (1)

Emeidn (E'E) = 2y, ot eotieg E' kot E Oa £yovv 6v-
vietaypéves (—y,0) ko (¥,0) aviictoiymg. Emopé-
VoG,

\y

A

M(x.,y)

E,(-V,O) A’

(ME")=(x+7)* +)* xou (ME)=+/(x—7)* +°

"Etoin oyéon (1) ypaepeton

‘\/(xw)2 +y' -

A\ E(,0)
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oo TNV 0Tola EYOVUE SLOSOYIKAL:

eyl 17 +(x—p) 437 =2(x+7) + 7 J(x—7)* +)7 = 4o’

2

\/(x+}/)2+y2 ~\/(x—y)2+y2 =x"+y"+y’ -2a
[+ +y?) +2yx]- (3 +° +7) = 2yx] = [(x" + " +y7) =227
X+ Y)Y =4y’ = (P + Y +y) +4at 4ot (X + Y+
a’x’ -y’ +a’y’ =at -a’y’

2

(a _?/Z)xl +a2y2 :aZ(a2 _)/2)
xZ y2
?_}/2—062 =L (1)

Enedn y > a, eivoan y* —a’ >0, ondte, av 0écovpe f =4y’ —a?, n eéicwon (1)
TOoipVEL TN LOPOT|

g )
a

AmodekvieTal Kol To avtiopopo, ONiadn 0Tt kdbe onueio M(x,y) TOL OTOioL
o1l cuvteTaypéveg emoindevovy v e&lomon (2) eivon onueio g vrepPoing C.
Emopévmg, 1 e&icoon g vrepPfoing C ue eotieg ta onueia E'(-y,0), E(y,0),
Ko otadepn dtopopd 2a givar

2

2
x ,
—2—%=1, omov B =4y’ —a’

a

To mapddetypa, n e&iomon g vaepPoing pe eotieg ta onueion E'(-13,0), E(13,0)
Ko otadepn dtopopd 2o =24 eivon

XY g agod B=yy -a’ =13 12> =5



116

® AV TpO TAPOLLE GUGTILO GUVIETAYUEV®V vA
Oxy pe a&ova tov Yy v gvbeia E'E kan d&ova \ W
TOV X TN pecokdbeto tov E'E ko epyactoipe y
onwg mtpwv, Ba Ppovpe 6t N e&lowon g vrep-
BoAng C eivau: ) x=
Ve
2 2
%—%:1, OOV ﬁzm. /dm

TN mopdderypa, n e&icmon g vrepPoing e eotieg ta onueia E'(0,—13), E(0,13)
Ko otafepn dpopd 2o = 24, ival
2 2

1)}7_;_2=1, apov l3=\/72—a2 =13 12> =5 .

e Télog, av etvarl a = f, TOTE 1 VIEPPOAN AéyeTon LOOOKEM]S KoL 1) eElo®ON ™G
yphoetor: x° —y* = a?.

Io16tytes Yrepfoinc

‘Ecto o vrepPoin C, n omoio ¢ Tpog £V GVOTNIO GUVTETAYUEVOV Oxy EXEl
2

2
géicwon x—z—%:l, omov B =+y>—a’.
a

® Av M, (x,,y) eivau éva onpueio ™ vmepPoing
C, tote kou o onpeia M, (x,,—y,), M, (—x,,y,) kot
M, (—x,,—y,) oviikovv otnv C, apov ot cuvteToy-
péves tovg emainfevovv v e&lowon g. Avtd

onuaivel 6tL n veepPforn C éxet Toug dEoveg x'x
Kot 'y a&oveg ocvppeTpiog Kol v opyn TV
a&Ovav kévipo coppetpiog. Emopévme, n evbeia

oL eVdVeL TG eotiec E', E g vepPoing Kot

N necokdbetn tov E'E givan dEoveg coppetpiog
™G vrtepPoAng, evd to pnéso O tov E'E eivat kévtpo coppetpiog . To onueio
O Aéyetal KEVTPO TG VITEPPOANG.
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o And v e€iomwon g vrepPoinc Yo y = 0 Bpickovpe X = ta. Zvuven®g, n viep-
BoAn téuvel tov a&ova x'’x ota onpeio A'(—a,0), kat A(e,0). Ta onueio avtd Aé-
yovtotr Kopo@Eg g vrepPoing. Amd v idw e&icwon yioo x =0 mpokdmTeL N
g&iowon y> =-B%, n onola eivan adbvarn oto R. Emopévog, n vrepBoin C dev
Tépvel Tov aéova y'y.

e Télog, and v e&lomwon ™ vIEPPOANG, £xoviLe

X
R
a B
omoTE
X —a’>0
Kot Gpo

X<—a M X>o.

Emopévag, ta onpeio g vrepPfoing C Bpiockovion £E® omd TV Tovio TOV €V-
fs1dv X =—a Ko X =@, Tpaypa Tov onpaivel 6Tt 11 vVIEPPOAY| amotedeiTol amd

300 Y®P16TOHG KAASOVC.

Acvunrwres YrepPoijs
A)

o 'Eoto o vrepPoln C pe e&lomon " /
x2 y2
et (1) >
Kot po evbeia & pe eicmon B

y=Ax,

=V

dNAad”| o vbeio wov mepvaeL amd TV apyn TV aEOVOV.

H evbeia € éxer pe v vepPorn C kowvd onpeio, av Kot LOVO 0V TO GUGTNLLOL
2 2

LY ik y=ax (1)

a? ﬁz -
&€xer Mon. H tpd e&lowon tov cuotipatog (1), Adym g 8ebtepNg, YpAPETOL
O1adoyIKa
x> AKX
o B

ﬁZXZ _lzaZXZ :aZﬂZ

=1

(BZ_/IZ(ZZ)XZ :aZﬂZI (2)
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"Etot 1o cvomua (1) éxet Aomn, av kat povo av 1 (2) £xet Aomn, dnroadn ov Kot

povo av B —2%a’ >0 1, 160d0vaua, av Kot HOvVo av
2L )
a

Enopévmg, n gvbela y=Ax €xel pe v vrepPoin kowd onueio, Kot paAGTo
o600, povo otav | A< ﬁ Apa, 6l to onpeio g vrepPoing C Ba mepiéyovtan
a
OTIG YOViEG TV gvhe1dV
y=—-Sx kot y :éx,
a a

oTIc omoieg Ppioketor o dEovag x'x.

Ag Bewpnoovpe Tdpo €va  onueio R
M(x,y) ™c vrepPoing pe x>0 kot P
y > 0. AmodekvieTal OTL OTAV TO X O-

Caver ameploplota, 1 amoctaon MP tov

B

M omd v evbeio y = —x teiver TIPog 10
o

undéév. ‘Etot, to dve teTopmmuoplo Tov ¥y = —x
de&100 KAGOOoL TG VITEPPOANS TANGLALET

OLo Ko TEPIGGOTEPO TNV V0l y = gx, ¥opic moté va cuumécel pe avtn. 'V av-
0 TV gvbeia y= gx ™m Aépe aoburtwto Tov 4e&lo0 KAAdoL ™S vItepPoing.
Adym coppetpiog g vIepPoANG ®¢ Tpog Tov agova x'x, 0 de&16¢g KAAd0g g Oa
£€xel aoHUTTOTO KoL TNV evbeia y = —gx, ondte, AOY® GLULETPLOG TG LITEPPOANG
KOl ®G TPOG ToV dEova ¥y, 0 aploTePOS KAGOOS TG Oa £YE1 AGVUTTOTES TIC 016G

2 2

gvbeiec. Apa, o1 aoVUATOTES TNG VITEPPOING x_z_% =1 glvan o1 gvbeieg
o

Eivatr pavepd 011 o1 acOurntmteg TG vtepPorng ivol ot SloydVIES Tov opBoyd-
viov KAMN pe xopuoés ta onpeia K(a, ), Ala,—B), M(-a,—f) xou N(-a, ). To

opBoydvio awtd Aéyetarl opBoydvio Pacng g vrepPfoing. o mapaderypa, ot
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2
acOUTTOTEG TNG LILEPPBOIAC X7 _yT =1 elvon ot y= —ﬁx ) y:éx
a a
gubeieg y =2x xon y =—2x.
) ) N K
e Av 1 vrepPorn C éxel e&lowon y_z_% =1,
a
A A _
TOTE O1 ACVLUTTMTEG TNG Etval evBeieg: 0 X
%y ok y=-Z%x
Y= B y= B M y
IMAPATHPHXH

"Evog pvnuovikog kavovag yia va Bpickovpe Kébe @opd TG OCOUTTMOTES UG

VIEPPOANG givar 0 €ENG:

TTapayovtomolodpe To Tp®dTO HELOG TG EIcmONG TNG LITEPPOANG Ko EEIGDOVOVLE
2

ka40e mapdyovta pe undév. INa mapdderypa, é6tm N vrepPorn x° — y? =1. Eneon

o2 (254 L)
4 2 2

Ol ACVUTTMTEG TNG LIEPPOANG givar ot gvbeieg

oniaon ot

Exkevrpotnta Yrepfoling

Onwg oty éAdeyn £tol Ko oty vrepPoAn pio mopapuetpog mov kobopilel o
oynua g etvon n ekkevrpoOTa. Ovopdlovpe eKKEVTPOTNTO TG LIEPPOANG

2

Xy . . 4 :
_2_F =1, kot ™ cvpupforilovpue pe &, 10 AOYO € = - >1. Enedn y =\’ + B2,

Q

2 2 2
, _\a B ; 2 B .
EvValL € = ———, OTTOTE €™ = 1+ — | ko apa,
[04 [04

B_ g’ —1. (1)
a
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Emopévmg, n ekkevipotnta & mpocsdiopilel 1o cuviedeot d1evbBvvong g acv-
UTTAOTOV NG, ONAadn yapaktnpilel To opboydvio facng, dpa Tn Lopen g idtog
™G vrepPoinc. Oco 1 ekkevIPOTNTA UIKPO-

B

Vel Ko Tetvel va yivet ion pe 1, o Adyog —,
o

apo. Ko To S, piKkpaivet Kot teivel va yivet ico
pe 0. Katd cvvéneia, 060 mo pikpn ivor n

EKKEVTPOTNTA TNG LIEPPOANG TOCO O €mi-
pnkeg givon to opboydvio Bdong kot kotd
oVVETELD TOGO TTo KAELGTN givat 1 vrepforr).

N v %
2NV TEPITTMOTN NG 1606KEAODG VITEPPOANG
glvor a = B, omdte £ =+/2.

Egpoantouévy Yrepfoing
e 'Eoto o vrepPorn pe eicoon Ay () T>%

S-r=l (1

Ko éva onueio M, (x,,y,) owtnc. 1) X
H g@amropévn g vmepPoAing oto \
onuelo M, (x,,y,) opileton pe tpdmo

OVAAOYO TPOG €KEIVO LE TOV OToio
oploTNKE 1M €QATTOUEVT] TNG EAAEWYNG Kot amodeucvietal 0Tl €xel e&lcmon

X W

aZ ﬁZ

2

‘Etol, yuo mopddetypo, n epomtopévn TG VIEPPOANG x?— y*=1 oto on-

peto M1(4,\/§) €xel e&lomon %4_ yW3=1, N omola ypdepetar 1GodVvapo

V3 3
?x

? .

e Av o vepPon €xet e&icmon
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TOTE M EQaMTONEVT TNG 6TO onueio M, (x,,y,) Ba €xel e&icmon
WX
aZ ﬁZ

o Onwc n Eddeyn €10t Ko n vepPoAn £xEL VAAOYT] OVAKAUGTIKY 1310TNTO.

=1.

Zvuykekplévar:

H epamtopévn pog vepfoing oe éva onpeio g M dyyotopet ) yovio E'M E,
omov E', E ot gotiec g vepPoAng.

Emopévmg, o potewvn aktiva, katevbovopevn mpog m pia eotia g vrepPo-
MG, OTOV AVOKAATOL GTNV ETIPAVELD VTG, OEPYETAL Amd TNV GAAN 0TI, OTMC
paiveton oto oynpa. H d1omrta ovt g vepPoing 6e cuvoLacHO LLE TIS aVTi-
OTOLXEG WOLOTNTEG TOV AAL®OV KOVIKOV TOUDV BPIoKEL EPUPHOYT OTIV KOTACKELN
TOV OVOKAOGTIKOV TNAECKOTIOV, KOOGS Kot 6N vousimioio Yo ToV Tpocdtopt-
GO TOV OTIYHOTOG TOV TAOI®V.

E®PAPMOI'H

Na amodeiytel 0TL TO YIVOREVO TOV 0OGTACEOV €vOS onueiov M, (x,,y,) NG
2 2

vrepfoing % - % =1 amd TIg AoVUTTOTES eival 6Ta0EPO.



122

AIIOAEIZH
‘Ecto M,(x,,y,) éva onpeio g vrepPfoing. Tote Ba 1oydet a—i—;—'zz =11, 160-
dvvapua,
B’xi—a’yi =a’p’. (1)
B B

Or achuntmteg &, ko &, g vepPoAng £xovv e6I0MOES y =—x Kol y =——X, 1
a a

1603V VapOL

Px—ay=0 ko Px+ay=0 2)

avtiotoiywe. Emopévag, 1o yivopevo tov anoctdoewv tov M, anod Tis €, &, etvar
ico pe

|ﬁx1 —a), |_|ﬁx1 +ay, |
Jprrat B ro’

d(Mlsgl)'d(Ml’gz):

B —ay|
ﬁZ +a2

) aZﬂZ

=—— mov gival otabepo.
o +p

b

AXKH2XELY

A" OMAAAX

1. No Ppeite v e&iowon g vrepPorng o€ kabepud amd TG TUPOKAT® TEPUTTM-
CEIG:
(1) Otav éyxet eotiec ta onueion E'(—13,0), E(13,0) Kot Kopvpég To. onpeio
A(5,0) kou A'(-5,0)
5
(i1) Otav €xel eotieg Ta onueio E'(0,—10), E(0,10) Kot eKKeEVIPOTNTQ 3
(iii) Otav éyet eotieg Ta onpeion E '(—/5,0), E(/5,0) xat dépyetal amd To
onueio M (2\/5, 1)
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o : . , 4 4 g
(iv) Otav éxel aocountoteg TG gubeiec y = gx Kol y = —gx KoL O1EPYETOL

and to onpeio M (3V2,4).

. Na Bpeite 116 €0TiEg, TNV EKKEVTPOTNTO KO TIG AGVUTTOTES TNG VIEPPOANG:
(i) 9x* —16y° =144,

(ii) x* - y* =4,

(iii) 144x> —25y* =3600.

2 2

. Na Bpeite v ekkevpdTTa TNG LIEPPOANG x_2 _y_2 =1, ™g omoiag N acv-
(04

B
UnTomIn Y = ﬁx oymuatilel pe tov aéova xx yovia 30°.
o

2 2

. Av 1 gpoamtopévn e VIEPPOANG x—z—% =1 otV kopvpn A(c,0) TéPVEL
o

TNV OGOUTTOTY ¥ = Ex oto onpeio 7, va anodei&ete 61 (OE) = (OI).
a

2 2

. 'Eoto 1 vrepPoin C:%—y—zzl, e M epamtopévn g oe éva onueio

B
M, (x,,y) xou {n kaBetn g & 6T0 M. Av N & diEpyeTar amd To onpeio
M, (0,—pB) xoun £ diépyeton amd To onpeio M3(2a\/§, 0), va arodei&ete OTL

n ekkevTpoTTa TG LIEPPOMC elvat fom pe /2.

. Na anodei&ete 611 KaOe gvOeia Tov givon TOPAAANAN TPOG i Atd TIG OG-
2 2

UTTOTEG TNG VIEPPOANG x_z _y_2 =1 tépver v vepPoin oe éva povo on-
a

B

peto. Ioto givor To onueio topng g evbeiog 2x—y =1 Kot ™ vEepPoAng

4x* —y* =1;

. No Bpeite 11g e€1600€1¢ TV EQomTOuéVOV THG VIEPPOAS x> —4)° =12 o1
omoiec:

(1) etvon TapaAAnAec mpog v evbeia y=x+1
4
i1) etvat kdBetec oty evbeia y=——x
(ii) gom YR

(iii) o1épyovtal amd to onpeio M(3,0)
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. g . , X
. 'Ecto e xar &' otepamtopeves e vmepPorc — — 5
a

B OMAAAX

2 2

Y

2

. Av E| etvou 1 mpoBoAn g eotiag £ g vepPonc x—z—ﬁ— =1 mévo oV
a

OCOUTTTOTN y = éx, va, anodeigete Ot
a

(i) (OE)) =a, (ii) (EE)=p.
2 y2
= =1 OTIGKOPLPES TNG

Awxor A", Av I"'kon ' gtvar to onpeio oto omoia o Tpitn epamTopévn g
VIEPPOANG TEUVEL TIG € KOl &', OVTIGTOIXMG, Vo armodsi&ete Ot

(1) (ATYAT") =B’ xou
(i1) o kOKAOG pe drapeTpo to I'T' diépyeton amd TG £0Tieg TG VITEPPOANG.

. 'Eoto M,(x,,y,) kou M,(x,,y,) 600 onueia tov 6e&£100 KAAdOL NG vVITep-

2 2
, Xy g 2 : .
BoAng i 1. Av n gvBeia M M, tépvel Tig achuntoTeg oTOL oNpeia

B
M, (x,,y,) xo1r M,(x,,y,), va onodet&ete 6T (M, M,)=(M,M,).

2 2

Y

. A6 éva onueio M, (x,,y,) TG vepPoing x_z__ 1 pépvovpe mopdAin-
a

B
AEC TPOG TIG AcOUNT®MTEG. Na 0rodeilete 0t To euPadov Tov oynuaTilope-
VOL TAPUAANAOYpaLLLOL ival oTabepo.

. No amodei&ete 0TL TO0 GLVNUITOVO P0G A TIG YOVIES TOV AGLUTTOTOV TNG

2 2 9 _ g2
VIEPPOANG x_2 —# =1 divetor amd Tov TOITO GLVE = 26
a £
. 'Eotm o1 vmepPorég
2 2 2 2
X Yy X Y 2
Cl.?_ﬁ_l Ko Cz.?—ﬁ—p,p>l.

[ ' ) . ’ 7
Av Aj, Ajxon Ay, A, givan ot kopogég Tov C, kar C, avtiotoiymg, va amodei-
Eete OTL amd 10 A4, 6gv Gryovton epomtopeveg otn C, evd and 1o 4, dyovtot
gpantopeves g C,.




125

3.5 HEZEIZQXH Ax*+ By’ +Ix+Ay+E =0

Merapopa ASovawv

H e&icmon evdg kOKAov e axtiva p &xel v amdf popen x° + y° = p% ov n apyn
ToL cvoTHHaTog cuvtetaypEvav O(0,0) eivar To KEVTPO TOL KOUKAOVL. AV OL®G TO
KEVTPO TOV KUKAOL dev elvar n apyn twv aoveov aild to onueio O'(x,, Y,), T01E
N e&lowon Tov et TV o cvuvBeTn popeN (x—x,)> +(¥—¥,)’ = p°. Avtd deiyvet
OTL 1 popen NG e&lomong oG KopmoAng e€optdtarl amd T oyeTiky 0€on g
KOUTOANG Kot TV aEOVmV.

Ag vmoBécovpe 0Tl o€ Eva, EMMESO EYOVUE O KOUITOATN KoL TNV EIGMON TNG MG
TPOG Eva GVGTNHO GLVTETAYEVOV Oxy. Oa avalntioovpe v e&icmon g 010G
KOUTOANG ©G TTPOG £va, “VEO” GUOTNUO CUVIETAYUEV®VY, TOV 0Toiov 1N apyn Oa
glvar to onueio O'(x,,y,) Kot ot aEoveg X'OX kat Y'OY Oa givor mtapdrAiniot kot
OUOPPOTOL TPOG TOVG AEOVEC TOVL “TOAMOV” GUGTAUATOC. AEUE OTNV TEPITTOON
oVt 0Tt T0 cVvoTNnpe O'XY €xel mpokOyeL e TaPAAINAN peTOPOPE TOV 0ES-

VOV T0V cGuetinatog Oxy. YA YA
‘Ect® Aowmdv x Kol Y o1 CUVIETAYUEVES EVOG ()
onueiov M ®g mpog 10 TaAd cOGTNUA, Kot X M {( X Y)

Kol Y Ol GUVTETOYHEVEG TOV 1010V ONUEIOV MG
TPOG 10 VEO cvaTnua. 'Eyoope

H— >
S, O’ (x0.v0) X
OM =00"+0'M

. —»>

(%, ) = (x5, ¥,) +(X,Y) 0 X
)=, +X, y,+7Y).

Emopévac, x=x,+X Ko y=y,+Y M, 1Wodhvapua,

X =x-x, Y=y-y,

"Etot yio mapddetypa, ov o1 GLVTETAYHEVEG EVOG onpeiov M ®g TPog £vol KOPTEGT-
avo cvotnua givar (4,—3) ko apyn O(0,0) petaxivnOei pe ™ petopopd tmv 0&d-
vav oto onpeio O'(-1,2), tote o1 véeg cuvtetaypéveg tov M givar X =4—(-1)=5
Kot Y =-3-2=-5.

‘Ecto eniong n e&icoon (x—2)° +(y+1)° =9, mov TopIGTAVEL KOKAO HE KEVTPO
K(2,-1) kou aktiva p = 3. Av pe pia topdAAnAn HeTapopd Tov a&ovev 1 apyni
0(0,0) petoxivnBel 610 KEVIPO TOV KUKAOL, TOTE Ol KUVOUPIEG CUVTETAYUEVEG
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(X,Y) evoc onueiov M tov kOKAoL givar X =x—2 VA Y4
kot ¥ =y—(-1)=y+1. Emopévemg n e&icmwon tov

A
KOKAOL G TTPOG TO VEO GUGTNUO AEOVMV £XEL TNV - \

amhovotepn popen X +Y> =9. /o - >
0'(2,-1) X
\
E®APMOI'H
Na ££eTooTEL TL TAPLETAVEL 6TO EMITEDO KOOEMLA 0O TIS EELCADGELG:
(i) y'—4y-8x-4=0
(ii) 9x* +4y* —72x—-24y+144=0
(i) 9x% —16)* —36x—96y—252=0.
AYEH
(1) 'Exovpe d1ad0yKa:
Y —4y—-8x—-4=0 1)
Y —4y=8x+4
Y =22y+2> =8x+4+2°

(y=2)" =8(x+1)

(y=2)* =2-4(x+1).
Av Béoovpe x+1=X ko1 y—2=7Y, dSnhadn av Kd- vh Ay
VOULUE TOPGAANAN HETOPOPA TV 0EOVMV Kl TO- /
nobetnoovpe ™ véa apyn oto onueio O'(-1,2),
to1e M e&lomon maipvel T popen

Y?=2:4X. 0'(-1,2)
Emopévag, n e&icwon (1) mapiotdvel mopafoin pe X
Kopven o onueio O'(-1,2) kot G&ova v gvbeio 0 o
Y = 0, dnradn v gvubeia y = 2. X
(i1) "Eyovpe dradoyikd
9x* +4y* —72x-24y+144=0 (1)

9(x* —8x)+4(y’ —6y)=—144
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9K —2-4-x+42)+4(y2 —2-3-y+3)=9-42 +4.32 ~144
9(x—4)° +4(y—3)> = 36

_ 2 _ 2
SN
Av Bécovpe X —4 =X Kor Yy — 3 =Y, ONA0dN 0V KAVOLUE TAPGAANAT LETOPOPE

ToV a&OVeV Kot Torobetnoovpe ) véa apyn oto onueio O'(4,3), tote n e&icwon
ToipVEL TN LOPON|
X% y?
P
Enopévaog, n egicmwon (1) mapiotdvel EAhetyn A(4,6)
pe kévipo to onueio O'(4,3) ko pe o = 3, f =

2 kol y=+3"-2? _5. Ta dicpo. Tov pEYGAOL
B2.3) B(63)

a&ova. ¢ Tpog To vEo oot eival To onpeio -
0143) X

X)Y) =(0,3) ko (X,Y) = (0,-3), ondte, AOY® TOV
oxéoe®V X —4 =X KoY — 3 =Y, ®G TPOG TO OPYyLKO

v

ovotuo, etval ta onueia A(4,6) xor A’ (4,0). 0 - A'(4,0) X

Avdloya Ppickoope O6TL TO. AKPO TOL HIKPOV
agova givar ta onueio B(2,3) kot B’ (6,3). Eniong, ot eotiec €ival ta onueia
E(4,3\5), E'(4,-35).
(ii1) 'Eyovpe dradoyikd
9x> —16)* =36x—96y—252 =0 (1)
9(x* —4x)—16(y>+6y) =252
9(x—2)*-16(y+3)> =144
x=2)* (y+3)* _
I
Av Bécovpe X —2=X kot Yy +3 =Y, dNAadn oV KAVOLUE TAPAAANAT LETAPOPA TOV

1.

a&Ovav Kal tomobetnoovpe T véa apy oto onueio O (2, -3), tote N e&icwon
TOPVEL TN LOPON| oy

ey
Emopévog, n e&icmon (1) mapiotdvel vaepPfoln pe kévipo to onpeio O'(2, -3).
Me avéroyo tpémo, Onwg otnyv mepintmon (ii), Ppickovpe 6T 1 vIEPPOA aVTN
€xet

a=4, p=3, y=5
Apa, 1 vrepPoln xel Kopveég Ta onueio A(6,-3) ko A’ (-2,-3) xon eotieg E(7,
—3) ka1 E'(-3, -3).
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Tevikd, pe katdAAnAn peto@opd aEOVmV, UTOPOVLLE VO SIUTIGTMOCOVLLE OV Lo
eEiomwon g HopeNGg AX + By? + I'x+ Ay + E = 0 TaploTavel KOVIKT TOMT Kot vo
Bpovpe to €idog Ko TaL GTOLYKELD TNG.

2yetikny Oéon EvOciogs kor Kovikigg

Ag Oswpricovpe pio gvdeioy = Ax + B ko pio kovikh topn Ax* + By’ +Tx+Ay+E =0.
H evbeia & kou n kovikn C £xovv To ToAD dV0 Kowvd onpeia, opov To GLGTN O

y=Ax+p3 )
A’ +By  +T'x+Ay+E=0 2)

£€Y€1 TO TOAD VO SOKEKPLUEVES ADGELS.

Tty emilvon tov cvuetipatog Oétovpe ot (2), 6ov y = Ax+pf, omdte TpoKHITEL
o devtepoPada e&lomon.

— Av 1 g€iowon ot £yl dVo pilec avioeg N puo oA pio (6tav givor 1ov Babpov),
TOTE M gVOein Kot 1 KOVIKN TERVOVTOL.

— Av 1 e&icmon éxet dvo pileg ioeg, dnAadn av givar 200 Babpov pe dtakpivovca
A =0, 101e amodetkvdeTal OTL 1) VHeial EPATTETOL TNG KOVIKTC.

—TéMog, av 1 e&icmon dev &gl pilec, TOTE M gVOEiN KO 1) KOVIKT] dEV EXOVV KOWVEL
onueia.

/%8/ c\ C
<

INo mopdderypa, £éotm 1 gvbdeio y = 2x ka1 mopafor) y =x” +1. Av oty e€icmon

g TopaPorng Oécovue 6mov y = 2x, Bpickovpe T devtepofabdia e&icwon X>—2X
+ 1 =0, n omoia £xeltn dutAn pila X = 1. Apa, 1 evOeiol EPATTETAL TNG KOVIKNAG KO

To onpeio emapng etvor to M(1,2).
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AXKHXELY

A" OMAAAX
1. No amodei&ete 611 KaOepd amd TIC ToPUKAT® EIGOCEL TOPICTAVEL TOPOL-
BoAn, yio Tnv omoio va. Bpeite TIC GUVTETAYIEVEG TNG KOPLOTS KOl TG EGTIOG:

(i) y* -8x+8=0 (ii) X2+ 4x—16y +4 =0
(iii) y*+4y +8x-28=0 (iv) X*~8x+6y -8 =0.

2. Na amodsi&ete 0Tt kabepd amod TIC ToPUKAT® eEI0MOELS TOPIOTAVEL EALEYM,
Yo TV oTtoiol va BPEite TIG GUVTETAYHEVES TOV KEVIPOL, TMV KOPLOOV Kol
TOV ECTIMOV.

(i) 9x* +25y* —36x—189=0 (i) x> +4x+16)* =0
(iii) 4x* +9y* —32X—36y +64 =0 (iv) 9x* +16y* + 54X —32y —47 = 0.

3. No anodei&ete 611 kKabepd omd TIG ToPAKAT® EEIGMOOELS TAPLGTAVEL
vIEPPOAN, Yo TNV ool var BPEiTe TIC GLUVTETAYUEVEG TOV KEVIPOV, TOV

KOPLPDOV KL TOV EGTUDV:

(i) 21x* —4y* +84x—32y-64=0 (i) 2y* —=3x* =8y +6x—1=0.

4. No. Bpedei n Tuf tov ke R, Y100 TNV 0moio N mapaforf] ¥ = X* — kX + 2 £pbi-
nreTon TG evfeiag y = X —2.

5. No Bpeite Tic KOWEG EQOMTOUEVES TOV KUKAOL X + Y = % KoL TG ToPaoAng
y2=4x.

I'ENIKEY A2XKHXYEIY

1. Atvetou m e&lomon
¥ +y'-2Ax-1=0 (1), 6mov  AeR.

(1) No amodei&ete 611 Y100 K6Oe TN TOoV A M (1) TEproThvel KHKAO TOV 0TTOioVL
{nreiton va Bpebel To k€vTpo Kot 1 aKTivo.

(if) No amodei&ete 611 6hot o1 kvKAoL C, mov opifovron amd v (1) ya Tig
d1dpopeg TEG Tov A di€pyovtarl amd dvo otabepd onpeia. [lown eivar n
e&lomon g KOG YopdNS OA®MV ALTOV TV KUKAMV;
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2.

6.

2
. Atvetonm éElhenym ;_C—Z + i

Aivovtai ot kOkAol C, : x* +y° =1 ko C,: (x—2)* +y* = 2% ka1 1 gvbeia

y=AX+f,6mov A, eR.

(1) [Moteg eivon o1 0m0oThGES TOV KEVTPOV TV KUKA®V C, kar C, amd v

gvbeio;

(i1) T woeg Tpég v 4 ko S 1 gubeio ePATTETON KOl GTOVG dVO KOKAOVG;

(iii) No amodei&ete 0t1 o1 KowEG epantopeves Twv kokAov C, kar C, téuvovtan
Tave otov dEova xx kot oynuotiCouv peta&d Tovg yovia 60°.

. Mo gv0eia y = Ax+ B, pe 4 # 0, tépver TNy mapoaPolr] y° = 4X oe 800 on-

pelo A ko B.
2-28 2 j

2 r)
(i1) Na Bpeite v e&lomon g ypappns néve otnv omoia Bpiocketon to M,

(1) No amodei&ete 0TL 01 GUVTETAYUEVES TOL HEGOL M Tov AB givan (

otav
(0) 2=1xo170 f petofarireton
(B) B =0xo110 A petofarretar.

2 2

y

. Atvetai n éldewyn X—2+F: 1, pue a > f > 0 xou T0 onueio 2(0,25). Mo
a

evbeia pe ouvrereot devBuvong 4 diépyeton amd To onpeio X Kot TEUVEL TIG
EPOTTOUEVES, GTOL GIKPOL TOV PEYAAOL GEova. TG EMAEWYNG, oTo. onpeio M ko M.
(1) Na Bpeite v e&iomon Tov KOKAOL e d1dpetpo MM ' cuvaptioeL Tov A.
(i1) ['o. moteg Tyég Tov A€ R 0 KOKAOG awTdg dépyeTal amd TIG EGTIEG TNG
ENhenyme;

2
y : : : .
=-=1. Na Bpeite mv e&icoon g vrepPfoing n omoio

€xel TIG 101G €0TiEg e TNV EALEYT Kol EQATTTETAL 6TV €V0eiaL Y = X+ 1.

"Ecto ta dtovdcpata 547 =(4,0) ko HAj =(1,0) Tov KOPTEGLOVOD ETTESOV.

Av T0 S10vVOGHOTO 0PYIcOoVVY, CUYYPOVMC, VO TEPIGTPEPOVTOL LLE TNV 1010
YOVIOKN Tox0TNTO OAAG e avTiBetn Qopd, va amodei&ete 0TL To TéEPOg M
TNG GLVIGTOUEVNG TOVG LY PAPEL EAAELYT).

. Alvovtat ot nuievleieg 6,1y = 2x ka1 &, 1 y=-2X, Xe€(0,+0) Ko pa

gvbeia & n omoia Tig TévVEL 6TO onueia M, ko M, avTicToiymg.
(1) Na Bpeite g cuvtetaypéves tov M, koi M, GuvopTiGEL TOV GUVIETAYHEVOVY
0V uEcov M tov evBvypappov Tufuatog M M.,
(i1) No amodeitete 61 6tav n evbeia & Kiveitar, o1 wote T0 Tpiywvo OM M,
va £yel otafepd epPfaddv kot ico pe 2, tote T0 M Kiveital otov £va KAAOO
piog otabepng vrepPoAng.
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2 2

8. Aivovtat ot edMeiyerg C, :X—2+% =1 kG, :a’x’ +B°y’ =lpe 0<p<a.
a

H npuevbeio y = (e90)x, x>0,0< 0 <% tépvermy C, oto onpeio I (x;, )

ko1 v C, oto onueio I',(x,, ,).

Av 4, elvar o cuvteleoTr|g SievBuvong e epamtopévng g C, 6to onpueio 1)

Kat 4, efval 0 cvuvtereoti|g Sievbuvong g epantopévng g C, oto onpueio
,» VoL amodei&ete 01 To Yvopuevo 4,4, sivon {co pe (epd) .

2 2

2 g X y
9. Atvetoumn éArewyn pel + F =1l
(1) H epamtopévn g EMAetyns 6To onpeio mov n d1(0TOHOG TOL TPDTOL
TETOPTNUOPLOV TEUVEL TNV EAAELYT €XEL KAioN =50 Na Bpeite v

EKKEVTPOTNTA TNG EAAELYTC.

(i1) 'Eoto M 10 onpeio Tov Tp®MTOL TETOPTNOPLOV GTO 07010 1 evbeia y = AX,
A > 0 TEPVEL TV TTOPATTAvV® EAAENYT). AV 1 elvar 1) KAIoN TNG EQOTTOLEVS
™G EAAEWYNC 6TO onpeio M, TOTE Vo EKPPAGETE TO YIVOUEVO AU G
GLVAPTNGT TOV NUOEOVOV a, f.

10. (i) Aivovton évag kokiog C, pe kévipo K xat axtive R kot pio gvubeia &
mov dev £yel kavéva koo onueio pe tov kokAo C.. Na anodeilete
ot ta kEVTpo TV KiKAwv C, Tov gpdntovtal g & Ko Tov kKukAov C,
eEmTepiKd, oviikovv o€ oTafep TOpaPoAn.
(i1) Atvovtan 6vo kokAotl C, kon C,, e kévrpa K kon K, ko aktiveg R, kot
R, avtictoiywg, amd Tovg omoiovg o C, eivar esmtepikog tov C,. Na
omodeifete OTL T KEVTPA TV KOKA®V C, TOL EQATTOVTIOL ECOTEPTIKE
tov C, xon e€wtepikd tov C,, avnkovv oe otadepn EMAewym.
(iii) Atvovton 0o kvrhor C, ko C,, pe kévrpa K, ko K, kot axtiveg R, kot
R,, avticToiymg, mov Ppickovrar o vag ektog Tov GArov. No arodeilete
OTL Ta KEVTPA ToV KOKAOL C TTov gpdmTovTol e£MTEPIKA KO TWV dVO
koKAov C, kar C, avirovv e kKAGd0 otafepng vepPoinc.
X2 yZ
11. Aivetarm éAdetyn ?+ F =1 ka1 10 onpeio g M (acvve, fnue).
(1) Na Bpeite v e&lowon g eQATTOREVNG TNG EAAEWYNG G6TO onueio M.
(i1)) No amodei&ete OTL TO YIVOUEVO TOV OMOGTAGE®MY TOV E0TIOV E kot £’
omd TV eQOnTOpUEVN €lvor oTafEPS.
(ii1) I'o oo Ty Tov @ To EUPUSOV TOL TPLYDOVOL TTOL 0pilEL ) EPUTTOUEVT
LLEe TOVG dEoveg yiveTon EAAYLIOTO;
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EPQTHXEIY KATANOHXHXY

2116 mopokdTo epmmoaoelg 1-11 vo faiete o€ KOKAO T 6OOTH OTAVINON:

1. O xoKhog (x—a)* +y° =a’
A) gpdmteTon oTov x'x
B) 61épyeton and to onpueio 4(0,a)
I') epdmteTan oTov y'y.

2. H gubsio y=X+ 1 ka1 0 kOKAog X2+Yy2=1
A) tépvovtal
B) epdmntovton
I') dev €yovv kowvd onpeio.

3. 'Ecto ot k0K ot x° +(y—2)° =4 kot (x—2)? + y? = 4. To onueio M(1,1) givon
A) e0mTEPIKO TOV £VOG KUKAOL Kol EEOTEPKO TOV GAAOL
B) onpeio kat tov 600 KOKA®V
I') ecotepkd katl tmv 6H0 KOKAW®V
A) eEmTEPIKO KO TOV dV0 KOKAMV.

4. 'Eot® 0 KOKAOG e TOPOUETPIKEG EIGDGELS:

x=20uwvp, y=2nup, 6mov ¢<[0,2x).
To onueio A(l, \/5) gtval
A) e0mTEPIKO TOV KUKAOL
B) e&mtepikd Tov KOKAOV
I') onpeio tov KdKAOL.

=2
5. Zto dumhavo oy m o givon n dievbeTodon e

A
Kot to £ eivon n eotio g mapaPoing
y* =2px. To pfxog g xopdng AB &ivor
[ -
oo pe: 0 E X

A) AB:§, B) AB=p, T) AB=2p,

A) AB =4p. \
)
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Ay
6. Xto duthavo oynua ta onueio E', E givat ot B L
2 2 @ g
€otieg TG EAAEYNG x_2 + y_2 =1.
a” B
To unkocg Ttov BE givon é
o g, A\ E 0 E |4
A) peyoddtepo tov a,
B) pikpotepo tov «a,
I') ico pe a. 7

7. X210 1010 oynua oV o Tpiymvo BEE' eivol IGOTAEVPO, TOTE 1] EKKEVIPOTITO,

™ EMAeyng eivon ion pe

1
Ae=>,
Ye=2

2
8. Av ot eAdkeilyelg z—z + 7

A) a =6,

B) ¢ =2,
Vv
2

B) a =12,

I e=1,

2 2

y

X
1 xou =i
a 2

N a=3

A) ezﬁ.
2

A) a =4.

9. Aivetormn EMAeyM e TOPOUETPIKES EEICDOELS

X =5cvve

To onueio M(7,0) sivar

Ko

y =4nue,

0 <[0,27).

A) ecwtepiKo ™G EALEyYMG, B) eEmtepikd g EAAeynG,

I') onueio g éAheyng.
x2 y2
10. O vepPoréc e 1

y _x

Ko ? —?

=1 &yovv

A) 131G 0COUTTOTES KOl 1010 EKKEVTPATNTAL,

B) d1apopetikéc acOumtmTeg Kot 10100 EKKEVTPOTNTOAL,

I') id1eg AoVUTTMOTEG KO SLOLPOPETIKY EKKEVIPOTNTO,

A) S10pOPETIKES AGVUTTMOTEG KO SLOUPOPETIKEG EKKEVTPOTNTES.

11. Xt0 duthavo oynua to KAMN egiva

0 opBoydvio Bdong Tng vrepPoAng
2

32 42 -

A) peyordtepo Tov y

B) ico pey

I') pxpodtepo tov y.

- To pnkog OK elvon

1, a>2 elvor 6polEg, TOTE

—
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12. '‘Eoto o k0vkAog (X—a)’ + (Y- B)? = p°, a,B,p >0 . Na cuvdécete pe o

13.

YO To SES0UEVA TG TPADTNG GTHANG LLE TOL OVTIGTOLYG TOVG GTN OEVTEPN

GTNAN

O KOKAOG dEpYeTOL OO TNV apYN TOV AESVOV
O xOKAOG €xEl TO KEVTPO TOL GTOV dEova x'x
O k0OKAOG £)EL TO KEVTPO TOL GTOV GEova 'y
O KOKAOG epamTETOL OTOV AEOVA XX

O kVvKAoG epanteTOl 6TOV dEOVAL V'Y

O KOKAOG EPATTETOL KOl GTOVG dVO GEOVEG.

a=p=p
a=0
a2+ﬂ2=p2
£=0
a=p#p
p=a
p=p
a==0

No cvvoéoete pe o ypopp to eS0UEVE TG TPDTNG GTHANG LE TO

OVTIGTOLYA TOLG GTN OEVTEPT] GTNAN

E&icwon

9x*—y* =0

¥+’ —4x+2y-6=0
¥ =2x=2y+1=0

Ax* +y* —8x+2y+4=0
¥ =y +2x—4y-4=0

Kovw

"EAewyn

YrepPoin
[Mopafoin
Zebyog Evbeimv
Kbxhog

14. No cvvdéoete pe pio ypoppn to 0€80UEVH TNG TPATNG CTHANG LE TO

OVTIGTOLYA TOLG OTN OEVTEPT GTNAN

Exkevtpomta

§| Ao g~ O N|§

Kovikn

Kbxhog

Ioookeg vepPoin
YrepPoin

"EAlewnym




4 OEQPIA APIOMON

4.1 H MAOHMATIKH EITATQI'H

Eiwcaywyn

H Oczowpio AplOumv, nradn n HEAET TV WB0TATOV TOV OETIKOV oKEPOI®OV,
£€0gce amd ToAh vopig Toug LadnUaTKovs upootd 6To eENG TPOPAN L
“Kdamoia mwpoétoon oAnbedel yioo Oplopéveg TMEPIMTMOOES okepoaimv. Eivon
opmg advvato vo e&etactobv OAeg 01 e0IKEG mepmTdoels. Tldg propovpe va
amodei&ovpe 6TL oAnOevel yevika,;”
M amd Tic TAéov 1oyvpés neBdSovg Yo T ADOM ALTOL TOL TPOPANUATOG
givon n péBodoc ™g pabnuatikng erayoyns. O (EAAnvikng koataywyng) Italog
pobnpatikog Francesco Mauroliko (Mavpoivkog) anéderée to 1557 otu:

“To abporoua evog mABovs mepittcdv o€ OL10.dOYIKY GEIPA, UE APETHPLO.

T HOVADa, OIVEL TO TETPAYVO TOV TANHOVS TV TEPITTOV.”

[dnAadn, pe cOyypovo cupBoMopd, 1+3+5+...+(2v 1) =v’].
Ta v amddeién o Mawpdivkog ¥pnoLonoince TNy TpdTOcN

“Kabe tetpaywvo, otav anéaveral (e Tov ELOUEVO TOV aTHV TALH TEPITTO,

OIVEL TO EMOUEVO OTNY TALH TETPAYWVO ™.

[dniadn v tawtotTo v+ 2V +1) = (v +1)°].
Ovcloctikd £€6e15e Aomdv OTL LLAPYEL Evag YEVIKOG TpOTOS pLeTdfaong and o
mepinTmon otV apécms emopevn. H pébodoc avtn doatundbnke pe capnvelo
am6 tov Blaise Pascal, 1o 1654, otnv mpaypateio Tov yio to aptOpntikd tplywvo.
AOTUTTOVOVTOG oL 1OOTNTO TOV 1IGYVEL GE OAEG TIG YPOUUUES TOV TPLYDVOV, O
Pascal éypaye ta €&g:

“Av n mpotoaon ooty Eyel Evav amelpo aplOuo mEpITTTEWY, Qo dwow

o wodd advroun arodeiln vrolérovrag ovo Anuuaro.

To wpwro, OV EIVOL TPOPOAVES, EIVaL 0TI aVTH N 10LOTHTA LOYVEL 0TH 21

I

To devtepo eivar OtL av avT] N 1OIOTNTO. IGYVEL GE ULO. TUXOLO Ypouu],

707€ OO0 16YDEL ATOPOITHTO KOL GTHY EXOUEVH YPOLLUY.
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Ao avto yivetar povepo otL n wpotoaon ainbedel oe kabe mepintwon,
YIOTL ) 1010THTO 16X 0EL 0T 21] Ypoyuun], Aoy tov TpaTov Ajuuotog. Etol
Adyw tov devtépov nuuatog Bo. 1oyder kol otnv 3n ypouur, opa ko
oY 41 K.0.K., UEYPL TO ATELPO.”
O106pot “pofnuatikn eraymyn” M “télela enaymyn”, kabiepodnkav otn ddpKeLn
Tov 190v awdva pe TG gpyacieg tov A. de Morgan (1838) ko R. Dedekind
(1887), v va yivel dtakpion and v “oteln enaymyn” TOL YPNOCUOTOIEITAL
ot Pvoikég Emotnpec.

Apyn MaOnuatixys Exoywyns

Ag vmoBécovpe 6TL B ovpe va Bpovue To dOpotGHa
1+34+5+7+...+(2v-1)

Y10, 0010ONTOTE BETIKO OKEPOLO V.
Ynohoyilovpe to GOpoIcHa AVTO Y10 LEPIKES TILEG TOV V KO EYOVLLE:

To v =1, 1=1 (=1%)
Ta v=2, 1+3=4 (=29
o v=3, 1+3+5=9 (=3%)
Tao v =4, 1+3+5+7=16 (=4

To péypt tdpa amoterécpaTa Log 0dnyodv oV ekacio OTL:
14+3+5+7+...+ v -1)=v>. (1)

Eneidn 1o mhnboc tov Betikdv axepaiov givor drepo, cvveyilovtag pe tov
TOPOTav® TPOTO, givar advuvato va arodei&ovpe 6tL N (1) 1oyveL Yoo GAOVE TOVG
Oetikovg axepaiovg.

Av 6pmc pmopovcape vo dgiovpe 6tL 6ty ainbedel o woyvpiopdg (1) yuo
avBaipeto Betikd axépoto v Ba aAnbevetl ko yioo Tov enduevd Tov v +1, T0TE
0 1oyVPIoUOS Ba ioyve Yoo OAoVG Tovg BeTikovg akepaiovs. T'oti TotE, aPod o
oyvpopds etvor aAnOng v v =1, Ba gtvar oAnOng Kot yio v =1+1=2, cuven®dg
Koy v =241 =3 kot dtodoyikd yio kibe OeTikd aképaio.

Av, Lowov, vmobécove Ot
14+3+5+7+...+Q2v-1)=v?
o1 O Eyovpe:
1+3+5+7+..+Qv-D+2v+ 1) =[14+3+5+7+...+2v-D]+ (2v +1)
=vi+2v+1
=(v+1)°.
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Amodei&ope dnradn OTL av 0 1oYVPICUOS givar aAnOng Yoo évav avbaipeto
Betikd axépaio v, TOTE glvor aAnOnG Ko oL Tov EMOUEVO TOV axépato v +1. Apa,
aAnOevet yio kabe OeTikd axépato v.

Mo avomapdotaon Tov YeYovoTog avtol givor 1 €ENG:

Yrobétovpe 611 Exovpe tomobeThoel o€ ua celpd Evo TAN00g PipAiov.

10000
SN0

Av pi&ovpe mpog o micw 10 TpdTO PPAio Kot av to Pifiia eivor £To1 TomofeTnpéVOL

100
100

mote Kabe popd mov TEPTEL KAmolo BiAio va piyvel kot o emdpevo Tov, Tote Hat
ovotpamovyv OAa ta. PpAio.

H amodeiktikn avtn pébodoc Aéyeton padnpatiki) 1 térero eraymyn kot ompileton
o1 AeYOUEVT “apyn TNG LOONULOTIKNG ETOY®YNS”, 1| OOl SIUTUTTOVETOL OG EENG:

APXH THX MAGHMATIKHX EITAI'QI'HX

"Ecto P(v) évag 1oyupioptog mov avapEpETot 6Tovg HETIKoNs akepaiovg.
Av

(1) o woyvpopodg etvonr aAnbng yu tov axéporo 1, dmAadn o P(1) sivon
oAnOng, Kot

(i) m aAnBelo Tov P(v) cuverdyeton v aAndeio tov P(v +1) yio kaOe v

TOTE 0 1oYVPIoUOG P(v) aAnbedet yio 6OAoVG Tovg BETIKOVG OKEPOIOVG V.

Onwg paivetatl and ta mponyovueva, 1 LEB0S0G NG LOONUATIKNG ETAY®YNG
amoteAgital amd dvo Prpato. Kot ta dHo Prpate eivor aroddtmg avaykaio, yio
va eEacpaiicovpe TV aAndgio eVOG 1IGYLPIGLOV, J1OTL SLPOPETIKA UITOPEL VO
odnynBodpe oe Adbog cupmepacpata. Y mapyovv, SnAadn, TEPUITMOGELS OTIG OTOIEG
wavornoteitol o 1o frpa xopic Opmc va tkavomoteiton ko to 20. ['a mapaderypa,
70 TOAM®VVLO v —v +41 Y10 v = 2 &xel tnv T 41, mov etval TpdTog aptdudc,
(dNAadn dev £xel AALO daPETT EKTOG TNG LOVADAG KOl TOL EXVTOV TOV). AAAG Kol
viov=23 4,5, 6,7, 8, 9, 10 éxovue Tic TWéC 43, 47, 53, 61, 71, 83, 97, 113, 131
OVTIGTOlY®C, TOL £lvol OAOL eTtiong TPdTOL aplfpol. Bo PTopovGE AOUTOV KATO10G
v LOOEGEL HTL Y10, OTOI0TOTE PLGIKO V 1) TIUT TOV TOADOVVLOL v —Vv + 41 givon
TPDOTOC 0PlOROS. AVTO GG, EVOD 1oYVEL péEYPLKaL v = 40, dev woydeL Yo v =41, yio
10 onoio &yovpe 417 —41+41 =417, 1ov dev eivan TpdToC.
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Yrdpyovov €miong MEPIMTMOEI OTIG OMOiEg Kavomolgital 0 20 Puo g
LOONUATIKNG EMOY®YNS YOPIG OL®G Vo tkavomotgital Kot to 1o. Ag Bempncovyle,
Y10, TOPASELY AL, TOV IGYVPIoUO:

“Kabe puokdg g popeng 2v givor mepirtdg”.

Av KOl 0 1oYVPIoUOG EIVOL TTPOPAVAOS YEVONG, MOTOGO 1oYVEL TO 20 PrKa NG
pobnpatikng eraywyns. [pdypatt, ov o aptpoc 2v pe v puoikd eival mepirtodg,
ToTE 2(v +1)=2v +2 givon emiong meptrtdg, g AOPOIGHO TOV TEPLTTOV 2V UE TOV
aptwo 2.

TToALEG popég mpémel va amodei&ovpie OTL Evag 1oXVPIGUOS P(v) ainbedet Oyt yio
KG0e OeTiKd axépato v oAl Yo KGBe v peyoAdbtepo 1 160 amd KAmolo opiGUEVO
PLGIKO aplOuo.

T mapdderypa, av BEhovpe va deiéovpe 6t 2" > 2v +1 yuo K6Oe v > 3, 161€ TO
TpdTO Prpa givor va amodgifovpe TNV oAn0glo TG avicOTNTAG Yo V = 3, EVD OV
0&hovpe va amodeitovpe 6t 3" 2 2v +1 yio kéOe v > 0, 1d1€ TO TPDTO Pripar Elvon
va, arodei&ovpe v aAndeto g ovicoéTTog Yoo v = 0.

E®PAPMOI'EXY

1. Na amodelyTel 0TL 1+2+3+ ... +v =

v(v+1)
2

Yo KGO 0TIk axépato V.

AIIOAEIZEH

‘Ecto P(v) n wodémta mov BEAovpe va amodei&ovlle.

e o v =1n1cotnta yiveton 1= @ N ioodvvapo 1=1, dniadnn P(1) eivon

aAnonge.
e Qo amodeifovpe 6Tt av P(v) aindng, tote kou P(v +1) aAnOng, dSniodn ot
ov 1+2+3+..+v _vv+D , TOTE 142434+ +v+(v +1):—(v+1)2(v+2) .

‘Eyovpe: 1+ 243+ 4v+@+)=1+24+3+...4v)+ (v +1)

v(v+)

——+WV+D)= (v+1)£ j

_(v+D(v+2)
==

Apa, 1 1eotTo 0ANOeVEL Yo GAOVLG TOVG BeTIKOVG aKeEpPOiovg V.



139

2. Ecto a évog TpaypaTIKeS apOpoc, pe —1< a # 0. No amodeytel 6TL Yo
6)0vg TOVg BeTIKOVG aKkepaiovg v pe v > 2, woyder: (1+ a) >1+va.
(Avicoémta tov Bernoulli)

AIIOAEIZEH

‘Ecto P(v) 1 avicdta mov OEhovpe vo omodei&ovyLe.

e o v =2 n avicdétnta yivetor: (1+a)* > 1+ 20, Snradn 1+ 2a+a® > 1+ 2a mov
gtvar oAnOng, apod yia a=0 1oyvel o’ > 0. Qote P(2) aAnong.

® Qa amodei&ovpe 6t av P(v) aindng, tote ko P(v +1) aAnOng, dniadn:

av (1+a) >1+va, 10t¢ (l+0) ™" >1+(V+Da.
"Exovpue drodoyikd:
Q+a) >1+va
1+ 0) 1+a)>1L+va)l+a), aeoV 1+a>0

(1+0)™* >1+a+va+va®

A+ a)™ >1+ (v +D)a+va’

(1+a)™ >1+ (v +Da, apov va’® > 0.
Emopévmg, 1 avicdtta tov Bernoulli ioyvet yia 6Aovg Toug O€T1K00G 0KEPAIOVG
VeV > 2.

AXKHXELY

A" OMAAAX

1. No amodei&ete 611 y1o k6O BeTikd axépato v 1oydet

()P +2° 43 4402 = LDV HD
!
2
(i) P +2 +3 .4V :(@j
iii) 1-2+42-3+3-4 4. 4+v(y +1) = X FDOFD)
(1) -

. 1 1 1 1 v
av) —+—+—+...+ = .
1.2 2.3 3.4 viv+l) v+l
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2. No anodei&ete 611 v k6O BeTikd aképato v 1oyvEeL

v

4 X
T+ X+X +.. 44X =

-1 ’
T gpoocov X =1,

3. No anodei&ete 6tL
(i) v’ >2v+1 vy kG0e oxépato v >3

L (4Y
(ii) (Ej >v  ylo kGOg aképato v > 7
(iii) 5" > 5v —1 y10 kGO OeTKd aKEPOLO V.
B OMAAAX

1. No amodei&ete 6T Yo K60 OeTikd axépato v >4 1oydet
v1>2' 6mov v!I=1-2-3 .. v.

2. No anodei&ete 611 Yo k6O OeTIKO 0KEPOLO V 1GYVEL

L1, 1]
1?22 T T Ty

3. No amodei&ete 6TL Yo KaOg OeTiKd axépato v =3 1oyveL

v s (v +1).

4.2 EYKAEIAEIA AIAIPEXH

Agvmobécovpe 6TL BEAOLLE VO BpovLE TO TNATKO Kol TO VITOAOUTO TNG S1OIPESTC
oV 22 pe Tov 5. ZOppova PE To yvootd alydpiBpo g dwaipeong, To TnAiko o
gtval évog aképaiog k, TETOL0G, MCTE:

0<22—-K-5<5.
[Mo va Bpodpue, howdv, 1o x, oynpotilovpe TIg StaPopéc:
22-5, 22-2.5, 22-3.5, 22-4.5 22-5.5 22-6-5«7\.

5 5 5 5 5
R Y R
22-5-5 22-4.5 22-3.5 22-2-5 22-5 22
—_— e
-3 0 2 7 12 17 22
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TTapatnpodpe 6Tt 0o o1 aPlOLol AVTOL GLVEYDG LEWDVOVTOL, OO Eva oNUELD
Ko PeTd B etvar 6Aol apvnrikol. O HIKPOTEPOS UN OPVNTIKOG OKEPOLOG OTTO
TOVG TOPATAVE 0plBods, 0 omoiog givol pKpPOTEPOS TOL 5, givor 0 22—-4-5=2.
Zoumepaivovpe, Aowmodv, 6Tl To TnAiko g dtaipeong Tov 22 pe tov S gtval 4 Ko

TO VITOLOUTO 2 KOl EYOVUE:

2=4.5+2, 0<2<5.

T'evika, woyvet:

OEQPHMA 1

Av o ka1 S gtvar puocol apBuoi pe B = 0, toTE LVIAPYOVY pOVAdSIKOT PLGUKOT

K KOl 0, TETOLO1l, DOTE

a=kB+v, 0<v<§p.

AIIOAEIZEH "
® OsmPoVE TOVG aKEPOOVG @, oe —f3, a =26, aa—3f, ... Ko omwd oaVToVG TToip-
VOVLLE TOVG U1 apvNTiKovs. Zynuatilovpe dnAadn to cHVOAO
S={a-xB|xeN, a—xp=>0}
To oVvvoro avtd gival vroovvoAio tov N kot emTAEoV glvat d18popo Tov KEVOD,

apov mepiExel tov a—0- B =a >0. Av v gival 10 gMdyioto ooy eio! Tov S, TotTE
0o vrtapyel k € N, T€T010G, HOTE L = o0 — KB, OMOHTE Ot 1Y VEL

a=kB+v kot 0<v.

T tov v wpémer va dei&ovpe OTL lvarl kol pKPOTEPOG TOL f. Ag vrobécovpe

Aroutdy 6TL L > B. Tote
v-pf20knv-f=a-kf-P=a-(k+D)f=a—-xB pe x=x+1leN.

Apa, o v—f elvor oToreio Tov cLVOLOL S, TOL OmoioL EAAYIGTO GTOLYKElD Efvon
70 v.'Eto1 Ba, 1oyvel v — f > v, wov givau dtomo. Enopévag, a =xf+v, 0<v < B.
® Mével thpa vo amodei&ovpe 6Tt o1 puotkoi apdpot x kot v givor povaducol. Ag
vrobécovpe OTL Kal 0L UOTKOL k' Kol ' EYOVV TNV 10T TO

a=xB+v’, 0<v' <p.
Enedn a =B +v, 0<v < B, Ba woydel kB +v' = kB +v, ondte

v-v'= Bk -K).

T Amodercvieton 6Tt KGOE 111 KevO DIOGHVOAO TOV PUGIKMY optdpLdV €xel eAdy1oTo oTotyeio (“apyy e

KoNG S1dragng’™).
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Onome, 0sv < B kn 0<v' < B, ondte — B < —v' < 0. Emopévmg, pe mpdcsbeon katd

AN € :
UEAN £xovpe fe v-u <B

-B<P'-x)<p

-1< ¥'-x <1
AMG 0 povadkog axépotog peto&d —1 ko 1 ivonto 0. Apa k' —k =0, Sniadn k' =k,
omote KoL L' =V . W

AmodetcvdeTan 0Tt To BedpPM O 1GYVEL YEVIKOTEPO. Y10 OTOLOVGONTOTE OKEPOLOVG O
Ko S, pe f # 0 ko SttundveTon oG eENG:

Av o ko f axépatot pe B # 0, TOTE VIAPYOLV PLOVOSTKOT OKEPOLOL K KOIL D, TETOLOL,
MoTE

a=xkB+v, O0<v<[B].

H Swdwkacio ebpeong tov x, v Aéyeton EVKAEIdELO 1] aAyoprOpIK draipesT) ToL a e
tov 3. To x Aéyeton AMAiko Ko 10 v VTOAOTO TG Sraipeong o ths. Otav 1o VITOAOUTO
o evkAeidetag daipeong eivar ico e to 0, 1 dtaipeon Aéyetan TéEAEW.
Ag 500 pe TopadelypoTo Tmg epyalOHAGTE GTIC SIGPOPES TEPUTTAOCELS, Y10, VA fpolie
TO TMAIKO KOt TO VITOAOLTO oG EVKAEIDELOG daipeoTC.
® 'Eoto howdv a =-92 xor B =5 Amo ) Swipeon tov 92 pe tov S Eyovpe 92=5-18+2
KOl ETOUEVAG,
-92=-5-18-2
=-5-18-5+5-2
=-5-19+3
=5(-19)+3.
Apa, —92=5-(-19)+3, pe 0<3 <5, TOV GNUALVEL OTL TO TNAIKO TNG SLOHPESTG TOV
—92 petov 5 etvan —19 ko 10 vrdOrowo givon 3.
® 'Eoto tdpa o =92 kou S =-5. And v 166tTo 92 =518+ 2 £yovpe S1a00yIKd
-92=-5.18-2
=-5-18-5+5-2
=(=5)-19+3.

Apa, —92 =(-5)-19+3, pe 0<3 < |-5], mov onuoaivel 0Tt To TALKo TG daipecng TOL
—92 petov -5 gtvan 19 ko to vrdAouro gtvon 3.
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e 'Ectw, 1éhog, o =92 won B = 5. TIdA amd v isdmta 92 =5-18+2 €yovpe:
92 =(=5)-(-18)+2, pe 0<2<|-5]
7OV OMLLOEVEL OTL TO TTNATKO TG dtaiipeons Tov 92 e tov =5 givor —18 ko o vTdAoUTO
glvon 2.
2XOAIO
Otav o drnpéng s evkieidetog dwaipeong etvan o B = 2, ToTE TO VAT LTOAOUTOL
givarv=0 1M v=1
Av v =0, 0 aképaog a EYEL TN LOPON & = 2K, Kk € Z Ko AEYETOL APTLOG, EVD
Av v =1, 0 axéparog Exel n Lope1| & = 2k + 1, k € Z kou Aéyeton wEPLTTOC.
I'evikd, To Suvotd vedAouTa Tov o pe tov B > 0 givar ot apBpol

0, 1, 2, ..., p-L

E®PAPMOI'EXY

a@®+2)

1.Avoasivm 0KEPALOG, TOTE KOL O givan axéparog.

AIIOAEIZEH
Enedn ta duvartd vtorowra tov o pe tov 3 givon 0, 1, 2, 0 aképanog a £xet pio omd Tig
poppéc =3k Ma=3xk+1 M a=3k+2, ke”Z.
e Ava=3, keZ, 10t
a(e?+2) 3x[Gr) +2]
3 3
o Ava=3k+1,ke”Z,101E
a(@®+2) Ge+D[Br+1) +2]
3 3
e Ava=3k+2, keZ, 101¢
a(@®+2) Gr+2)[Gr+2) +2]
3 3

=x(9x* +2) e Z.

=GBk +)Gk> +2k+1) e Z.

=Bk +2)(3k* +4k +2) e Z.

2. Na ATOOELYTEL OTL:
(i) To ywvépevo 600 S1080 KAV aKepaicy givor ApTIog aprOpoc.
(ii) To TeTpay®vo kG0 TEPLTTOV OKEPAiOL gival TG popeis 81 +1, A €Z.

AIIOAEIZEH

(1) "Eotm 600 dwadoykol aképatot a, o +1.
® Av o a gtvon aptiog, nAadn a =2k, k € Z, 101€
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a(a+1)=2-k(2Kx +1) =21, dpTi0G.
——

P

® Av o a sivon meptttog, onhadn a =2k +1, kK € Z, 1618
ala+1)=R2x+1)2x+2)=2-2kx +1)(x +1) = 24, dpTioc.
P ’ J . D
(i)' Eotm o mepittdg o =2k +1, k € Z. Tote €govpe 2

a’ =2k +1) =4k’ +4x +1=4Kk(k +1)+1=4-2A+1=81+1, L e Z.
——

24

AXKHXYELY

A" OMAAAX

1. Na Bpeite To TAIKO Kot TO VTOAOITO TNG EVKAEIOEING SLOIPECNG TOV ¢ LIE TOV
L o€ KaBed oo TIg TUPUKAT® TEPUTTOGELG:

(1) a =83 xan =11 (i) a =-83 xon g =11

(iil)) a =83 ko f=-11 (iv) o =-83 v f =-11.
2. No omodei&ete Ot

(1) To teTpdrymvo evOC aKEPOIOL @ TAIPVEL TN LOPPN:

a’=3k,keZ N\ a’=3k+1,keZ.
(1) KOs axépatog o g Lopeng o = 6k +5, k € Z pmopel va mipeL T Lopen
a=31+2, A eZ.loydelto aviicTpopo;

3. Av a givon £vag TEpITTOg 0KEPOILOG, VO OTOOEIEETE OTL

a’+(a+2) +(a+4)° +1 .
12

Z.

4. Mmopei o ap10pog 25 va ypapei g aBpotoua 10 tpocbetémv, kabévog amd
TOLG omoiovg va givan icog e 1 31 5;
B OMAAAX

1. TN moteg Tyég Tov BeTikon akepaiov S to mAiko g daipeons tov 660 pe
tov S givarico pe 17; o tvon to vrdromo g dwoipeong avtig o€ kabepud
mepinTmon);

2. Av a, B, y eivon tepirtol axcéponot, va amodeifete 6tin ebicwon ax’ + fx+y =0
dev yel aképaieg MGELS.
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"Byel axépateg Aoeig 1 eéicmon x* +3"7 x+2001=0;

3. Av a, f§ eivon 800 mepirtol aképorot, vo amodeiete Ot
2

Lot -p? AR a)
1 Z Kol 1) ———
) 5 C (i1) i

e”Z.

, , , 3x+4 ,
4. T'o Toteg TIES TOV akePaiov k 0 apBuods glvon aképanog;
5. No amodei&ete OtL:
(i) To teTpdymvo evog Gptiov eival Tng popeng a’ =44, A eZ, evd 10
TETPAY®VO EVOC TEPITTOV fvon TG Lopeng o’ =44 +1, L e Z.
(i) Av a, B etvar Teprttol axépoiot, Tote 1 eEicwon x> = a’ + B2 dev éxel
axépaieg pilec.
(ii1) Kavévag amd toug 0pous g aptOunTikng tpoodov: 6, 10, 14,18, 22, ... dev
glvar TETPAY®VO PLGIKOV aplOpoD.

4.3 AIAIPETOTHTA

Ewcaywyn

1o “Zroyeio” tov Evicieion, Brio VII, VIII kon IX (mepinmov 300 7.X.), o1 Oetikoi
OKEPALOL TAPIGTAVOVTOL MG EVOVYPOLLLLO TUNLOTO KoL 1) EVVOL0L TG OL0PETOTNTOG
GLVOEETOL AueTA e TN HETPNON TV eLOVYpoLmY Tunpdtey. O Evkieidng oty
apyn Tov Priov VII diver 22 opiopote, petas&hd towv omoimv kot ot e€Ng:

Apémg: Mépog eotiv optBuoc apiBuod o eldoowv tov usilovog, otow
KOTOUETPT] TOV UEICOVA.

[MoAramhdoro: Ilorlomldoiog de o uelwY T0V EAGTEOVOS, OTOV KOTOWETPIITOL
V7O TOV EAGOGOVOG.

ApTioc apOuoc: Aptiog opiOuog oty 0 iy O10upODUEVOG.

[eprrtog apOuOG: Tepioooc de o un S1oupoduUEVOS dixo. i 0 LOVADL SLOPEPDV
optiov ap1uod.

[Tpwrtog apOnods: Tpdtog apiOudcs éotiv o Hovadr uovy HETPODUEVOG.
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[Ipdtot peta&d tovg: lpwror mpog allilovg apiBuol 1oiv o1 Hovaol
UETPOVUEVOL KOV UETPC.
Televtaiog divetar 0 opIoHOG TOL TEAEIOD aplBoD, SNAadn avTod oL gival iG0g Le
TO GOPOIGUO TOV YVHGL®V SUPETDV TOV, Y10, TAPAdEY U, 28 =1+2+4+7 +14:
TéAe10¢ op10uo¢ E0TLY O TOIS EQVTOD UEPETTY 160G V.
To evdl0pEPOV TV 0PYOimY LOONUATIK®V Y10 TOLG TEAELOVS ap1OOVS QaiveTon OTL
TpoxAOnKe oo v eEopetik omavidTTd ToVg. Eivar yapaktnpiotikni n mapatipnon
Tov M. Mersenne (1588-1642) 61t “ot téAerot ap1Bpol eivor TOG0 GIaviol 660 Kot ot
TéAE101 AVOp®TOL”.
H Ozopio ApBudv apyilet oo Birio VII pe 300 TpoTdoels yio v 0PECT TOL LEYIGTOV
KooV dtopétn dvo apBpdv (Evkieidelog alyopifog) Kot oOAoKANpdVETAL GTNV
terevtaio TpdTact Tov PiAov IX pe po pébodo Tposdloptood TELEIWV apOUmV.
Me chyypovo cupforiond, otny Tpdtacn avt 0 EvkAeiong amodeikvioet ot
Av 0 ap1Ouég 1+2+2> +..+2"" =2 —1 eivau mpdrog, 1616 0 ap1Oudg
272" 1) efvou téAsioq.
"Eto1, 1 yvdon evog mpdTov aptfpov g popeng 2" —1 odnyel apéom oty ovaKaAuym
evog Téletov ap1Opod. Ot pdTor 5 apiduol avtov Tov idovg eivanot 2> —1=3, 2° —1=7,
2° —1=31,2" -1=127, 2" —1= 8191 ka1 pag Sivovy Tovg TPMOTOVE 5 TEAEI0VC aPLOODg
6,128,496, 8128 ko 33550336. Méypt orjuepa Exouvv Ppebet 36 tédetot apiOpoi.

‘Evvoia Aiauperotyrag

2V evkAeideto daipeoT) 1010iTEPO EVIAPEPOV TOPOVGIALEL N TEPITTOGT KOTA TNV
omoia o VTéAoUTo gival 160 pe UNdév, dNAadN M TEPintTOon TG TEAELNG dlaipeoTC.
Tnv mepintwon avtn O eEetdoovpe 6N GLVEXELOL.

OPIXMOX

"Ecto a, £ 600 aképatot pe B # 0. Oa Aépe 6Tt 0 f dranpei Tov a Kot Oo ypapovpe
Bl a, 6tav n dwipeon Tov a Le Tov f etvor TEAED, INAST OTOV VITAPYEL AKEPALOG
K, TETOL0G, DOTE o = Kf3.

2y mepintmon ot AEUE emiong OTL 0 S elval SLapéTng 1 TOPAYOVTAS TOL ¢ 1 OTL
0 a dwupeitor pe Tov f 1 okopo 0T 0 & €ival TOALATAGGLO TOV B, Kot YpApovpEe
a = ToMAf.

T'o va dnldcovpe 6tL 0 aképalog f O dlapel Tov aKéEPaLo a, YpAPovue S | a 1
wodvvapa o # modf. I'a mapddetypa, 5120, apod 20=4-5,evd 5| 18, apod 1 dioi-
peon tov 18 pe tov 5 dev givon téAeto.
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Av B | a, 1018 a0 = K 16000voU0 @ = (—k )(—B), TOL oNUAIVEL OTL AV O S Eivar SLopEg
OV a, TOTE Kot 0 —f elvart dtoupé€ng Tov a. Emopévag, ot danpéteg evog aképatov
gpoaviovron katd (ebyn avtifetmv axépoimv.

)G QUECEG GUVETELES TOV TTAPOTAV®D OPIGLOD EYOVLLE TIG EENG:
e +l|o ko +a|a yiokéde aeZ
e B10,yi0ké0e feZ

e Av f|a, 018 KB | Ko, Y1 kG0 kK € Z
Tovilovpe 611 670 GUEPOAMSLS B | o, oL apBpol o Ko S eivan whvto aképotor ko B # 0.
B0 YVOPIGOVLE TOPO, LEPIKES YPNOES IOIOTNTES TNG SLOPETHTNTOG.

OEQPHMA 2
"Eoto a, f, y axéparot. [oxhouvv ot akdAovhes 1016t TEG
DAV a|B xa B|a, wiea=FMa=-0.
(i) Av a | B ko By, T0TE o |y .
(i) Av o | B, ot a0 | AB Yo kéOe oépano A.
(V) Av o | B ko a |y, o1 a [ (B +7).
V) Av a|B xor B =0, tote | | < | B .

AITIOAEIEH

(1) Emedn o B xor B | a, vapyovv aKEpLoL &, A, TETOW0L, OOTE f = ko KoL o = Af3,
omoTE o = KA Kol ETOUEVMG, kKA =1, mov onuoivel 0Tt k =A=1M Kk =4 =-1,
onhadn o6t = R o =-p.

(i) Emedn a | B ko B |y, vmapyovv oképaiot x, A, TETO01L, MOTE B = koo Ko ¥ = Af,
omoTE ¥ = AK -0t Kou Gpa. a | v.

(i) Eme1on « | B vmapyel aképoiog x, T€T010G, OoTe B = ka, omote A = Ak -a Kol
apa a|AB.

(iv) Emeion a | B xor a |y, vtapyouv aképatot x, A, T€TO101, ®OTE B = ko KoL ¥ = Ac,
ondte f+y =(k+A)a ko bdpa o | (S +7).

(v) Eneidn a | B xon B # 0, vdpyel axéparog k # 0 pe B = ka. Emopévaoc,
|BH®[-leZo], apod [k [=1. M

Ao 15 1010t TEC (1) Ko (1v) ToL TaPaTave BE@PNIUOTOC TPOKOITTEL OTL:
“Av o | B ko a |y, TOTE 0 | (KB + Ay) Y10 6AOVG TOVG OKEPUIOVG K KoL A.”

O axépoog k3 + Ay, 6mov K, A € Z AéyeTan YPORPIKOS GVVOVLAGHOS TMV 5 KoL ).
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E®PAPMOI'EXY

1. Ava, 6 aképorot pg 8 | (2a +1) ko 8 | (3 —1), va BpeBovv or mOaviS OsTiKEg
TIEG TOV 0.

AY2ZH

Eneion 6| (2o +1) xou 6 | B —1), 0 6 dwonpel ko tov 32a +1)—2(3a —1) = 5. Apov
Aowtov 0 >0 kot 8|5, Baetvanr 6 =11 6 =5.

2. Na amodeytei 619" —8v —9 = mor64, yi0 KGO v € N

AIIOAEIZH

®a amodeifovpe TV TpdTOoT HE TN HEOOSO TNG LOONUOTIKNG ETOYMYNG.
e Hicomro oydetyia v =1, apod 9" —8-1-9 = 64 = mor64
® o amodeiEovpe 6T
av 9" —8v -9 =mor64=641, A €Z,101€ 9" —8(v+1)—9 = mOL 64.

"Exovpe: 9" —8(v+1)-9=9.9"" -8y —17
— (644 +8v +9)—8v —17
=91-64+72v +81-8v —17
=644 +v +1)
= moh64 .

Apon edtTa 0AnOevEL Yo GAOVG TOVS BETIKOVG 0KEPAIOVG.

3.Ne ooy Tel 6TL 0 3 droupel TOVg OKEPAIOVS o KoL £, av Kot povo av o 3 droupel
T0 GOpowspa a’ + B2,

AIIOAEIEH
e Av3|a ko 3|B,tote 3| (a-a+ - B), nhadf 3| (a’ + B*).

e Eoto 3|(a’ +B%).Av a =3k, +v,, 0<v, <3 xou =3k, +v,, 0<v, <3 givarot
1GOTNTES TOV OAYOPLOHIK®V SIOPECEDY TOV o Kot 5 [e Tov 3, T0TE
a’ =9k} +6K, +v] =33k} +2K,)+0] =34, +v/.
—_————
Al
2 2 2 2 2 2
B° =9xk; +6K,0, +0, =33k, +2K,0,)+0, =34, +0; .
—_—
P

omote a” + B° =31+ +v;),0mov A=A + 4, € Z.
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Eneidn 3|(oz2 +B%) xon 3|34, Tpémet 3|(u12 +0;) . Opog v,,v, € {0,1,2} omdre, Y0

TIG TWEG TNG TAPAGTOONG (U] +03 ), EXOVLE TOV TOPUKATOD TIVOKOL:

o, 0 1 2
0 v +v; =0 v +u; =1 v +ul =4
1 v +u) =1 vl +u; =2 vl +v; =5
2 vl +u; =4 vl +v; =5 vl +ul =8

And Tov Tivaka avTtdv TpokdmTEL OTL 3 |(u12 +0;), uovo 6ty v, =0 Kat v, =0,

dnAadn puovo o6tav o =3k, Kot B = 3k,, ToL CTUAivEL OTL 3|a Ko 3| B.

AXKHXELY

A" OMAAAX

1. Na Bpeite to mAn00¢ TV OeTIKDV akepaimy Tov dev vepPaivovy Tov
1000 ko dtopovvTon pe:

(1) tov 5, (i1) Tov 25, (iii) Tov 125,  (iv) tov 625.
2. Av a|B ot ¥[8, vo omodeitete 0T1 ay |BS.
3. Av1l|(a+2) kon 11|(35— ), vo omodei&ete o1t 11|(a + B).

4. Av 1 dapopd d00o axkepaimv givor dpTiog aptOpoc, va amodei&ete 0TI 1
S0POPE TV TETPAYOVOV TOVG Vol TOAAATAAGLO TOL 4.

5. Av mla ko1 m>1, va anodeifete 6t mla+1.

6. No amodeifete 611 2|(a - B)(B—-7)(y —a) Y. GAOVG TOVG AKEPALOVG O, f3, 7.
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B OMAAAX

1. 'Ecto a évog mepittdg aképoroc. No amodei&ete Ot
(i) To TeTpérymvo Tov « eivor TG popeng o’ =4A+1, A eZ
(if) 32|(a” +3)(@’ +7)

2. Na amodeitete 6t 4|(o® +2), yia k40e o € Z.

3. Noa amodeiete 6T1 dev vITAPYOLV d10d0YIKOT BETIKOT aKEPOLol TOV va. givor
KOt 01 OV0 TETPAYMVO OKEPAIMV.

4. Av Bla ko1 a,B e N*,va anodeitete ot (2 —1)|(2" -1).

5. No amodeitete 611
(1) To ywopeVo TPLdV S1ad0Y KOV OKEPOIOV dtoupeital Le To 6.
(ii) 6la(a+1)(2a +1) Y kaBe a € Z
(iii) 6|(oc3 +3a’ —4a) Yo k60e o € Z.

6. No amodeiterte 611
(1) 3‘(v3 +2v) Yo K60 v e N
(i1) 5|(3-27V +2-2") viakdbe veN
(ii) 14|3"* +5™") yaxade v eN

7. 'Ecto a, B, k, A€ Z pe k # A. Av (k—A)|(ka + AB), va anodei&ete Ot
(K—),)|(1a +Kp).

4.4 MEIrIXT0X KOINOX AIAIPETHY — EAAXIXTO
KOINO [NOAAAIIAAZIO

Méyiorog Kowvog Araipérnyg

‘Eocto a, f 500 aképatot. ' Evog aképatog o AEyeTor Kowveg dtanpétig tov a Kot f, dtov
glvor dtoup€ng Ko Tov a ko Tov . To GUVOAO TV BETIKGOV KOOV SLUPETOV dVO
akepUimV €XEL VO TOVAAYIOTOV GTOLELO, apov 0 1 elvarl mavta Evag BeTIKOG KOvdg
SapéTnG Tovg. Av €vag TOLAGYIGTOV OO TOVG dVO AKEPAIOVS Eival S1OPOPETUIKOGS
o6 1o 0, T6TE TO GHVOLO TV DETIKOV KOWVDV SIOPETMV TOVG EIVAL TETEPAGUEVO,
KOl ETOUEVAS AVALLEGA TOVG VITAPYEL LEYIOTO GTOLXELD. AV OGS KOt 01 SVO OKEPOILOL
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givon unoév, tote kahe OeTIKOG OKEPILOG EIVOIL KOOGS SLOPETNG TOVS KOl ETOUEVMG
TO GUVOLO TV BETIKOV KOOV SLUPETDV TOVGS OEV £XEL LEYIOTO GTOLYELO.

OPIEMOX

"Eoto a kot S 600 aképatot, amd TOLG 0T010VG £VAG TOVAGIGTOV Eivat S16.POPOg
oV UNdevos. Opilovpe og péyreto Kowvo otapétn (M.K.A.) tov o kot f,
Ko Tov cupBoriCovpue pe (a, B), To peyoldtepo! amd Tovg OeTIKoVg KOVOUg
OLUPETEG TOVC.

Anhadn, o M.K.A. dVo akepaimv a kot S eivot o Lovadikog Oetikog akEPALOg d TOV
£YEL TIG EMOUEVEG dVO 1010TNTEG:

(1) Sla ko §|B

(2) Av  X|a kou x|B, ToTE X<6.

And oV Tapandve optoud TPOKVLTTEL OTL

(2. )= (|| )
"Etot, yo mapdderypa, ov a =—12 kou =30, 16t (—12,30) = (12,30) = 6, 0po¥ o1
Oetcoi drapéteg tov 12 givonot 1,2, 3,4, 6,12, 003001 1, 2,3, 5, 6, 10, 15, 30
KOl 0 HEYOADTEPOG KOVOG SLoPETNG TOVG Elvat 0 6.
TMapatnpodpue eniong ot
e [ xabe Oetix o axépoto a woydet (ao,a)=o, (,0)=a won (e,1) =1.
® Ava, feivon dvo Oetikoi aKképoiol Le [3|a, to1¢ (a, B) = .
AVO aKEPAIOL o KOl 5, TTOL £Y0VV LEYIGTO KOO SLOpETN T LOVADA, Y10, TOVG OTTO10VG
dNAadn woyvel (o, B) =1, Aéyovtor Tp@dTol peTa&d Tovg. o mapddetypa, o1 28 Kot
15 givou TpdTot petald tovg, apov (28,15) =1.
Av y1o Tov voroyio o tov M.K.A. 600 akepainv tpocdiopilovpe TponyovHEVMG
TOVG OLUPETES TOVG, TOTE, WLITEPA Y10 LEYAAOVG 0PLOOVS, ATOTEITOL TOAVG YPOVOG,.
Mo cVuvToun Kot arotelecpotiky] pEB0doc Tpocdiopiopov tov M.K.A. opsireton
otov Eukdeidn kot Aéyeton evkAeidgtog aryopiOpog. O alyopiBpog avtdc otnpileton

6TO EMONEVO Bedpn L.

OEQPHMA 3

Av a, f gtvor 500 puoikol aptBpol kot v givot To VTOAOITO TG EVKAEIDELOG

daipeong Tov o pe Tov f, 10tE

(a,p)=(B,v)-

I Amodecvieton oti: “Kébe memepoacpévo vrochvoro tov R éxet péyioto otorysio”.
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AITOAEIEH
‘Eoto a =« +v, 0<v < 116610 TG EVKAEIDEIOG dLOUPESTC TOV 0! e TOV f5. Av
6 =(a,B) xon 6" =(B,v), to1€:

® Eneidn 8 |a kou 5| B, mpoxontel 611 §|(o —kB), dnhadn 6 |v. Etor | xar &
apa 6 <o'.

v,

e Enedn §'|B xou§'|v, mpokdmtet 6t1 §'|(kB +v), dnhadh 8'|a. 'Etor §'|B ko
5’
Emopévwg, 6 =6'. m

a, apa 8'<6.

AG YpNOYOTOGOVLE TO TAPATAV® De®@pnia 6Tov vToAoyiopd tov MLK.A. TV
111 kot 78. E@opuolovag dtodoyikd v eukAEideln dloipeon EOVUE:

111=1-78+33
78=2-33+12
33=2-1249
12=1-9+43
9=3-3+0.

Emopévmg,
(111,78)=(78,33) =(33,12) =(12,9) =(9,3) = (3,0) =3,

oniadn (111, 78) = 3, mov eival Kot To TeEAEVTOIO PN UNSEVIKO VITOAOITTO T®V
O OY KDV OLOPEGEMV.
I'evikd, Y10 600 Betikovg akepaiovg a, £ pe o > B, M dwdikaoio propel vo eptypapet
¢ e&ng: Epapuolovpe emoveinpupéva Kot d1080y KA TNV EVKAEIdELN dlaipeon Kot
YPAPOLLE

a=xkp+v, 0<v <p

B =Kk +v,, 0<v, <y,

v, = K0, +0;, 0<v, <v,

AT6 Tov EAeYY0 TOV AVICOTHTOV 0N €18 6TAAN PAETOVLE OTL Yo TNV okoAOLOTaL
TOV 1000 KOV VIToAoim®V 1oxdeL B > v, > v, > U, >...20.

Enopévog, vYotepa and f 1o moAd Prpata o eppavictel to vroiowro 0. Ag
vrobésovpe Aomdv OTL

v,_, =K,

vov-l

+v,, v, >0
L,

v-l1

=K,,0, +0.
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Tote 1oyvet (a, f) = v,. AVTO TPOKVTTEL OO T SLASOYIKN EPUPLLOYT| TOL TPOTYOVLLEVOD
OepPNUATOG, COUP®VO, LLE TO OTTOT0

(a.p)=(B,v)=(v;,0,)=..=(v,,0)=0,.

Enopévmg, o MK.A. tov a kot S givol To Televtaio 0£Tik6 vTdrhomo TV Topandve
OAYOPOUIKOV S10pEGEMV.

H dSwadikacio avtn anotelel Tov EVKAEIdELD aAyOpLOpO KOl ¥pMGLHLOTOLEITAL
YEVIKOTEPQ Y10, TOV TPOGOOPIGHd Tov ML.K.A. 00 omoimwvdnmote akepaimv.

A6 TOV TOpamave olyoplOpo WTopel vo TPOKLYEL 1] TOAD GNLOVTIKT 1010TNTO TOL
M.K.A. 800 apOudv a, £, 61t dNAadn avtdg pmopet vo EKQPAGTEL MG YPOUUIKOG
GLVOLOAGLOG TV a KoL 3.

T Tapaderypo, omd ™ dadikacio Tpocdioptopon tov MK.A. tov a = 111 ko

L =78 épovpe:
33=111-1-78
12=78-2-33
9=33-2-12
3=12-1-9
Emopévmg,
3=12-1-9=12-1-(33-2-12) =-1-33+3-12
=-1-33+3-(78-2-33)=3.78-7-33
=3-78-7-(111-1-78) = (=7)-111+10-78.
Qorte

(111,78) =3 =(-7)-111+10-78.

Tevika, woybet:

OEQPHMA 4

Av 0 givon 0 MLK.A. 10V o ko £, TOTE DITAPYOVY AKEPOLOL K KoL A, TETOL01, DOTE
O=Kka+Ap.

Anradn, o M.K.A. V0 aképaiwv pmopel va ypapel g YPoUUIKOG GUVIVAGLOG
TOV OKEPUIMV AVLTAOV.

Ot axéparot x ko A dev eivon povadikoi. o mapdaderypa yio to MLK.A. tov 111
kot 78 etvat 3=(=7)-111+10-78 aArd ko 3=71-111+(-101)-78.
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IMOPIEMA 1

AVO axépaiot a, f etvor TpdTol LETAED TOVG, OV Ko LOVO oV DITEPYOVY AKEPOLOL
K, A, TETOL01, DOTE
ko +Af =1.

AIIOAEIZEH

® Av a, ff elvar tpdTol peta & Toug, 10T (o, f) = 1 Ko ETOUEVMG VITAPYOVY OKEPOLLOL
K, Ape ka+Ap =1

® Avumapyovv aképatotk, A pe ka +Af =1 xarav & =(a, B), 101e 5la kar 5B

KoL ETOPEVAS, & |(kar + AB), Snhodh &

1,omote 6=1. m

Av ka + AB = 0 elvor 1 YpopUKn £KQPOCT) TOL HEYIGTOV KOVOU SLOUPETN TOV AKEPUIMV
o xon 3, Tote K(gj + A(éj =1, mov onpaivel 6T (ﬁ’ﬁj =1.

o 1) )
Anhodn:

“Av drupéoovpe 0V0 axképarovg pe 10 M.K.A. Tovg, Tpokdmrovy apiOpoi mpdrtor
petald Tovg”.

IMOPIXMA 2

O1 kool dtopétes dV0 akepaimv a Kot f ival ot S10PETES TOV HEYIGTOL
KOOV d101pET TOVG.

AIIOAEIZEH

‘Eoto 6 =(a, B). [Ipopovdg kabe dtonpétng tov J givor Kot Kotvog S1apéTns Tmv o
Kot f. AAG Ko ovTioTpOPmG, KAOE Kovog Stapétng o' Tmv a Kot S eivor Kot StopEtng
Tov M.LK.A. tov a, 5. [Ipaypatt, av ko + Af =5 lvor 1 ypopukn £Kepactn Tov o,
101 8'|(Kot + AB), NAadN 5'[5. m

To mopaderypa, exedn (150,120) =30, o1 Betikoi kowvoli doupéteg Tmv 150 ko 120
gtvar o1 drapéreg tov 30, dnAadn ot aképarot 1, 2, 3, 5, 6, 10, 15 ko 30.

ITOPIXMA 3

Av 10 Tovg aKepaiovg a, f, y 1oydet a|fy kot (a, ) =1, 0tE atfy.

AnAadn, av Evag oKEPOLOG OLALPEL TO YIVOLEVO dV0 aKEPAIMV KoL EIVOIL TPAOTOG

TPOG TOV Evav, TOTE dlanpel TOV GANO.
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AIIOAEIZEH
Eneion (a, B) =1, vadpyovv axépaiot , A, TETO101, BOTE Kot + Af =1 Ko ETOUEVMG
kay + Ay =y. A@ob alay kar a|By, Oa woyoer a|(kay +ABy), had aly. m

H ouvOnim (a, B) =1 sivar avaykaia, yio vo 1oyl To Oedpnpuo. o tapdderypa,
v 4[2-6, 4]2 xon 4f6.

H évvola tov péytotou Kool dapétn YeVIKELETOL KoL Y10 TEPLCGOTEPOVS OTTO
d00 oKepailovg. ZVYKEKPEVA, OV O, 0Ly, 0y ,...,0, OKEPOLOL LLE £VAV TOLAGYLIGTOV
d16.popo tov PNdevdg, ToTe 0pilovpe MC HEYIGTO KOO SLOPETT OVTAV, KOl TOV
ovuporilovpe pe (o, 0, ,a;,...,0, ), TOV LEYOADTEPO ATO TOVS BETIKOVS KOVOVg
S1apéTEG TOVG. ATOdEIKVOETAL OTL:

“O M.K.A. TpL@V 1] TEPLOGOTEPOV UKEPAI®V O nETUPAALETOL OV AVTIKA-
TOGTI|GOVLE OVO UTO GVTOVGS IE TO NEYIGTO KOWVO SLOpETT TOVG”.

To mapddstypa (24,12,16) = ((24,16),12) =(8,12) =4

I'a o MLK.A. Tepiocotepmv amd 500 aKkepoiovg 1IoxHOVY aVAAOYES IOIOTNTEG LE

T1c 1010 TEG Tov MLKLA. Vo axepaiwv. Etot, yio mapddetypa, yio TpeS aKépaiong
a, B, y amodeikvdetal ot

® Av = (a,f,7), TOTE VIAPYOVY UKEPULOL K, A, i, TETOLOL, DGTE

O=Ka+if+uy.

, a ﬂ b4
o A 6: s s . —, == =1.
\Y (a, p,7) 1:01'8(6 s 6)

E®PAPMOI'EXY

1. Na ATOOELYTEL OTL Y10 TOVG AKEPAIOVG a, ff, K 1GYVDOVV
() (@, p) = (a—xp, p)
(i) (2, ) = (a— . p)
(iii) (@, a+1)=1.

AITIOAEIEH
(1)’Eot® 6 =(a, ) xor 6" =(a —xf, B), t101€
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. {ZIZ , omote {g}gx-m ). Apa 5|( B, ), mrasn 66" M

. {6'|(a =B) e {5'I[(a ) +RB] {5'|a , on6e &)@, B), Suhadn 8'[6. (2)

slp 5'|B 5'p
Amo (1) xon (2) émeton 0TL 6 =06
(i) Adyo g (i) , yia k =1, woydet (a, B) = (o = B, B).

(iii) Etvou: (a,a +1) =(a,a +1—-a) = (a,1) =1.

2. Av 710, TOVG aKEPAIOVS a, f, ¥ 16 DEL aly, Bly xou (a,B) =1, t6TE af|y.

AIIOAEIZEH
Eneon (a, B) =1, vtdpyovv aképatot , 4 pe ko +Af =1. Emopévag,

kay + APy =y. (1)
Ouowe, a |;/ kot B |y, EMONEVMG, ¥ = pa Kon ¥ =vf.'Etot, n (1) yiveton

kv(ef)+Au(aB)=y. Apa off |7/.

3. (i) Av kx> 0, vo amodeyytei 611 (K, k) = K(a, ).
(ii) No Bpebei 0 MLK.A. ToV 63 kot 84.

AYZH

(i)Eoto (a,B) =5 xar (ka,kB)=35". Apkei va dei&ovpe 61 k8|5 won &'|KS.
Enewon o |a Kot O

B, éxovpe k6 |k kar k8|kB. Apa k8|5

Apob 6 =(a,B), vrdpyovv aKépalol i Kol vV HE po +VvB =0 Kol ETOUEVMG,
Kpo + kv = k8. Opwg 8'|ka kar §'|kB. Apa 8'[k5.

(i1) 'Eyxovpe (63,84) = (3-21,3-28)

=3-(21,28)=3-(7-3,7-4)

=3.7-(3,4)

=3.7-1=21.

Elayioro Kowo Iloilamidacio Axepaimy

Ag Bsmpnoovpie dVo akepaiovg a Kot f 510popeTikovg omd to undév. 'Evag axépatog
y 0oL AEYETOL KOLVO TTOALOTTAGGL0 T®V o Kal £, 6Tav €lval TOAAUTAAGLO KOl TOV ¢ Kol
Tov . Ene1dn o Betikog axéparog |- B| eivar koo moikomhdaoio tav a kat B, To
GUVOAO TV OETIKAOV TOAATAACI®OV TOV ¢ Kot S €tvol dSAPOopo TOV KEVOD GLVOAOVL.
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To ehdiy16T0 6TOYKEIO TOL GLVOLOV AVTOV AEYETOL EAAYLOTO KOO TOAAOTAGGLO
TOV a Kol f.

OPIEMOX

"Ecto dv0 axéparot a ko f, dStapopetikot amd 1o undév. Opilovpe oG edyloto
Kowo molramracio (E.K.I1.) tov a kat £, kot 1o cupporiovpe pe [a, A, to
HIKPOTEPO aTtd TO. OETIKE KOWE TOAAATAASIO TOV o KO 3.

Enopévac, to E.K.IT. 600 un pndevik®v akepoimv o Kat S ivot 0 Lovadtkog 0eTikog
OKEPOLOG € TTOV £YEL TIG EMOUEVES OVO 1010TNTES:
(1) &=moka Kot & = wOAS

(2) &< x yio kdbe KOwd TOALATAAGLO X TOV ¢ Ko f3.

Amd tov opiopd TpokvTTEL OTL

[, B1=[al.|A]1.

"Etot, Yo mapdderypa, yio toug akepaiovg —4 kon 6 Exovpe [—4,6]=[4,6]=12, apov
To OeTikd moAomAdoto Tov 4 givan 4, 8, 12, 16, 20, 24, 28, ..., tov 6 givarta 6, 12,
18, 24, 30, 36, ..., ta OeTikd KOwvd ToLg TOAAATAdGL gival 12, 24, 36, ... Kot TO
Hkp6TEPO BETIKG KOO ToALOTAGG1O ivor o 12.

TTapatnpodpe eniong 6Ty T K 0D ¢ AKEPOIOVS @, ff 1GYVEL:

e Av f

a, 101¢ [, Bl = .

e [a,l]l=0.

OEQPHMA 5

Av a, f etvar 600 Oetik o1 axéparol, TOTE

(a,p)-[a,B]l=0-B.

AIIOAEIZH*
B

Av (a, B) =0, apkei va deiovpe 6TL % =[a, B], opkel Snrodn va deiovie OTL

af af

1) —/— = mola KOl — = oA KO
(1) S 5 B

ap

(i1) =5 <X yuo K6Oe OeTUOd KOO TOAAOTAGG1O X TV a Ko f.
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Eneon (a, f) =6, vadpyovv Betikol aképotol u Kol v pe o = ud Kol f =v5
Emopévac,

% — ﬂ =va = oA Kot Otﬂ H(Sﬁ = uff = moAf.

o 1 1) o
Av X giva éva BeTid Koo TOAAUTAGGLO TOV o KAl S, TOTE X = pat KOL X = 63, OTov p

Ko o Betikol aképatot. EEpovie emiong 6TL VILAPYOLV AKEPAIOL Kk, A e § = Ka + Af3.

ap

‘Etot, av Bécovpe 5 7, TOTE BaL Eyovpe

5_X_§_X(K‘O!+lﬂ)_XKO[+X/’Lﬁ_X_K XA _ ok pa/i
z'_a/)’_ af _aﬂ aﬂ_ﬂ a p a

=ok +plel.

af ., oaf

Emopévmg > X, OmoOTE =5 <X.m

Av a, f € L*, tote om6 Tig 0o teg (a, B) = (.| B]) xar [, B] =]

1, é&yovpe
(asﬂ)'[aaﬂ] = |a||ﬂ|
Am6 1o Tapandve Be@pnuo TPOKVTTOLY SVO GTUAVTIKA TOPICUOTOL:

® Av ot aképatot a ko £ givon pdTot peta&d toug, tote [a, B1=|a|-|B| .

Aniodn:

“To E.K.II. 60 mpdTOV petald Tovg akepaicmv £ivar To YIVOUEVO TOV UTOAVTOV
TIHLAOV TOVS”.

[No mapdoetypa, [8,-15]=8-15=120, apov (8,15) =1.

e To E.K.II. dvo axéparmv a, S dtopel kdBe GALO KOO TOAAATAAGLO X TOV o Kol
LS, Onhadn ivon X = noA[a, f]. Apa:

“Toa KOLVa TOALATAGGLO 0VO0 OKEPUIMYV givon Ta Torlariacta Tov E.K.I1.”.
[No mopdderypa, To Kowvd ToAATAGG1o TV 4 Kot 6 eivot moAlomAdcio Tov [4,6] =12,
dNAad”| ot axépatol 12, +24, +36, +48, ...

H évvota tov eAdy16tov Kovoh TOALUTAGGION YEVIKEDETOL KO Y10 TEPLGGOTEPOVG
oamd 300 aKePAIOVG. TVYKEKPIUEVA, AV A, Oy, Os, ..., A, € Z*, TOTE Opilovpe G
ehdyioto Kowvd morromidoto (E.K.IL) tov «, a,, a;, ..., a,, kKot 1o copporilovpe
pe [a,, a,, 0, ..., 0, ], TO piKpOTEPO amd TO BETIKA KOWVE TOVG TOALATALGLOL.
AmodetkvieTan Ot
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“To ehAY16TO KOLVO TOALATTAGGLO TPLAOV 1] TEPLGCOTEPOV OKEPUIOV OE
pETAPGALETOL, OV OVTIKOTOGTCOVE V0 07T6 GVTOVS IUE TO EAAYLGTO KOLVO
TOVG TOAALATAGGLO™.

I'o mopadetypo, [4,6,16]=[[4,6],16]=[12,16]=48.

EPAPMOI'H

i) Na amoocyytel 011 [ra, kf] = Kla, B] Y10 KGOE OTIKO aKEPOLO K.
ii) Na Bpe0si to E.K.I1. Tov 120 ko 150.

AIIOAEIZEH

(ii) Eyovpe [120,150]=[10-12,10-15]
=10-[12,15]
=10-[3-4,3-5]
=10-3-[4,5]

=30-20=600

AXKHXYELY

A" OMAAAX

1. Na Bpeite 1o M.LK.A. TV akepainv a, ff Kol Vo TOV EKPPAGETE MG YPUUUKO
GLVOVAGHO TOV ¢ KO f GE KOOEULA OTTO TIG TUPUKATM TEPUTTMCELG

(i) a =135 «xo =56, (i) a =180 «xo1 f =84
(i1ii)) a =-180 o [ =84, (iv) a =-180 xou B =-84.

2. No anodeitete 611

(1) 2x+2,2x)=2, Kel (i) Qv-L2v+D)=1,veN*
(i) [2v-1,2v+1]=Q2v-1)(Q2v +1), ve N* @(iv) v+2,2)lv, veN*
W) [v,v+1]=v(v+1), veN*

3. No anoodei&ete ot (o, f) < (a + B,a — P).
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4. 'Eoto a,f,x,yeZ, pe ax— Py =1. No anodei&ete 6t (a + f,x+y)=1.

5. No amodeiterte 611
(i) Qa-3B,4a-5B)|B (i) Qa+3,4a+5)=1 (iii) (5o +2,7a+3)=1.

6. No anodei&ete 6T y1a kb Kk € Z 1oyvetL:

(i) (2K+1, K(K2+ Dj -1,

(il) (4x* +3x—5,2x> +x—2) =1.

7. No anodei&ete 6t (a, B,a + B) =(a, B).

8. Na Bpeite to OeTikd aképato a yio Tov omoio 1oyvEL
(1) (o, +v)=1, yio K6Oe v e N*
(i) (v,a+v)=1, v kébe v e N*.

9. Av (a,B) =1 kot y|(a, B), va omodeilete 61 (a,7) = (B,7) =1.

B  OMAAAX
1. Av (a, B) =1, va amodei&ete ot

1) (a+B,a-p)=1 1 2 (i1) Qa+p,a+2p)=1 1 3.
2. Av (a,4) =2 xon (B,4) =2, va anodeiEete 0Tt (a + 3,4) = 4.

3. Noa g&etdoete av vadpyovy OETIKOL AKEPALOL V, Y10 TOVG OTTOI0VG TO KAGGHLOL
2v +3
Sv+7

amlomoleitot.

4. 'Eoto a,f € N*. Na anodei&ete 0t (o, B) =[e, Bl = o = B.

5. "Evog podntg oty tpocnddeid tov vo Bpet to M.K.A. 1piodv axepoionv

a, B, y Bprixe:
(@,p)=9, (B,y)=30 Kou  (y,a) =12
Mropeite va anavinoete av Ekave 1 Ot Adbog;

6. 'Eoto a,f €Z pe (a,B) =95. Na anodeiete oti ot apBuol «, A € Z yio Tovg
0To10VG 1oYVEL 6 =Kka + AfB eivarl Tp®OTOL PeTO&ED TOLG.

7. 'Eoto o, f,xk e N* ue (a,k) =1. No anodeitete 611

() (a,xB)=(a, B) (i) [a,xB]=«[a,B].
JEoto a, f,7,0 € N*. No anodeiEete 0Tt [ary, By,ad, BS] =[c, B]-[y,0].

o]
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4.5 [IPQTOI APIOMOI

Eicaywyn

ADO amd To CNUOVTIKOTEPO ATOTEAECLOTO CYETIKA LE TOVG TPDTOVS APOLOVG
NTaV YVOoTA 101N and v apyatotnta. To yeyovog 6Tt kKabe aképoiog ovaiveTal
HE HoVadtKd TPOTO MG YVOUEVO TPMT®V epavileTot ota “Zroryeio’” tov Evkieion
otV e&ng popoen (Piprio IX, mpdtaon 14):
“Eav eAoy1otog opiOuos vmo mpatwy opiOudy uetpntol, v’ 0vOEVOS GALOD
TPTOv op1uod uetpnOnoetor wopel twv eE opyNs HETPODVTWY .
Zta “Zroryela” eniong, T0 YEYOVOS OTL VILAPYOVY ATELPOL TPAOTOL P10l eppavifeTon
g e&ng (Piprio IX, mpdtaon 20):
“Or1 mpdrror aprBuol wheiovg e1oi movToS T0V TPOTEBEVTOS TAHNOOVS TP DTWV
op1uav’”.
To amotéreopo avtd Kot 1 amddeén tov amd tov Evikdeion Bewpovvion éva amd ta
aplotovpynpata g Bewpntikhg podnuoatikng oxkéyng. O G. Hardy (1877- 1947)
€ypaye O6TL ... €lval TOGO GUYYPOVO KO GNUOVTIKO OTMG KOl OTOV 0vEKOADQON-
€0 ko 2000 ypoOvVia TOPEUEIVE OVETOPO™.
O peyaidrepog TpdTog 0p1Oude oL £xEl evtomiotel uéypt onuepa iva o 22976221
— 1, évag “yiyavtag” pe 895.932 ynoia. [pokertat yio tov 360 amd ToV¢ TPMOTOVG
op1Oovs ™S popens 2¥ — 1 mov yvapilovpe Kot 0 0moiog 09N ynoe otnv avakdivyn
oL 360V TEAEIOV ap1OpOV (BAT. TPONYOVEVO 16TOPIKO onueiopa). Ot TepdoTion
avtol apfuol evromtiotnkoyv pe TN fondein KPITNPIiOV ovayvdpiong TPOTOV, TOV
OTOTOVV TOADMPT YPNON NAEKTPOVIK®Y VTOAOYIGTMV.
AMhor TpdTOL aplOpoi e 1010iTEPO EVALOPEPOV Eivar 0vTol TG Lopeng p=2" +1,
omov v =2, and Toug omoiovg OpmG yvopilovpe pdvo 5, avtoHg mov TPOKHLITOLV
vy x =0, 1, 2,3, 4 kot givar avtictoyya ot 3, 5, 17, 257, 65537 (6c0t and TOVG
vrorloumovg £xovv eleyyOel amodelymrav cvvBetor). O C.F. Gauss o€ moA0 veopn
NAIKio £0€1E€ OTL Eva KAVOVIKO TOADY®OVO KOTAGKEVALETAL e KOovova, Kot dtafrTn,
Hovo av to TAN00g TV TAELPOV TOV Eival TPMOTOG APOUOS ALTNG TNG LOPPNG I
YWVOLEVO TPATOV OVTHG TNG LOPPNS TOAALATANCIOAGUEVO ETL ol SVVALUT TOV 2 1)
OTAMG Lo SOVauT Tov 2.
To onpoavtikdtepo Op®G {TNUO CYETIKA LLE TOVG TPDOTOVG OPLOLOVS ALPOPE TNV
KOTOVOLT] TOVG HEGO 6TV akoAlovdia Tov puowk®v. H katavopur ovt givot ToAd
OKOVOVIOTY), Y10TL 07TO TN [0l LEPLEL DTTAPYOLY EKOTOUUVPLO CEVYN TV AEYOUEV®V
SidvpeV TpOTOV, OTOGS , Yo Tapdderypa, o1 (29, 31), (1451, 1453), (299477, 299479),
VM amd TNV GAAN LITAPYOVY TEPAGTIN KEVA YOPig KavEVaY TPp®dTO. Mo GYETIKN
TdEN oTo YAog Palel To “Oedpnia TOV TPAOTOV aplOU®VY”’, COLP®VA LLE TO 0010
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70 TAN00G TOV TPOTO®V aplOU®V TOV €ival LIKPOTEPOL 1 1GOL ATd TOV PVGIKO V
dtveton Katd mpocEyyion (kabmg To v yiveron ToAd peydAo) amd tov tomo v/ Inv.
AvT0 T0 dOTMIGTOOOV EUTEIPIKA, LEAETMOVIOG TIVOKES TPOTOV aplip®mv, ot A.M.
Legendre ko C.F. Gauss ota téAn tov 18 aidva, evd 1 TpdTn ovotnpn omddedn
360nke 100 xpdvia apyodTepO.

‘Evvoia Ilpaotov Ap1Buov

ITapatnpnoape Tponyovpéveg 6Tt KaOe aképatog o = 0,+1 draipeitor Pe TOVG
aképatovg £1 kot a. Av avtol givor Kot o1 Lovol d1oupéTeg Tov a, TOTE AVTOG
Aéyeton TpMOTOG aplOpOG. AnAadn:

OPIEMOX

KaOe axépoarog p #0,£1 Aéyeton TPp®OTOS APLONOS 1 ATADS TPDTOG, OV O1
pévot Oetikot Stapéteg Tov givan ot 1 kau [p|.

INo mapdoderypa, ot oaxképatot 2 kot —7 etvor TpmToL, evd 0 8 =2-4 karo -39 =3-(-13)
dev givon TpAOTOL.

"Evac axépaiog a #+1 wov dev gival Tpdtog Aéyetar cvvOeTog. 'Evag chvOetog
aplOuog a uropel va ypapel g ywvouevo Sy ue B # 11 ko y = £1.

Ot apBpoi 1 ko —1 dg yapoaktnpilovror 00Te OC TPOTOL 0VTE G GHVOETOL.

Kdabe mpdtoc mov dtapei £va 00EvTa axépato AEYETAL TPATOS SLOPETNG TOV
akepaiov avtov. Eival pavepd 611 0 — a gival T1pdTog, av Kot povo av o a givatl
mpmtoc. [V avtd 61N GuvEKELn Bo TEpLoptoTOdLE POVO G8 BETIKOVG TPDTOVC. AVAEGH
otovg déka apdpovg 1,2, 3, ..., 10 012, 3, 5 xou 7 givon mpdTOL, evdd o1 4, 6, 8, o
10 givar ovvBetol. O ap1Budg 2 givar o povadikdg Gptiog Tov eival TpdTOG, OAOL
o1 GALOL TPOTOL EIVOL TEPITTOL.

"Eva ebAoyo epatnua gival to e€nc:

“Av 000gl évog BeTIKdG aKEPOLOG o, TG LTOPOVLLE VAL ATOPOVOOVLLE 0V ETVOIL TPADTOG
N 6VVOETOG Kal, GTNV TEPIMTOGT] TOL EIVOL GVVOETOG, TOC UITOPOVILE TPUKTIKA VO
Bpovpe éva drapétn drapopeTikd and Toug 1 ko a”’;

H mpopavig amdvinon etval vo Kavov e d1000)1KEG SIPEGELS LLE TOVG OKEPOIOVG
OV £lval LUKPOTEPOL TOL . AV KOVEVOS atd avToVS O€ SLPEl ToV a, TOTE 0 o eivor
TPOTOC. Av Ko 1] LEOB0S0G avTh tval TOAD amAn oIV TEPTYPAPT| TNG, OEV UTOPEL
va OewpnOel TpoakTikn, YioTi £YE1 ATAYOPEVTIKO KOGTOG GE YPOVO KOl EPYAGIdL,
BTEPO YioL LEYAAOVS 0plOOVC.

Yrapyovv 1010TNTEG TV GUVOET®V OKEPAIMV TOV AVOPEPOVTAL GTA ETOUEVO
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OempnoTo Kol Hog ETTPETOVY VA TEPLOPIGOVUE CNUOVTIKA TOLG OVAYKOIOVG
VTOAOYIGHLOVG.

OEQPHMA 6

Ka0e Oetikoc axéparog peyordbrepog tov 1 €xel évav ToLAA IGTOV TPDTO
Slapé.

AIIOAEIEH
"Ecto 0 Oetikdg axépatog o >1 kot p o pikpoOTEPOS amd TOVG OETIKOVS SLOPETEG
Tov pe p >1. Oa amodeiovpe 6TL O P elval TP®TOG aplOUoS. Av 0 P Tav cuVOETOC,

Ba eiye Eva OeTikd Sronpétn, éotw B pe 1< B < p. Apov opwg B|p ko pla, Tote

0a oyvel B |a (Bsdpnua 2). Bprkape £tot éva Oetikd dropétn f Tov a mov givon
HKPOTEPOG TOL P. AVTO OWG £lvat ATomo, ooV 0 P BewpnOnke MG 0 EAAYIOTOG
d1apé€ng tov a. 'Etot o pikpdtepog amd tovg Betikong dtonpéteg evog akepaiov
glvonr mpdTOg Op1OUOS. W

IHOPIXMA 4

Av o givat évag 6OvOETOC aKEPALOG e a > 1, TOTE LITAPYEL EVOG TOVAGYLGTOV
TPADTOG 0PLOLLOS P, TETOLOC, DGTE P |a kot p<a.

AIIOAEIZH
Emne1dn] o a eivor ouvBetog, ypapeton 6T Lopen

a=fy, pel<f<a xo l<y<ao.

YmoOétovpue 611 B <7, omdte B2 < By =a Kot emopéveg B < Ja. Agov B>10p
£€YEL EVOV TOLAIYLETOV TPAOTO SLOPETN P KoL ETOPEVDG P < B < Ja. Eneon p| B
Kot S |a, 0o 1oyvet p|a. Emopévmg, o mpdtog p dtoupei Tov a ko givor p < Jo.m
To TopamTAve GUUTEPAGLLOL EYXEL LEYOAT TPOKTIKY onuacio otav egtdlovpe ov
évag aképorog a > 1 glval TpdTog M Oy, 0oL TEPLoPiLEt TIG SOKIUESG GTOVS TPMTOVG
opOpovE oL givorl LIKPATEPOL 1 IGO0 TNG Ja.

‘Eoto, yio mapadetypa, o axépotog o = 271. Exedon 16 <271 <17, yperdletor povo
va. e£€TACOVLE AV 01 TPAOTOL TOV OV vITEpPaivovy Tov 16 elvan dropéreg tov 271.

OwpdrTot awtoi givar o1 2, 3, 5, 7, 11 kar 13 o kKavévag Toug de dronpei tov 271.
Apa, 0 271 givar TpdTOG.
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To Kooxwvo tov EpatocOévy

Mua £EuTTv TEXVIKT Y100 TOV TPOGOIOPIGHO TOV TPMOTMOV OV OV vItepPaivovy Eva
Oetkd axépato v >1 ampiletal 6to Tponyovuevo Bedpnua Kot TNV opeilovpe
otov Apyaio EAMnva pobnpatikd Epatocfévn (mepinov 250 n.X.).

H teyvikn Aéyeton k6okivo Tov EpatocOévn kot eivor ) eéng:

I'pépovpe og évav ivaka e adEOLGA GEPE TOVG OKEPOIOVG OTto 2 pEYPL V. APTVOLLLE
TOV TPOTO 2 Kot S1arypapovpe O To TOAAUTAAGIE TOV. O ETOUEVOG TPDOTOG GTOV
mivako Petd Tov 2 givat o 3. Aprvovpe Tov 3 Kot Stoypa@OLLE OA TO TOAAATAGGLY
Tov KTA. Zvveyilovpe v ida dradikocio péypt Tov Tp®To P pe P < W. Ot OKEPALOL
OV ATOUEVOVV, ONANOT OGOL OV ““émecav’’ amd To ““KOGKIVO™, €lvol Ol TPpAOTOL
petadd 2 kot v. Olot ot Aot “€necav’, d10TL, MG GVVOETOL, glyay dlonpétn KATo1ov

TPOTO LKPOTEPO N 160 ™G N MG TOALATTAGGLOL TOV Slary paonKoy.
21OV TOPAKAT® TivaKa £xovv Tpocdloplotel ot tpdTot petald 1 kot 100. 'Eyxovv
daypagel To TOALATAAGIO TV TPAOTOV 2, 3, 5 Kot 7, apol 0 ETOUEVOS TPADTOG

givor 0 apOpog 11 ko woyvet 11> +/100.

2| 3 | A |5 | 8|7 |8 |9 | W
n | | 134|151 | 17| 18| 19| 20
A | 27| 23 | 24| 25| 26 | 27 | 28| 29 | 30
31| 32 | 38 | 34 | 35 | 36 | 37 | 38 | 39 | 40
41 | 42 | 43 | M | 45 | 46 | 4T | A8 | 49 | 50
S| 52 | 53| 54 | 55 | 56 | 57 | 58 | 59 | 60
6L | 67 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70
N\ Z|B | A5 |26 |7 | 871980
U | 82 | 83 | 84 | 85 | 86 | 87 | 88 | 89 | 90
o | 97 | 93 | 94 | 95 | 96 | 97 | 98 | 99 | 160

210 onpeio avtd Thavov va avapmtnBei Kamolog: Teheidvouvv KAmov ot TpdToL,
Yrdpyet dNAadn LEYIGTOG TPMTOG 1 01 TPDTOL GuveyilovTon “en’ dmelpov’;

OEQPHMA 7 (tov Evkieion)

Yrapyovv dreip ot Betucol TpdTOL OPtOpLOL.
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AIIOAEIEH

‘Ecto 611 vndpyel memepacpuévo tAnboc tpdtov aplOpdv p;, p,, ... p,. Oa
anodei&ovpe 611 0VTO 00N YEl o€ dromo. ZynpatiCovue Tov opOud A= pp,...p, +1.
O ap1Opog dpmg ovToC, emeldn| elvar peyordtepog tov 1, Oa £yl Evav TovAdyioTov
TPAOTO Stoupétn, €6t ToV p, pe 1< i <v. AAMAG av o p, dtoupel tov A, eneldn dtopei Kot

OV P, P,...P,, 0o mpémet va Stonpet kot Tov 1. Avutd dpwg etvon dtomo, yoti p, >1. 1

Ocuciiddeg Ocampnua AprOuntikijg

O TpmTot apdpol Egovv peyddn orovdodtra yio T Oswpio Tv ApOUdV, apov,
omwg Bo amodeiovpe oto Ogucticrdes Occopnuo s Ap1Bunixig, KBe PLoIKOHS ovaL-
ADETAL PE HOVOSIKO TPOTIO GE YIVOLEVO TPMOTOV TopoyovTmv. Me dAla Adyio ot Tpod-
Tot apBpol amoTEAOVV TOL SOMIKE VAIKE LE TOL OTol0, HEG® TOV TOAAUTANGIOGLOV
KATAGKELALOVLE TOVS GAAOVS PLGIKOVG APIOUOVG, OTTMG Yol TOPAdELYLLOL 0T XMueia
HE KOTOAANAO dTopo oynUatilOVLE To LOPIOL TV SLAPOP®Y OVCLAOV.

H on6de1én tov onpavtikod avtod Bewpnpotog otnpiletal 6tov okdAovbo aAnbm
OYLPIGUO.

OEQPHMA 8

Av évag TpdTog P dtapel To yvopevo aff dvo aképotmv, TOTE dlapel Evay,

TOVAQYLGTOV, ATO TOVG AKEPAIOVG AVTOVG.

AIIOAEIZH

‘Eotw 6t p | a. Emedn o apOpog p etval mpdtog, ot povadikol dtonpéteg tov givon
ot 1 xou p. Eropévmg, o M.K.A. tov a ko p givar (p,a) =1, dniadn o p eivot TpdTog
POG TOV a. AQov Aowmov p|af kou (p,a) =1, copewva pe to [lopiopa 3, p|f. A

To Bedpnpo 1oydEL Kot Yo YIVOUEVO TEPICGOTEP®V aKePAimV. ANAadn:
“Av p TPOTOG KL P | 0,Q,Q,...0, , TOTE 0 P Sroupel Evav, TOVAAYLGTOV, 0O TOVG

TAPAYOVTES TOV YIVOUEVOL”.

OEQPHMA9

Kabe Betikdg axéparog a >1 avardeton Kotd Lovadikd TpOmo ™S YvOLEVO

TPOTOV TOPAYOVTIOV (av TopaBAEYOVLLE TN GEPE TOV TOPAYOVIWOV).
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AIIOAEIZH *

® Av 0 a vl Tp®TOGC, TOTE TPOPUVAOGS TO BEdPM L IoYVEL.
Av o a givar 60vOeT0g, TOTE, GULLPMVA Le To Bedpnpa 6, Ba woyvel a = p; - B, OTov
P, Tp®dTOG Ko B, aképatog pe o > f; > 1.

Av o f, eivon TpdTOG, TOTE 0 & EIVOL YIVOLEVO TPOTMY TOPAYOVT®Y KoL TO Dedpnpa
oAnOevet.

Av o 8, eivar cvvBetog, TotE B éxovpe B, = p, - B,, ue p, TpOTO Ko @ > B, > 1.
Av 0 8, givon TpdT0G, TOTE @ = P, - P, - B, KO O & EIVOIL YIVOUEVO TTPOTWV TOPAYOVTIOV.

Av o f, eivar chvBeToc, T0TE N TApOTAVE Sladikacio propel vo cvveyioTel Kat
odnyel og o oxéon o = p, - p, - P; - 5, UE P, TpOTO Ko o > B > B, > f; > 1.
ATodEIKVOETAL OTL 0V GUVEYIGOVE TN H10.01KAGT0 QVTY], VOTEPO OO EVOL TETEPAUGUEVO
mAN0og Pnudtmv 0o Bpodue TeEMKA Evay TP®TO P, TETOL0, OCTE

=P Py Py Py
® Ac vmoBécovpe 0TL 0 a avorveTal Kol Le GALO TPOTO GE YIVOLEVO TPDOTWOV
TAPOyOVTAOV, OTL SNAAST VITAPYOLV KOl Ol TPMTOL [, J,, U5, .., 0, TETOLOL, DCTE

A=D Py Py D=4 4y g, (D

Kot £6Tm 0Tt Kk < 4. O mpdTOg P, £ivar S101p£€TNG TOL @ Gpo KoL TOV YIVOUEVOD
q,-0, 0, ... 0, . Emopévag, coppwva e o Oempnua 8, o p; Ho eivor dtonpéng evos
TOVAGYLIGTOV OO TOVG TUPAYOVTEG [, Uy, Us, .y G, » EGTO P | q,,0mov 1< u<A.
(0] a, OpmG elvor TPAOTOG Kol £XEL G dtop€Teg LoOvo o 1 kot tov eavtd Tov. Apa,
enewdn p, #1, Oa elvor p, =¢,. Yotepa amd ™ daypaen Tov 6vo avTtdVv icwv
TopoyOVI®V, e aVALOYO0 GLALOYIGHO GLUTTEPOIVOLUE OTL O P, TPETEL VO gival
160G pe £vav, TOLAGYIGTOV ad TOVG VTOAOITOVS TAPAYOVTEG TOL SEVTEPOV HEAOVG
™mg (1) m.y. Tov g.. ApoD daypdyovpe Tovg P, kat (. , cuveyifovpe opoing pe
TOUG Py, -.r P ZTO TEAOG TNG SLODIKOGTIOG OAOL OL TAPBEYOVTES Py, Pys Py, .o P, OO
£€yovv daypapel, aprvovtac poévo tov apldpd 1 6to TpdTo HEAOG TG 1GOTNTOG
(1). Kavévag opmg kot amd Toug mopdyovies d;, d,, d;, ..., 4, 0€ Oa £yl amopeivet
Kot 670 4eVTEPO HEAOG TNG (1), apov Aot awTol o1 Tapdyovieg etval peyaAdtepoL
and 1o 1.'Etot, ot mapdyovies p;, P,, Ps, -.r P, TOV TPOTOL HEAOVG GYNHLaTiCOVLY
Cebyn lowv apBudv pe tovg Tapdyovtes Tov de0TEPOL HEAOVS. AVTO OTOSEIKVDEL
011, e e&aipeon 1omg TN GEPE TOV TOPAYOVI®V, 01 VO AVUAVGELS TOV aPlOpoD
gtvor Tavtodonpec. M
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BéPaia, pepikol amd tovg TpdTOVE TOPAYOVTEG TOL ERPAVILOVTOL GTNV OVAALGT)
€vOG BeTiKoV akepaiov pumopel vo ETavoraUPEvVOVTOL OTMG GTNV TEPITTOGN TOL
360 yio. Tov omoio &yovpe 360=2-2-2-3-3-5. ['papovtog Ta yivopeEVO TOV 1010V
TOPAYOVIOV LE LOPPT SOVVALEWDV, LTOPOVLLE VO, ETAVOIIOTUTDOGOVLE TO Be®@pn Lo
oG £8NG:

Ka0e Oeticoc axépatog a >1 pmopei va ypoaeel Katd pLovadtkd tpdmo o1

o o, a

nopon: a=p PPt
omov ot p,, P,, ..., P, €lvon OeTikol TPAOTOLPE P, < P, <...< P, KO @}, &Ly, -..r &

K

Oetcol aképarot.

H popon a = pf - p52...pes AEYETOL KO KOVOVIKY] LOP@T] TOL a.

M.K.A. kou E.K.I1. Ap1Bucv o Kavovikiy Mopei

Ortav gival yvoot n avaivon evog puoikod aptipod o 6€ TPMOTOVS TOPAYOVIEG,
€VKOAO LTTOPOVLLE VAL ETIGTLAVOVLLE TOVG SLOPETES TOV.

ay

‘Eoto o = p* - py*...p2 1 KovoviK Lopen Tov a kot d évag 0eTikdg dtapétng tov.
Av p givar évog Tp®MTOG OV EUPAVICETOL OTNV KOVOVIKT Hopen tov d, 10Te p |
Kol EMopévag, tpénel p = p, pe 1<i<x. Eniong o p, dev pmopei vo eppaviCera
otov apdud d mepiocotepo and a, opéc. Iapatnpodue Snhadn o1t Evag Stapétng
d Tov a £yEL TNV KAVOVIKT TOV LOPPT TAPEYOVTEG LOVO amd TOVG P, Py, --s P, KO
pe exBéteg {00V 1 KPOTEPOVS TOV ), Oy, ..., A, OAVTIGTOLYWC. 'l TOpAdELY QL
enedn 12 = 2° -3, ov Sronpéteg tov 12 eivan 01 2°-3° =1,2"-3° =2,22.3° =4, 2°.3' =3,
2'.3'=6 ko 2°-3' =12.

Me Bdon v mapotipnon out propovpe evkolo va fpovpe M.K.A. kot to E.K.IT.
opOUdV oL £xoVV avaAvOEl GE TPMOTOVG TAPAYOVTES. ZVYKEKPIUEVL:

e O M.K.A. Betikddv akepoiv Tov vl YPOUEVOL GE KOVOVIKT] LOPOT| Efvor
160G L€ TO YIVOLEVO TV KOWV®V TOLG TOPAYOVIMV KO LE TOV KAOE TopdyovTa
VYOUEVO GTO PIKPATEPO EUPOVICOpEVO EKOETT.

e To E.K.IT. Oetikddv axepoimv mov ival Ypapupuévol GE KAVOVIKT LopeT| €IVl
100 L€ TO YIVOLEVO TV KOWVMV KO LT KOOV TOLG TAPOYOVTMV KOt e TOV KAOE
TOPAYOVTH VYOUEVO GTO HEYOADTEPO ELPAVILOLEVO EKOETN.
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INa mapéderypa, enedn 2520 =2°-3%-5-7 won 756 = 2% -3° - 7, éyovpe
(2520,756) = 2% -37 -7 = 252 Ko [2520,756] = 2° -3° -5-7 = 7560.

E®PAPMOI'EY

1. Na amodeiytei 6TL av 0 ap1Onéc 2’ —1, v e N givar TpdTOG, TOTE KA 0 V¥
givor TpOTOC.

AIIOAEIZEH

Av 0 v d¢ev glval TpdTOC, TOTE v = aff e o, ff BeTI0VC aépaiovg Ko o, f > 1, omdte
gyovpe 2" —1=2" —1=(2)" —1. O ap1Opdg TG, OUMC, EYEL OC TOPAYOVTO TOV
2“ -1, yio. Tov omoio woyvel 1< 2% =1 < 2" —-1. Emopévamg, o 2" —1 givan cvvhetog
oL givan dtomo.

2.Avo PUGIKOS aplOUdG v d€V €IVl TETPAYOVO PUGIKOD, VU OTTOIELYTEL 6TL O
apOpoc v givar appnroc.

AIIOAEIZEH
, , , . R a ..
Eotm 6110 apBuog W eivan pnrtog. Tote W = E , OOV @ Ko 5 BeTkol axépatot. Ot

OKEPALOL & Kot S Uiopovv va, BempnBovv TpmdTot peta&d Tous, Yot av dg cuuPaivel
avTd, Toug dtonpovpe pe 10 M.K.A. Tovg, 0mdTE HETOTPETOVTAL GE TPDTOVG LETOED
, . a , , .
T0VG. Ao ™V 160 To Y = E épovpe o’ =vB% Enedn o v dgv givor teTpdymvo
@uotkov Ba givar B >1. Emopévmg, o aképatog ff 0a Exel Evov mpmTo dopétn p,

ondte Do ioyvet p | o, Snhadn pla-a ko dpa pla (@sdpnua 8). Eropévac, pla
Kol p| B, mov givor dTomo, opov o1 o Kol f eival TPp®TOL LETOED TOVG.

AXKHXELY

A" OMAAAX

1. TTowot o6 Tovg TOPAKAT® aPlOOHG eivar TPOTOL;
101, 103, 107, 111, 113, 121.




169

2. Na Bpeite T0o pKpoTEPO PUOIKSO P1OUd @ Yo ToV omoio ot aptdpol:
(1) o, a+1, a+2 givar 6hot cdvOeTOL
(i) a, a+l, a+2, o+3 eivor 6Ao1 cHvOeTOL

3. Na Bpeite toug a, f € N ko 0V IpdTo P > 3 ot kabded omd Tig TapaKaTm
TEPUTTMOOCELS:

@) (a-PB)a+p)=3 (ii) a* -4=1p (iii) (o’ =)p =15

4. No omwodei&ete 6T1 0 HOVAOIKOC OETIKOG TPDTOC P Y10 TOV 07010 1oYVEL
3p+1=v? 6mov veN’, eivaro p =5.

5. No amodei&ete 0T 0 povadikdg BeTikdg TPADTOG P TOV Umopel va TAPEL TN
pwopen p=v’—1,veN etvaro p=7,evd m popery p=v’ +1,v e N, eivor
o p=2.

6. Av a, f givon 600 mepirtoi Oetikol aképatol peyolvtepotl Tov 1, va amodeitete
611 0 axépatog a’ + B eivon cHvOeTOC.

7. 'Eoto a, v Ogtikol axépatot ko p Oetikdg mpdtoc. Av pla’, va omodei&ete
ot p¥la.

8. Eoto «,f,1,veN" ue (a, ) =1. Na anodeitete 611 (@, B") =1.

9. No ypAyeTE TNV KAVOVIKT TOVS LOPPT] TOLG PLGIKOVS apBpovg 490, 1125,
2728 xor va Bpeite o M.K.A. ko 1o E.K.IT. avtov.

10. 'Ecto o = p;" p52...p2x n Kavovikn popon evog Betikov akepaiov a. Na
omodei&ete O0TL 0 o elvot TETPAY®VO EVOG BETIKOV aKEPAiOV, OV KOl LOVO
av ot ekbéteg o, a,, ..., @, €lval OAOL GpTIOL.

B  OMAAAX
1. Av (@, B) =1, va amodei&ete 6TL
(i) (a+ B, ap) =1, (ii) (@’ + B, ap) = 1.

2. Noa anodei&ete TV 1oodvvaypio:

(@,py)=1 < (a,p)=(a,y)=1

3. Eoto a, 8N’ kot p 0eticd¢ pdToc. Av (a, p°) = p ko (B, p’) = p*, va
Bpeite Tov (aB, p*) kaw tov (o + B, p*).
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4. Na amodeifete 611 o1 aképatol g popenc v* +4, 6mov v 0eTikdc aképatog
LEYOAVTEPOG TOL 1, Ko o1 aképatot TG popeng 8" +1, 6mov v BeTikog
aképaiog, eivar ouvhetot appol.

5. Av a,feN pe £- g , v amodei&ete 6TL 0 apOpog a + f elvon ovvOeToG.

B

6. No amodeifete 0T 0 povadiKdg OETIKOC TPDTOS P Yo TOV omoiov ot aptdpol
P, p+2 kot p+4 glvor kot ol Tpelg TpdTOL Eivato p =3,

7. No Moete oto N 116 e€lom0€1g
1) X +x*+x-3=0 (ii) x* +x+ p =112, 6mov p OeTicdG TPAOTOC.

8. Eotw a,feN". Av B° |a’?, va amodeitete 611 | o

4.6 HTPAMMIKH AIOPANTIKH EEIXQXH

Eiwcaywyn
"Eva amd ta apyodtepa tpofAnpota g Oswpiog ApOpdv givor n avalynon tov
AKEPULOV OPOU®V TOV IKAVOTOLOVV KATO1EG dEdOUEVEG GYEGELC. Me GOy POV
oporoYia Oa S1oTLTMCOLE TO 1010 TPOPANUA WG EMIAVGT), GTO Z, TOAV®VUUIKOV
eE10MOEMV UE £VAV ] TEPIGGOTEPOVS ALYVMDGTOVS KO LE OKEPUIOVS GUVTEAEGTEG.
O KAGd0¢ mov aoyoAgital pe avtd to Tnua ovoudletal Atogavtikn Avdivon
PG TNV ToL Adpavtov (250 mepinmov p.X.), oL acYOAONKE GLGTNHOTIKA e
TETOL0V €100VE TPOPANLUATO GTO £pYO TOL “ApOunTiKd”.
H avaliton ubayopeiov tpradwv (dnradn axépoiwv Avcewv g eEicmong
x° + % = 2%) GUYKATOAEYETOL AVALIEGH GTO KAUGTKG TPOBALATO TNG AOQAVTIKNG
Avaioong. Yrdpyovv evoei&elg 6TL ) AD6T avTtov Tov TpoPAnpatog (tov divetat
ofuepa amd Tovg TOMOVG X = u? —v>, y=2uv, 7=’ +v?) RToV YVvOGTH GTOVG
Bapvimviovg, aAld 1 TANPpNG Be@pnTiK SampaypdTevot Tov (NTHHATOG £Y1VE
omd Toug Apyaiovg EAAnveg padnpoatucovs. O Evkieidng dtoutvmmvet 1o Tpdfinua
o1 HOPOT|

“Evpelv 000 tetpaymvong optguois, wate kot T0 cOYKEIUEVOV eE aUTWOV

eival tetpaywvov”
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KOl O1VEL TN YEVIKT ADOT 0T YEMUETPIKN YADOG TV “Xtoyeiov” (Biprio X,
Afppa 1, Ipoér. 28).
O Awdeavtog dtampoypatevetol To {510 TpofAnua oto “Aptduntcd”

“Tov emitoyOévra TeTpayw VoV O1EAETV 1 dDO TETPOYDOVOVS ™,

OAAG M) ADom TTov divel BPIGKETOL TLO KOVIA GTO GLYYPOVO OAYEPPIKS TPOTO GKEYTC.
Avto axpifog to TpoPAnpa nTav 1 agopun va oyvplotel o P. Fermat (1601-
1665) 6t1 1 dopavtikn e&icwon x* + »" = z" givar advvatn, dtav o v elval PLGIKOG
UEYOADTEPOG TOV 2, GNUEIDVOVTOS LAAGTO TAV® 610 BifAio Tov ALOQAVTOV TOV
pereTovoE: “Exm o oAnOva Bovpdoio arddelEn avTng TG TPOTOUCNGS, OAAAL TO
meP1O®P1o eivar oAV o1eVH Yo va T ywpéoel”. O 1oyvuplopos avtdg tov Fermat
amodeiytnke oAnOng to 1994 and tov A. Wiles, apov vrnpée yia 350 ypovia Eva
amod to dtaonuotepa dhvta TpoPfAnuata e Oewpiog ApOudv.

H enidvon dogoavtikev eElodcemv Babpod peyoaldtepov Tov 200 amotelel £va
OVOIKTO poONpatikd TpdPAnua, kKabmg dev £xovv Bpebel yevikol tomot eniivong. O
D. Hilbert diatdnwoe 1o 1900, og éva o factkng Lodnuatikng Epevvag otn
duapketa Tov 2000 ondva, TV avaldtnon evog adyopiov miALONG oG S10QAVTIKNG
e&lowong e omorodnmote apdud ayvodotwv. To 1970, o Y. Matyasevich, 6g nAwcio
22 xpOvVeV, amESEIEE OTL £VAC TETOL0G AAYOPIOLOG OEV VTTAPYEL.

Eriiven I'pauuixnc Avopavrikng Eéicwons

‘Eotw n e&lowon ax+ By =y, 6mov a, S, y aképatot pe a #0 xor f#0. Av
avalntovpe aképaieg Aoelg g e&lomong avtg, dnradn Levyn akepaiwv (x, y)
OV TNV EMAANOEVOVV, TOTE AEUE OTL EXOVE VO ADGOLLLE L0, YPOLILKY] 10 UVTIKY)
eEiocmon).

Mepiég dS10QavTikéS eE16MGEIG UTOPEL VAL EYOVV TOAAES ADGELS, OTIMGC, Y10 TOPASELY L,
N 3x+6y =18, Yo TNV 0moio LTOPOVLE VO SIOTIGTOGOVE LLE AVTIKOTAGTACT] OTL TOL
Cevyn (4,1), (-6,6), (10,-2) eivon axépareg AVGELG TNG. Y TAPYOLV OLLMG STOPOVTIKEG
e&lomoeglg Tov d0ev £xovv Kapld Avon. [Na mapdaderypa, n dtoeoavtikn e&icmon
2x+6y =13 dev &yel ko Ao, apoD Yo OAEC TIG OKEPAULES TILES TV X, Y TO TPMTO
LELOG TNG eivar ApTiog aptBpds, v To deVTEPO LEAOG TNG etval TEPLTTHS aplOLoG.
To Bedpnpo Tov aKoAOVOEL divel ATAVTINGT GTO EPAOTNUA TOTE L0 SLOQPOVTIKN
e&lomon &xel Ao, Kal av €xEl, TOGEG Elval OVTEG 01 AVGELS.
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OEQPHMA 10

‘Ectw ax + By =y (1) mo ypappikn doeovtikn e&lcmon kot é o MKA tomv
a, B. Tote:
e H c&icmon (1) éxel Ao, av Kot LOvo av o J SLLpel ToV y.
® Av 6 =1, 16te n e&lowon (1) €yet dmepeg AOGELS, TOL divovTon amd TOLG
TOTOVG
X=x,+ft ko y=y,—at,te”Z,
omov (x,,y,) Mo Avon g (1).

AIIOAEIZH
® Eotm 0116 |y, dnhadn 6ty = ud, e Z. Tvopilovue 6tLytotov o = (a, f) vrd-
PYOLV aKEPOLOL K, A, TETOL01, DOTE

Kot +AB =6. (D
TToAlamAaoialovtog ta péAn g (1) pe u Bpiokovpe pxo + puAf = ud, SMNiadn
a(kp)+ B(Ap) =y.

Apa, t0 {evyoc (ku, Au) ivor pioe Avomn g e&icoong.
Avriotpopwg, av (x,, y,) etvor pio Aon g dtopavtikng eElocmong, Tote Ba 1oy veL
ax,+ Py, =y. Eneldn 6 |a ot 8 | B, copmepaivooue 61t 6 | (ax, + By,), niadn o | y.

® Ente1dn 6 =1, 0 0 Oa droupet tov y, omote 1 e&lowaon (1) Oa £xetl pua, TovAGIGTOV,
Aon. Eoto (x,, y,) o Ao g e&iomong avtrg. Tote Ba ioydet

axy+ By, =7. (2)

Av (x,y") gtvon o dAAn Aon g drogavtikig eElcwong ax + fy =y, 10te Ba 1oy0eL
ax'+ By =y,

omOTE UE OPAIPEST TV dVO 1GOTNTWV KATA LEAN TaipvoL e
a(x, —x")+ B(y, —»") = 0 1}, 1c0dVvopa,

a(xo_x'):_ﬁ(yo_y,) 3)
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‘Etot, 0 a Swpei tov Sy, —Y') Ko, enedn (o, ) =1, o o O dSroupel tov Y, —Y"
Emopévag, 8o vrtdpyet axképatog t té€totog, dote y, — ' = at. Zuovendg Bo 1oyvel
y'=y, —at, onote, Aoyw g (3), Oa £xovpe x' = x, + ft.
Avriorpopwg, yio ké0e t € Z, Exovpe
)
a(xy+ B+ Ly, —at)=ox,+ By, =7,
oL onpaivel 6tL Ko To Levyog (x, + ft, y, —at), elvar Mon ¢ e&lowong (1).

Qaote, ot MWoelg g e€iomonc (1) divovtor amd Tovg TOHITOVG

x=x,+pt xou y=y,—at teZ. Nl

TXO0AIA
e H enilvon g e&lowong ax+ Ly =y, ue § #1 xou 8 |y avdyeton oty enilvon

™m¢ e&lomong

Ax+ By =T, 6mov A:g, B:E Kol F:Z,
o o 1)

NG OTO10G 0 PEYIGTOG KOOGS SLAPETNG TV GUVTEAEGTOV A, B givan icog e 1.

e H yeopetpikn epunveio tov mopondvm Oewpnipotog tpokintel, av Adfovpe
oy 0T kéBe e&lcmon ™G popeng ax+ Py =y, nue o #0 M B # 0, Tap1oTAvEL GTO
eminedo o evbeia. Ty wepintmwon wov a, B,y € Z, 1 evbeio avtn di€pyetor amd
amelpo oNUELN LE OKEPAIEG GUVTETAYIEVES, AV Kot LOvo av o S |y, émov 6 = («, ).

TNo mopaderypa, n evbeio 2x+3y =1 diépyetor and anepo mAN0og onueiov pe
OKEPOLEG CUVTETAYUEVES, EVO 1] 6x+4y =5 dg diépyeTon amd Kavéva TETO0 onpelo.

E®PAPMOI'H

Kémorog 061y06¢ mwov yperaletar kEppota, yia vo picel 6to pnydvinpa otadpevong
(parking), {ntael amd Tov mepATEPE VO TOV AVTAALGEEL éva YapTOvOHIGHO
TV 10 gvpd pe képpata Tov 1 opd Kot TOV 50 Aert®dv. Mg 166005 TPOTOLS
UTopEl va YiveL 1 avTailayi], av 0 001Y0S 0ELEL OTOGONTOTE KOl KEPLATO TOV
1 gvp® ko TV 50 AerTOV;



174

AYZH
Av 1 avtoliayn propet va yivel pe X képpata tov 1 eupd ko Y képpota tov 50

ATV, TOTE

x+0,50y =10 M
2x+y =20. (1)

Avainrovpe Tpoeovag Tig aképaieg ko Betikéc Avoelg g (1). Erewon (2,1) =1
ko 120, 1 e&icwon €yt aképoteg Aoelc. ['a va Bpodpe o cHVOAO TV ADGEDY
™G, TPEMEL Vo Bpovpe po peptkn Aon (x,,y,) g e&lowong 1, dmwg Aépe, pio
e101xn Avon mge&icoonc.

Exopalovpe ypoppikd to MK A. tov 2 kot 1 kot égovpe

20 +1(-1) =1. Q)
IToAlamhacidlovpe o péAn ™ (2) pe 20 ko Exovpe 2(20) +1(-20) = 20, mov on-
poivel 0t (x,, y,) = (20,-20). Emopévag, ot aképateg Moeig g e&lowong (1) divovron
oo TOVG TOTOVC:
x=20+1-17, y=-20-2-1, teZ.
Ao T1g Moelg anTéc Tpémel va fpove exeiveg yia Tig omoieg 1oyvel X >0 kot y > 0,

dnAadn mpémetl va Bpovpe ToH GuVIANOEVOVY 01 OVIGHGELS
20+1-t>0 xar —20-2-t>0, teZ.

Ao TV €n{AVGN TOV GLOTHUATOG TOV AVIGOGEMY TPOKVTTTEL OTL —20 <t <-10,t € Z
Emopévoe, t =-19,-18,-17,-16,—15,-14,-13,-12,—11 ko ot avTicTOL EG TIUEG TOV

X KoY @OivovTol GTOV TapaKET® TivaKa:

X 1 2 3 4 5 6 7 8 9
y | 18 16 14 12 (10| 8 6 4 2

AXKHXYEILY
A" OMAAAX
1. [Toteg and T1g TapaKaT® e£1I0MGELS £X0VV OKEPAIES ADGELS;
(i) 4x+6y =5 (i) 4x—6y =2
(1) 3x+5y=x, k€”Z (v) kx+(xk+D)y=4, k,Ae”Z

(V) 26x+4y=24+1, x,A e Z

2. No Bpeite Tic aképoreg AoES TV £1I6DGEMV
(1) 2x+3y=5, (i) 6x—-4y=8, (i) 7x-5y=19, (iv) 5x-3y=7.
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3. No Bpeite 115 Oetikéc axéporec ACELS TOV E1I0DGEMV
(1) 111x+78y =300, (i1) 47x-31y =78.

4. No amodei&ete OTL 01 TOPAKAT® EEICMOGELS OEV £OVV OETIKES aKEPALEG AVCELS:
(1) 3x+5y=-15, (i1) 111x+78y =50, (ii1) 5x+7y=35.

5. Mg mo1ovg TpOTOVG PITopovLE Vo aAAGEOVE Eva yapTovoGua Tov 100

€upM e yoptovopicpata tov 10 kot S evpo;
B OMAAAX

1. 'Evag kataotnpatapyns mtapayyéiver 19 peydia kol 3 pikpd mokéta
GLOKELOGING [LE GATOVVLN TOV 1310V TUTOV. OtV OUW®S TPE TNV TaparyYEAia,
€10€ EKTTANKTOG OTL 1] GVLOKELOGIN EIYE KOATAGTPOUPEL KO TO, GATOVVIO T TOV
oKOPTIA 6TO KOVTEWVEP. MTopeite va Tov fonONcETE Vo ToL TOKTOTOGEL LE
TOV TPOTO TOV NTAV APYIKE GLOKEVAGUEVA, OV EEPETE OTL TO TANBOC TV
comovvimv eivon 224;

2. No Bpeite y1o oG TIHEG TOL X 01 YPAPIKEG TOPACTAGELS TOV GLVOPTNGEDV

f(x)= np(x+ %} Kot g(x) = cnv( x—%)
TEUVOVTOL TAV® 6TOV &0V X X.
3. Na Bpeite v eldytom dvvath amdcTacn avAalesa 6 dV0 onueia, e
OKEPOLEG CLVTETAYEVES, TNG €VBElag e e€lomwon ax+ Py =y, 6tav o, B,y € Z
e (a,B)|y.
4. 'Eoto a,B €N’ pe (a, B) =1. Na omodei&ete Ot
(1) H e&icmon ax+ By =af dev &xet Oetikég axépateg ADGELC.
(i) H e&lowon ax+ By =2af éxe pio pévo Beticn axéparo AOo).

9]

. No Bpeite Ta Oetikd kKAGopaTa pe mopovopaotés 7 kot 13 kon pe dfpoicpa ; .

4.7 1X0IIOYAOIIIOI APIOMOI

To G e ™G SloupetdTnTog TOV oKEPOimY Eivor Kupiopyo OEpo ot Osmpio v ApIOpmY.
Mua évvola Tov BonBdiet ot pedétn ko eniivon TpoPAnUateov StopetdTTaG £lvoe 1
£Vvol0 ToV 160DTéLoTmVY aprtOp@v. [0 vo yivel ovtiinmti 1 évvola oy, o EEETAGOVLLE,
Y10l TOPASELYLOL, TO, VITOAOUTOL TV OLOUPECEMV TV AKEPAIMV LE TOV aplOuo 5.

Ao Vv TovTdTTO TS aAYOoPO KNG Olaipeong Yvmpilovpe OTL TO LITOAOITO TG
dlaipeong evog axepaiov e TO 5 etvar évag amd Tovg mévte axepaiovs 0, 1, 2, 3 Kot
4."Etot €govpe
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0=0-5+0 5=1-5+0 -1=-1'5+4
1=0-5+1 6=1-5+1 -2=-1-5+3
2=0-5+2 7=1-5+2 -3=—-1-5+2
3=0-5+3 8=1-5+3 —4=-1-5+1
4=0-5+4 9=1-5+4 -5=-1-5+0
............ -6=-2-5+4

-7=-2-5+3

TTapoatnpovpe 6t ot apBuoi 2, 7, —3 S10upoVUEVOL LE 5 APVOLV TO 1610 VTTOAOLTO
2. Aépe 6t o1 apBpol avtol sivar toodmotoimor ue pétpo 5. Opoimg, Aépe 6T Ko ot
apBuoi 4,9, —1, — 6 elvar toovmoLoimor e pétpo 5, aPov dS1oPOVUEVOL LE 5 aprvoLV
7o 1010 vtoAouTo 4. [N'evikdTEpQ, EYOVUE:

OPIXMOX

"Ectm m évag Betucog axépatoc. AVo aképorotl a kot S Ayoviol 16ovmérotmor

pe péTpo M, 6tav SLoPovLEVOL Lle M APTVOLV TO {310 VITOAOLTO.

T'a vo dnAdcovpe 6TL ot o Ko S €ivot 160DTOLOITOL PE HETPO M, YPAPOVLE
a = f(modm)

Ko dtafalovpe “a 160HTOLOITOG TOL f LOVTOVLAO M . AV 0 0KEPOLOG & dEV Eivar
16obHmdA0ITOG TOL S pdvTovro M, ypagpovue a # f(modm). 'Etotl, 22 =2(mod5),
evd 8 = 5(mod5).
Av 10 VTOLOITO NG EVKAEIDELNG dLOPESTG TOV ¢ LLE TOV M €lval v, TOTE TPOPUVAOS
1oYVEL

a =v(modm),
Ao TV 166110 TG EVKAEIdELNG d10pEONC TPOKVTTEL TO EXOUEVO BEDPN LA, LLE TO
0mo{0 UTOPOVLE VO SOMGTOGOVLE oV dvo aptBpot eival iIcobvmdAouTot.

OEQPHMA 11

o = B(modm), av kot pévov ov m| (a — ).

AIIOAEIEH
Av o = B(modm), 16T amd TIG EVKAEIDELEG OIOPEGELS TOV ¢ KO f UE TO M €YOLLE
o =Kkm+v, f=Am+v. Eropévag, a - = (xk —1)m, mov onpoaiver 6t m|(a — B).
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Avtiotpopwg, av m|a — f,10te a — = pm, Nhadn a = B+ pM Y10, KATOL0 0KEPULO .
Av 0 f S101pOVHEVOG LE TOV M JTvel TNATKO K& Kot VITOAOTO v, T0Te § =KkM+v, 0<v <m.
Emopévog, o =km+v+ pm = (k + p)M+0, TOL GNUAIVEL OTL O & SLOPOVUEVOG LLE M

dtver vtdohouro emiong v. M

To cvpuPoriopd a = B(modm) tov etonyaye o Gauss(1777-1855). Onwc e&nynoe
0 1010¢, vVioBEoe T0 cvpPoro "=", emeldn 1 oxéon a = B(modm) Exel VAAOYES
O1OTNTEG LLE TNV 16OTNTO.

Ipdypatt, ¢ AUEGES GUVETEIEG TOV OPIGLLOV TMV IGOVTOAOIT®V 0PLOU®Y TPOKVTTOVV
01 110N TEG:

e o =oa(modm) (avoxiaoTtikn)
e Av a = f(modm), t6te B = a(modm) (ovppetpikn)
e Av a = f(modm) ko B =y(modm), t0Te @ =y (modm) (petapotikn).

Eriong, 1oyvel to endpevo Bedpnua:

OEQPHMA 12

Av o = B(modm) kot y =6 (modm), tOTE
® o +y=[+06(modm)
e a—y=[—-05(modm)
® q-y=[-0(modm).

AIIOAEIZEH

‘Eyovpe o — B =xkm kot y —6 = Am, dmov «, A axéparot. Emopévag:
(a+y)—(B+0)=(a—P)+(y —0)=xkm+Am=(k + A)M, TOVL CNUOiVEL OTL
a+y=pB+0(modm)

(a=y)—-(B-0)=(ax—PB)—(y —8) =xkm—Am = (k — )M, TOL GNUAIVEL OTL
a—y =B —0(modm)

(ay =Bo)=ay =Py + Py =6 =(a =Py —(y =6)B =xkmy —Amp = (ky = AB)M, TOV
onuatvetl 6t

ay = f6(modm). W
H oyéon a = f(modm) Aéyetor tooTipia.
Q¢ Gueon cuvémelo TOV BE@PNUATOC TPOKVTTEL OTL:

Av o = B(mod m), téte ¢ + y = B +y(modm) xon -y = B-y(modm) yio kG0 oxéponoy.
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To mopamdve Dedpno YEVIKEDETOL KOL Y10, TEPICCOTEPES ATTO SVO IGOTUUIES.

Aniodn
Av a, = B, (modm), o, = B,(modm),...,a, = B, (modm), TéTe
oo, +..+a,= BB+ ..+, (mod m)
o 0y-..ra, = f - B, -...- B, (mod m)
[dwaitepas:
Av a = f(moedm), T6TE a’ = BY(modm).

Evo, pe moALamAoclocHd ToV HEAMY HOG IGOTIHIOG LLE TOV 1010 aKEPOLO TPOKVTTTEL
éA 1ootipia, dev 1yvEL TO 1010 Ko Yo TN dwipeon). [ mopdadetypa, ov S1oupEcovpe
To LEAN ™G ooTipiag 14 =8(mod6) pe 2, dev mpokvmtel wootTipia. [Ipdypartt,
7 # 4(mod 6).

O1 wootieg eppavifovtatl cvyva otnv Kabnuepvn pog on. INa Tapaderypa, o
®POJEIKTNG TV poAoYIdV deiyvel TNV dpa modulo 12 kot 0 YIMOUETPIKOG SeiKTNG
TOV AVTOKIVITOV OgiyVEL To YIMOUETPO. TOV £xovpe dlavdoel modulo 100.000. Etot,
otav n opa givar 18, to pordt deiyvel 6, Tov givar To VIOLOTO TG d1aipeoNng TOL
18 pe 1o 12, kot 6tav £va avtokivnTo £xel dtavicel cuvoAtkd 245.000 km, delyvel
45.000 km, wov &tvai to vrdéiouro ¢ draipeons tov 245.000 pe to 100.000.

E®PAPMOI'EY

- _ v v—1 v—2 4 4

1. Eeteo N = 10" +a, 10" +0, ,10"" +...+ a,10 + a, | 0ek0OIKN TOPAGTOOT
£vlg OeTkoV axéparov Nkar S =a, +a, , +a, , +..+a, +a,70 GOpoGNa TOV
Yneiov tov. Na arodelytodv To KPLTipLa oLopeToTNToG:

(i) 25| N, av kou povo av 25| a,10 + a.
(i) 9| N, av koL povo av 9| S.

AIIOAEIZEH
(i) Hpooavac, 25| a, 10" +a, 10" +a, ,10" > +...+a,10. Exopévec,
2, 10" +a, 10" +a, ,10"+...+ ,10> = 0(mod 25)
a l0"+a,, 107" +0,,1072 +..+ 2102 +a,10+ ¢, = 10+ o j(mod 25).

Anladn, évag aképarog dtopeital e 25, av Kot Hovo av To TEAELTAIO0 Sy PLo
TUN MO TOV dtoupeitan pe 25.
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(i1) 'Exovpe dwadoywcd: 10 =1(mod9)
10" =1"(mod9), yio. k =0,1,2,3,4,...,v
10" =1(mod9)
10" = a,_(mod9).

Emouévag, a, =a,(mod9), «,10=a,(mod9), ..., ¢,10" = a,(mod9). ITpocOitovue
TIC 1GOTIUIEG KOTA LEAN Ko £YOVLE:

0,10" +a, 10" + @, L1077+ + 10+, =, + @, , +a, ,+..+a, +a,(mod9),

oniadn N = 8§(mod9),

2. Na PBpebei To TehevTaio YNnio ToL aP1OPOD 3% +21*
AYXH

"Exovpe drodoyud:
3+2=0(mod5)
=-2(mod5)
31999 = (_2)1999 (mod 5)
31999 = _21999 (mod 5)

Enopévag, 3" —(-2)""” = 0(mod5), dnradn 37 +2"” = 0(mod5).

Apa 5[3"” +2" wov onpaivel 611 0 ap1Ouog 377 + 27 Mjyer 6£ 0 1§ 6 5. Opwg,
0 apBuodg 37 +2" givar meprrtdc g aOpoicpa evoc TEPLTTON Kot EVOS APTION
Ko apa ANyeL o€ S.

AXKHXELY

A" OMAAAX

1. Aivovtoita oovola A= {33, —17, 23, 35, 41, —20} ka1 B=1{0, 1, 2, 3, 4, 5, 6}.
Noa avtictowyicete ta otoyeio a € A og ekeiva ta otoyyeia B € B ya ta
omoia woyvel B =a(mod7).

2. Tloteg amd T mopaKat® TpoTdoelg etvon aindeic;
(1) 15k +1=1(mod3), x € Z, (i1) 15k +1=—-4(mod?5), k € Z,

(iii) k¥’ +5=1(mod4), k € Z, (iv) (m+1)’ =1(modm), me N".
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. Na Bpeite Toug Sty elovug BTIKOVG AKEPALOVS ¢ Y10, TOVG OTOI0VS 1GYVEL
o =6(mod11).

. Na Bpeite Tovg dStymerovg BeTikohg aKEPULOVS ¢ Y10 TOVG OTTOTOVG IoYVEL
(1) a@ =2(mod3) kot o =1(mod4) (i1) o =3(mod4) kot o =4(mod6).

. No Bpeite 10 vmOLOUTO TNG doipecng
(i) Tov 2'" petov 7, (ii) Tov 9" pe tov 8
(iii) Tov 3" petov 7, iv) Tov 5% pue tov 26.
i i
. No anodeitete 6t1y10. K60 v € N™ 16y0et
1) 815 +7) (i) 512" +3,
(iii) 15]2* -1) (v) 21] (2> +5*
. No Bpeite

(1) To TELEVTOIO YN@io Tov aptOuon 3%

(ii) Ta V0 TEALTAia YN @io Tov apduod 7.

B OMAAAX

. Na omodeifete 611 0 axéparog 3a” —1, 6mov o € Z, dev eivon Toté TETPlymvo
okepaiov.

. Na anodeitete 011 Yo kG0e Oetikd mpdTO P >5 1oyver 10| (p>—1) 7
10](p* +1).

. Na Bpeite tic Tipég 100 a € Z yia tig omoieg woydet 5| (a” +a —6) .

. Na Bpeite Tig Tinéc tov X € Z yia Tig omoieg 1oydel X = 1(mod2) kot X = 2(mod 3).
. No anodeifete 611 yio kG0e aépato a ot apduoi o ko a® Exovv To id10
ymeio povadmv.
. 'Boto a, f € Z xon m,n e N*. Na anodeifete 611
(1) Av a = f(mod m) Ko n | m, T0Te o = B(modn)
(i1) Av na = nff(mod m) ko (m,n)=1, 16t€ a0 = B(modm).

.Ava,feZ xau meN" pe o = f(modm), va anodeifete 6T (a, M) = (B, m).

. No amodeitete OtL
(i) 39| (53" +103%), (i) 7] (111 +333").
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9. Na amodei&ete OtU:

(1) Mo k60 OeTikd axépato a oyvel a” =0 N 1 1 4(mod5).

(i) O ap1Opoi v/5v +2 kat /5v +3 givou ppnrot.
10. Na amodeitete ot
(1) Av o p givou TpdTOC Kot peyoldTepog Tov 3, Tote p° = 1(mod 3).
(i) Avor p, p,, p, kon p, eivon Tp@TOL KO pEYoAdTEPOL TOV 3, TOTE OL P° + 2
Kot p; + p; + p; eivor cvuvhetot.
(iii) Av o1 p, q eivon TpdTOL KO peyaAvTepot Tov 3, 1ote 6| (p° —g°).

11. Na Bpeite To yneio v povadonv tov apduav 77" ko 333%,

12. Na anodeifete 6Tt 0 apOpog 2" +2'7 —1 eivar cvhvOetoc.

I'ENIKEXY AXKHXEIY

1. Na anodei&ete 011 amd V d1080)1KOVS akepaiovg akpiBmg £vog dtapeitan
LE To V.

2. Na Bpeite Toug BeTcoDg akepaiovs a, f, y Yo Tovg 0moiovg 1oYvEL
a+2 B+3 10
8 6 y+4

3. No amodei&ete 0L TO0 AOPOIGHA V > 2 SLOO0YIKMV TEPITTOV PLOIKAOV Eivor
oVOvOeTog apOuoG.
4. 'Eoto a, £ 500 Oetkoi aképatot, pe (o, B) =1. No amodei&ete o1t
(1) (@*+p*, af)=1 (ii) %+£6N*,ava¢ﬁ.
o
5. (i)' Eoto a, £ Betikoi axépatol. No amodei&ete 0TL
e Av (a,B)=1,16t€ (0 + B,0)=1.
® (a+p.[a,B]) =(a,pB).
(i1) Na Bpeite Toug Betucong axepaiovg a, £ yuo Tovg omoiovg woyvetl o + B =114
kot [a, B]=360.

6. 'Eoto p, q 600 Oetikol mpdTol, dtopopetikoi peta&d touvg. Na anodeitete 0Tt
10, oToLKElD TOV GLUVOAOL S ={Kkp+Ag|k,AeN pnel<xk<q ko 1<A<p}
givo SLopopeTIKd avd 600.

~

. (i) No amodei&ete 611 2" > 2v yia kGOg BeTikd axépato v > 3.
(ii) Na Bpeite t1¢ OsTucéc axéporeg Aoeig g eéicmong 2* = X2,
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8. Atvovtau o1 Betikoi axéparot a, V> 2. Na amodsi&ete 6T
(i) Avo a' -1 givar TpdToc, T0TE o =2 KO 0 V €ival TpMTOG.
(i) Avo a' +1 givor mpdToc, T0TE V=2 KOl 0 o glvol TPDOTOG,.

9. Na amodei&ete 0TL
(1) a® =0(mod8) N o’ =1(mod8) N o® = 4(modS8).
(i) H e&lomon x* +y* =1998 Sev &yet axépoieg AGEIG.

10. Mropeite pe v kOBovg, mov £yovv akuég 1, 2, 3, ..., v EKOTOGTAE AVTIGTOIYMG,
Vo PTIAEETE OLO IGOVYEIG TOPYOLG;

11. (i) No Bpeite Tovg OeTikoDg AKEPUIOVS V > 2 Y10 TOVG 0TTOIOVG oY vEL: (Vv —2) | 2V.
(i1) Na Bpeite ta. opBoydvia ple aképoia LK TAELPOV, TOV OTOIWV TO ELPASOHV
Ko 1) TEPIUETPOG ivarn apOunTikd ico.
(iii) ' Eotm éva onpeio A evog emmédov. [ moieg TYEG ToL V 0 ¥dPOg YOP®
omd T0 A propet vo koA eOEl pe KavoviKa V-ymva, To. 0toio SV £V
KOWE E6MTEPIKA TOVG CMLLETDL.

12. Noa Bpeite 0 epPaddv Tov TETPOYDHVOL TOV UTOPEL VO YOPIGTEL GE 25 LKPOTEPQ
TETPAyOVa, omtd T omoia o 24 £yovv mhevpd ion pe 1, evd o éva £xel mAevpd
pe pMKog axépaio aplfpd dtapopetikd amd 1.

13. Mmnopeite va ypdyete pepucots optfpons, xpnotporotmvtos Kabéva amd to
déka yneia 0, 1,2, ..., 8,9 pnovo pio popd, dote 10 AOPOIGHA TOV aplOUdY
avtdv va givar ico pe 100.

14. Na Bpeite tovg a, B e N, pe a > B, o€ KaOgMd 0o TIC TOPOKATM TEPUTTAOGELS
(1) a+p =10 o (a,8)=2, (il)) af =96 «ot (a,B)=4,

(ii1) af =96 xou [a, B] =24, (iv) (a,B)=4 xu [a, f]=24,
V) a+p=7a,f) xu [a,B]=060.

15. (i) No amodei&ete 0Tt évag OeTicog axépatog o > 1000 droupeiton pe 1o 8, av
KoL LOVO AV TO TEAELTOHO TPLYNPLO TUNLLOL TOV dtonpeital pe To 8.
(i1) 'Evag épumopog ayopace 72 gopntéS TNAEOPAGELS KOl TANPMOGE GUVOAKA
y425x gupd, 6OV TO. YNOia X, Y TOV LOVAS®V KoL TV OEKAI®MV 1MAd®mV
oV apBpoY eivar dyvooto. Mmopeite va Ppeite TOG0 aydpace TV Kabepd
TNAEOPOOT], OV TO KOGTOG TNG Kabepdg eivat aképatog aptOpdc;

16. (i) Avo @idot A, B mdvovv d0vAELd, o Tpdtog v 11 lavovapiov, evéd o
0evTepog 011§ 2 lavovapiov Tov id10v £Tovg. O TpdTOg TaipVEL pEmd KAOE 5
EPYAOES LEPES, VD 0 deVTEPOG TtaipveL pemd kdbe 7 epydoieg pépes. Etvon
SuvaTov 01 dVO PIAOL VO, TTAPOVV PETO TNV 1010 LEPO MOTE VOL TAVE EKOPOUN
LLE TIG OIKOYEVELES TOVG;

(i1) Na e€etdoete ko v mepintwon mov o B maipvel pemd Kabe 6 pyAGULEG

NUEPES.
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EPQTHXEIY KATANOHXHY

® Y& Kobepd omod TIC TUPUKAT® TEPUTTOGELS VO KUKADGETE TO Ypappa A, av
0 1oYLPIGHOGC elvarl aANnONG Kot To Ypdupa W, av 0 1oyvplopds ivor yevdng,
OLTIOAOYDVTOG CLYYPOVMG TNV OTAVINGT COC.

1. H ntopokdto icoéTo givar 1 ToutdTnTe TG EVKAEISELNG d1ipEON TOV &
e to f:
(1) 38=(-11)(-3)+5, ava=38 «o f=-11
(i1) 38=(-3)(-11)+5, av =38 «wo f=-3
(i) 47=7(-7)+2, ova=-47 ko B="T.
2. (i) To dBpotcua dVo APTI®V Eival APTIOC
(i1) To dBpoiopa 6H0 TEPITTOV EIVOL TEPITTOG

(i11) To dOpoiopa 10 mepirTdv glvor TEPITTOG

b S e
O | 8

(iv) H g&lowon x(x+1) =1999 &xer axépora Avon

(V) Ymbpyet aképotog o Tov vo LTopel va TapeL GuYXpOVMG

TIc poppéc @ =3k +1 xon o =34 +2, 6mov k, A € Z. A g
3. (1) Av a|By,t0te | B x|y A v
(i) Av By |a, tote Blako ¥ |a A g
(1) Av a [ (B+y) xou o | B, T0TE | ¥ A b
(iv) Av a | B3, tote a | B. A ¥
4. (i) Av 3|a «or 4|a, toTE 12|t A g
(i) Av 4|a ka1 6| a, T0TE 24| . A Y
5. () Av (a,p) =(a,7), t01¢ [0, B] =[a,7] A ¥
(i) Av (a,B) =(a,7), T0t€ (@, B,7) = (@, B). A ¥
6. Ynapyouv a,f € N, dote
(1) a+p =100 ko (t,B8)=3 A v
(i1)) a+ B =100 ko (a,B)=10. A
7. (1) O apBpds 101 pmopei va ypaopet wg aBporspa
500 DeTik®V TPOTWOV A b
(i1) Av 3|(a® +6B%), t61€ 3| Q. A v

8. (1) H e&lowon 2x+4y =3 éyet aképoiec AGELS A g
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(i1) H e&icmon x+2y =6 éxet dmepec Oetikég axépateg Aboelg. A v
9. (i) Av 2a =2p(mod4), 10te o = f(mod4) A v
(ii) Av 2a =2B(mod 3), tote o = f(mod3) A g
(iii) Av a® =1(mod3), téte a =1(mod3) 1 a =—1(mod3). A ¥

® N0 KUKADOETE T1 6OOTH OTAVINGCT 6€ KAOEUH OO TIG TOPUKATM TEPUTTMCELG:

1. Av a =4-6+ X givarn TowtdOTTO TG Staipeons Tov a e Tov 4 ko f = (X+1)6+3
glvor 1 TawTtOHTNTA TNG dtoipeong Tov f pe tov (X +1), Tote
A:x=0, B:x=1, I :x=2, A:x=3.

2. Av o =3k +v givaln TOVTOTNTA TNG SOUPESTG TOV o LE TOV 3 KoL 0 o eiva
4pTL0G, TOTE
A Kk eptTdG Kol v APTIOG B : x dptiog ko v TEPITTOG

I' @ x, v aptol M x, v mepiTTol

3. Av 6 =(4v+3,4v-1), 1018
A:6=4, B:6=2, I :0=1, A : 0 0 e€aptdrton omd To V.

4. Av o apBuog [X] 2722 [X] dopeiton pe tov 12, 1o1e
A:x=1, B:x=4, I :x=7, A:x=2.

5. Av (a, ) =2"-3, (B,y)=2-3" xan (y,a)=2-3-5,16t€ 0 (2, B,7) EIva
A:22.32.5, B:2.3, I[:2, 4:3.

6. Av oV glvon TepLTTOC, TOTE O OKEPALOG
A:9"+1=0(mod8), B:9"+1=0(mod3)
I :9"+1=0(mod10), A:9" +1=0(mod4).
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H YITOAEIZEILY - ATIANTHEEIE AXKHEEQN H

1 AIANYEMATA

§1.1,1.2

§ 1.3 B Opédag

1.3B=—(F +F,+F,+F, +F).

2. (i) Hopordinroypappo, (ii) Exet ioeg
drayovieg, (iil) Opboydvio.

3. () a+p, (i) p-a—7,
(i) -6 +7 - P —a.
4. AB=TE.
5. AB— Al =(OB -0A)— (Ol —0A).
6. f—d.

7. No ndpete onpeio avoapopdc.

§ 1.3 A" Opddag

1.1, Ma.
2.G) 26 -3d, (i) La—-Lf
B 2530 ga-
3. BM =2MI" «x1A.
PR (P [
4.(G) B+d, g(/3+o¢), B—a, g(2a—ﬁ),
%(z& — ) (ii) Zvvevbelaxd
5.TE =3AT"
6. KA =—-3KM

7.@:%@%&:) KA.
8. ﬁ(’:%(@ﬁ?) KTA.

9. AB + AA = 2AN «T\.
10. AB =B —T'A x1\.

11. AE = AE — AA k1.

1. Na deitete 6T1 EA=AG

» Frokles
K

3. No ek@pdoete TV 160TNTA
xKA + yﬂi +zKI =0 pe onpeto
avapopas to A.
4. MA=-5MB, MA=EMB «u.
A A
5. Na mapete 10 A ©¢ onpeio avopopd.
6. AA=BI'
7. Na népete onpeio avagopdg O.
8. Na mapete onpeio avapopds 1o A.
9.7 =B+ y(B-d), 7 =5d+x(3 —5d)
KTA.

§ 1.4 A" Opédoag

2.2,1 43 6,5 [B+2],la-1] |y].|]

3.2 (i)l
4.2

5.2

6. £2 (3,4)

le = = 1= 1+ o - 1=
T.()=1, i+j, —i+—j, 2], 2i+—/,
()2 Jo S50 2] 5/

2i+7]

1? 1 s 1‘: = ire 1‘:

-1+ s LT _Ia -1 +—= s

(B)zl J=i=5J i+5J

1. - = - 3.

-, i-2j, 2i+=]

2 / 2

8. (1) (-3,0) (i) (0,-3)
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§ 1.4 B" Opdoog

1. A(1,1), B(2,4), I(4,3), 4(4,2) xou E(1,0)

2.57-1

3. Ectm A(x,,,), B(x,,v,), T (x;,5),
A(X,,Y,) Ol KOPLYEG TOV TETPOUTAEVPOV.

4. Tpryovikn ovicdTnTo. Y10 To. onueio
A, B)), Bla,, B,) ko I'(x, y).

5. No oyedidoete ta o, E Kot I e ko
apyn.

§1.5 A" Opddag

1. (i) 13, 78,25 (ii) 2k +5A =0
2.62, 2445, 48, 245

. .. 1
3.()-1 (i) -3
4 (L i) [_L —_3]
5.0

3 .1 ... 4
6. (1)—Z (11)7 (111)5

N

o
3

=

13. 15,593

14.-15
15.0)at™p @)a™N g

§ 1.5 B" Opddag
1. (Ad+uB)* >0, A=pu=0.

2. Na ypnoipomomoete ) oyéon | d = a’.
3. (1) Noa vroloyicete ta yvopeva a - U Kot
B-u, (i) #-v =0.
4.(2d + B)* = (=) k1.
5. Na xpnNOHOTOGETE TNV TOVTOTNTO:
(" + )@’ + B~ (ax+By) =(Bx—ay)”

6. No mhpete 10 €0MTEPIKO YIVOUEVO TV
davvopdtov U= (a,B) kot V=(y,0).

7. () (@ + p), (@ - B), (i) 0.

8.()f-a,7-d,7-p.

9.BO-TZ =0

10. AB' = npoB_ A" kot
AN =mpop . AT .

11. Na népete 10 avtidlopetpikd tov B.

T'ENIKEXY AXKHXEIY

1. Apxei va deifovpe 61t AB [ /AT
2. Apxel vo dei&ovpe OtL AM = (E + E).
3. |AM |=4

4. Apxei va deigovpe | @ |-| B | mpe < B,
ooV @ M Yovia a, B
5. (1) Apket va dgiéovpie 0Tt

AH-BI' =BH -AI' =0=TH - AB,
(ii) %(& +B+7), (iii) OG = %Eﬁ
6. Na ndpete 10 avTISIoETPIKO TOV A.

7. Apxel vo det&ovpe 611 Gl = AG.

g K(z,zj, A[_B,E}M[ﬂ,_wﬂ]
22 22 2 2
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§ 2.1 A" Opédoag

§2.2 A" Opdoag

1.(1) 1, (i)2, (i) —%.
N T
2.(1)(0—4, (i) o 7

T
—, (iv)@=0.
2 (iv)

3.(0)y=— %x—%, (i) x =1, (iii) y = —x.

(iii) 0 =

. 1 1
4.(1) y=3x+3, y=—x+—, y=-2x-2,
2 2
(i) y=3x+3, y:%x+3, y=-2x+3.

5. (1) Ta {edyn T@V anévavtt TAELPDOV TOV
ABIA givar TopdAindo Kot ot StydVIEG
TOL TéUVOVTOL KADETO,

(i) y=—x+4, y=x.

6. Ay = Ay =1.

7.y =—x+(NMpuo+cuvl), 0= —%

8. y=x+1

§ 2.1 B’ Opdoog

l.y=x+3, y=—x+1

2. y=x+3, y=-2x+6, B(-3,0), I'(4,-2),

__2..6
7 7
3.x=2
4Gy y=—Lxs K up //12+i2=BQ
K
S.y=-B=— —xxih
2
6.y=— —x+6
Y T3

1. Aev vmépyet ueR mov vo undevilet
GLYYPOVAOS TOVG GUVTEAESTES TV X KOl

y. p=1u=0u=0.

3 12 18

2.()y=—=x, () | —-——,—|.

Wy=-7x @) ( 13 13)

1

3.y=—x-6.

y=x
4.(1) A(2,4), (i) oovO =0,416
51=-2qA=0.
6.k=-1

§ 2.2 B" Opdoag

1. (i) Avo evBelec kaBeTeg peTtald Tovg
(il) Avo evBeieg kaBetTec petalhd Tovg.

2. Aiépyovtar amo to onueio A(—1,2).

3. Aépyovton amod to onpeio M(1,1).

4.0 =45"

ap

a+p’

5.y=x=

§ 2.3 A" Opdodag

1.()V2, (i) 25,

(iii )i (@iv) 0.

)5]£ 68/89
89 " 89

2.() 4, =4, =2,

. 119489
(1) ———.

89
3.4, =4, ==,
4. M(12,-2).

S.y= —3x+5410.

(i) d = 3.
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6. y=%x+%—2\/ﬁ, y=%x+%+2\/g.
7.(1) 9, (ii) 35, (iii) 0.

8. M (0,00 1 M(14,0).

9.M(7,2) 1 M(1,0).

10. E =20.

§ 2.3 B" Opdoag

sqofA-a)
Jol + B
6.(1) x—(2+3)y =0, x—(2=/3)y =0.
7. e H B, (i) o, +a,p, =0.
8. E(L\B), Z(2+~3,1).

3 KQNIKEX TOMEX

l.y=x 1 y=-x

2.M(_—15,0J i M[E,oj.
2 3

3.y=(6+4/2)x—4-42,
y=(6-4V2)x—4+42, y=-2x+4.

4.0 é&ovocy'y koum y = ?x.

6. [Ipénel 10 epPaddv tov ABI va 1ovTOL
pe 0.

7.(1) Av M (%,g} 10 pécov tov AB, 10
guPaddv Tov Tprydvov MPQ wobtot pe 0.
(1) A )“PQ =-1

Z_ﬁz _ﬂz_az.
20 25
8. 2x—16y—1=0, 64x+8y+33=0.

(iii) p=2

4 1 3
9. y==—x+-1M y=—x+3.
y 3 3 ny >

10. 3x+4y—-11=0, -3x+4y+21=0.

TI'ENIKEX AXKHXEIY

1.x=17n y=0.

2.x+y=1

3. Amodeitte 611 1 evbeio oV dépyeTaL atd
Ta OV0 onpeio emainBeveTa oo To TPiTo.

4. B*x—a’y+apf(o—p)=0.

§ 3.1 A" Opéddag
1.() x> +y* =4, (ii) ¥’ +y* =2(a* + p7),

(iii) x> + y* =2, (iv) x* +y* =a® + B>
2.(1) y=2x+5
(i) y=—2x+5 7 y=-2x-5

n y=2x-5

(i) x+2y=5 7N x-2y=5.
3. Ot draydvieg gival kdOeteg Kot ioeg.
4. y=x-2.

5.0) X +(y-1)°> =4
(i) (x=3)* +(y-5)* =25
(iii) (x=4)* +(y-4)* =5 0
(x—4) +(y+4) =5
(iv) (x=6)> +(y—6)* =40
(V) (x=6)"+(y+9)* =85
(vi) (x=3)*+(y-2)" =2’

(vii) [x+§) +[y—%j :[%J .
6.(1) K(-2,3), p=4
(i) K(5,-6), p=9
(iii) K (—1, %), p= »
(iv) K(2a,=5B), p=3|B|.
7.My=-1 ()y=-4.

8. O TpdTOG EPANTETOL EGMTEPLKA TOV SEV-
Tepov 670 onueio A(—1,0).
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§ 3.1 B" Opdoag

§3.2 B” Opddag

1. Ot ovvietOoypéveg TV onueiov emain-
Bebovv v eElomon.

2. To K€vipo TOV KOKAOL amEYEL OO TNV
evfeia andotaon fon pe v axtiva Tov.

3. Ot gQontOUEVEG TOV KVKAOL GTO OT)-
neio M, (x,, y,) ko M, (x,, y,) enainBev-
ovtot and 1o (x,, Y, ).

4. Ot ovvretaypéveg tov M emaindevovv
mv eélowon x” +y° = 9o’ Tov KHKAOL.

5.0 koKkhog x% + 7 = (p2)%

6. O kOKhog (x —5)* + y* = 4%,

7. To onpeio K(2,0) xabog kot o kHKAOG
pe kévrpo A(-2,0) kot p = 2\2.

8. To kévtpo PBapovg Tov Tprydvov gival 1o
onpeio 0(0,0).

9. Ot ovvtetaypéveg Tov onueiov TOUNg
TV eVheldV eival X =acuvl + fnud kot
y =anud - foovvl

10. (x=1)> +(y—2)* =5.

§ 3.2 A" Opddag
1. (i) y* = —4x, (ii) y* = —2x, (iii) y* = 4x.
2.(1) E2,0), 6:x=-2,
(i) £(-2,0), 0 :x=2,
(>iii) £(0,1), & :y=-1,
(iv) E(0,-1), 6:y=1,
) E(e,0), 0:x=—0a,
vi) E(0,cx), 6:y=—-«
4. A(4,4), B(-4,4).

1 1
5.0) y=x-1 i) y=—x——
1)y (i) y 5573

) y=x-1 1 y=-—x-1

6. Ot e&lomoelg Tovg givat:
1 1
=2x—4, =——x—=
7 7 2 4

1. Ta kowd onueto tovg eivar A(1,2) ko
B(1,-2).
2. B(-1,0)

3 B(_l &J
© 3

4. Amodei&te O6TL T0 KEVTIPO TOL KOKAOL
anéyel amd Tov )’y amdctaon ion pe v
axtiva Tov.

5. Ay =4 =L
N
6.() EALEB (ii) EK-AB=0

7. B(-x,,0), I’ (—g, v, j

Amodei&te 011 01 AB, T'E téuvovtal Kd-
Bt ko SyyotopovvToL.

8. (ii) Amodei&re 6Tl 1 epantOUEVES OTOL B
xat I ovpmintovy.

§3.3 A’ Opéadag

xt 0y Xy
1.1) —+—=1, 1) —+-—=1
® 25 9 (i) 144 169
xZ y2 x2 y2
i) —+=—=1, (iv) —+—=1
( )169 25 ( )25 9
Xy
—+—=1.
(vi) s +é
4

2. (1) Etvat @ =2, B =1, onote ...
(ii) Elvar ¢ =13, =6, ondts ...
3. Mo KOpuen ToL TETPUYDOVOL lval To
25 25
K| ===
5 5
4. O1 dydViEG TOoL eivat logg Kot KABeTeS.
5.’Exovv i60ovg cuvieheostég d1evbvvong.
6.(1) y=-3x+4 1 y=-3x-4
221 221
N y=-2x-———
3 3
(i) y=-3x+4 1 y=3x+4

(i) y = —2x+
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7. Ot draydvieg gival kGOeteg Kot ioec.

§ 3.3 B" Opddag

1. Ot ovvretaypéveg tov M emaindevouvv
myv e&lomon g EAdeymc.

2. IToAamAOGIAGTE TIC 16OTNTES KATE LLEAT).
3. Ioyber (ME'")+(ME) =20 kot
(ME'Y —(ME)* = 4sax.

4. ITapte X, = acvve, kot Y, = e, Kot
Bpeite v e&icwon g QOmTOLEVNC.

5. Agitte 0Tt (MINZ)2 = (Mle)z, Bétovtag
sl
a

6.Av 10 M £€yel ovvietaypéveg (acuvve,

up) 10 N Bo éxel ocvvieToypéveg

(aovve, anue).

o—x
7. (i) Eivan (AF)=[32'u Kot
alyl
(AIF) BZ (a+xl)
aly |
(i) Apxei EI L EI xan ET LET .
2 2
8. Eivoupza— Ko qzﬁ—.
X M
§34 A7 Opd&ug
2 x2
___: ———:1
() 144 L (i) 36 64
o X x* 3y
i) ——y =1, (iv) ————=+1.
(i) 4 v (v )111 592

2. (1) Eivmwa =4, =3, onote ...
(i) Elvara = B = 2, omore ...
(iii) Etvon o = /5, B =12, omdre ...

B

3. Eivor — = €30°, omorte ...

4. Agi&re 611 (OD) = .

5. Bpeite 11¢ €&iomoelg g epamtdpuevng
Kot TG KABeTNC.
6. H mapdAnin mpog v acOUTT®T)
y= éx éxel e€lowon y = Ex+5.
o a
7.G) y=x-3 1 y=x+3
(i1) Agv vapyet
(i) y=x-3 1 y=—x+12.

§3.4 B" Opddag

1. Av KAMN eivar 1o opBoydvio féong g
vrepPolng, tote ta Tpiywve E,OF ko
AOK eivau {0

X, -
Kot
i

x+al

(AT =p"

N
(i1) Apxketl El LEM«aw ET' LET.

3. Agi&re 6t o Tppata MM, xor MM,
€youv 10 1410 péco.

4. Bpeite 11g cvvietoypéveg Tov ompeiov
Toung M, g ¢, pe v &, Ko vtohoyiote
10 £pPadov tov tprydvov OM, M.,

5. Yroloyiote 10 cuvnuitovo g yoviog
tov  dwvoopdtov S, = (o, f) Kot
62 = ((X 5 _ﬂ )

6. [Tdpte Vv eficwon G €PATTOLEVNC
™ C, oto tuyaio onpeio e M, (x;, )
Kot omodei&te 6TL ot dev emoinfeveTan
and Tig cvvteTaypéveg (pa,0) Tov 4,.

§ 3.5 A" Opédoag

1. (i) Kopvon (1,0), Eotia (3,0)
(i1) Kopvony (-2,0), Eotia (-2,4)
(ii1) Kopoon (4,-2), Eotia (2,-2)

(iv) Kopvon (4,4), Eotia [4,—%).
2. (1) 0'(2,0), a=5, f=3

(i) 0'(-2,0), « =2, B :%

(i) 0'(4,2), a =3, B =2



(iv) 0'(=3,1), a=
3.()0'(2,-4), a=2, B=+21
(i) 0'(1,2), a =+/3, B=+/2.
4. k=3 | k=-5.
5 y=x+17M y=—x-1

I'ENIKEY AXKHXEIY

1. (i) O woxhog C, &xer kévrpo K(4,0) xar
axtiva VA +1.

(ii) Or x0xhot C, diépyovrar and to. on-
peia 4(0,1) kon B(0,-1).

Bl e oo
m (2’)
2@],

!

(i) [l:? Kou f=—r0

|24+ |

VAt +1

2.() d(K,,&) =

3
(ﬂz—? Kot f=———

3. (ii) (o) H nuevdeio )
x>1

(B) H mopaBorn y* = 2x ue séoipe-
o1 TNV KOPLET TG,

4.() x> +(y—-2B) =a’*(1+1%)

i) 1=+8.3
(04

L

5 4

6. Kotd ) ypovikn otrypn t ta dtavocpota
O—A1 Ko O—A2 Bo &yovv cvvieToypéveg
(4ovvot,dnuwt) kat (cuv(-ot), nu-ot))
AVTIOTOLY®C.

7.Av (x,,y,) €lvar ol cvvteTayLéveg TOL
pécov M, 16te

2x,+ ¥,
M, [%,yo+2xoj,

2x, —
Mz( 02 yo,yO—Zxoj.
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H vrepPolr €yl ekicoon 4x” — y° = 4.
LA2 1
9.(1) e =— xo (il) Au=——.
() & = == wou (if) Ap=——
10. Av M givar 10 kévtpo tov C, 101¢
(i) dIM,K)—d(M,g)=R (ctabepo)
(i) dM,K)+d(M,A)=R+p
(otaBepd)
(i) d(M,K)—d(M,A)=R—-p
(otabepd).

11. (i) XoLV¢ MK _ 4

04
DR
4’ 47 47 4
4 @EQPIA APIOMON

§ 4.1 B" Opdoag

3. Apxkel va dgifovpe OtL (V—Hj <V 7o
Kabe v = 3. v

§4.2 A" Opdodog

1L ()k=7xouv=5 (ii)k =—8xamv=>5
(iii) k ==T kv =6 (iv) k =8 xowv =5.

2. (1) O¢tovpe 2k = u.
3.0¢étovpea =2k +1,k € Z.
4. 0.

§ 4.2 B" Opédoag
1. (B=37Tkmv=31)n(B=38kov=14)

2. O x Ba givo 1 GpTiog 1 TEPLTTOG.

3.0va’, B* eivan g popeng a’ =84 +1
ko B2 =8u+1, 6mov A, u € N.

4. O x givor ¢ popeng kK =51 +v,
v=0,1,2,3,4.

5. (i1) Eeappolovpe v (1) o tovg o, f, X.
(iii) KaBévag amd tovg apBuovg sivor
™m¢ popeng 44 +2, A eZ ko apa dev
glvat TETPAY®VO PLGLKOD aplBpov.
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§ 4.3 A" Opddag

1. (i) 200, (ii) 40, (iii) 8, (iv) 1.

2. B=Kka kot =Ay.

3.0 11 Ba dwpet kot ) dtapopd Tovg.

4. a = f + 2K 6mov K AKEPALOG.
5. Mg anayoyn og dtomo.

6. Awkpivoope 600 TEPMTOGELS:
o) Avo TovAdyLeToV amd Toug a, B, y etvot
aptiot,
B) Avo tovAdyicTOoV Omd TOVG @, f, ¥
glvon meprrtol.

§4.3 B' Opddag

1. (ii) Eivar o> =41 +1, A € N ko
A+D)(A+2)=2u, ueN.

2. O a glvor g popeng o = 2k
NMa=2k+l,keZ.

3. YmoBétouie OTL Y10 KATOL0 0 1GYVEL
o=’k a+l=1%Kk,AeZ.

4. Oétovpe a = kP.

5. (1) O a givar g popeng o = bk +,

v=0,1,2,3,4,5,

(i) Elvat: 2a +1=(a +2) + (a - 1),
(iii) Etvou: o’ +3a”* —4a = (a - Da(a+4) =...

6. Me pobnuotikn emaymyn

7. Apxel 0 k — A va dwopei ) dopopd
(Ao +kB)— (ka + AP).

§ 4.4 A" Opddag

1.(1) 1 (1) 12 (i) 12 (iv) 12.

2. (i), (i1) Epappodlovpe v d16tta
((X,ﬁ) = ((X _ﬁ7ﬁ)’
(iii) Toydern (ii),
(iv) ®étovpe 6 = (v +2,2),
(v) Etvar (v,v +1)=1.

4. ®¢tovpe O =(a+ f,x+y) Kol amodet-
Kvbovpe 6t 6 | 1.

5,6. @étovpe 0 o MKA tov aplbudv cg
Kkabgd Tepintmon, ondte 0 o Ha dlou-
pei Ko KAOe Ypappkd cuvdLOGUO TOVG.

7. ®étovued = (a, Bxad = (a, B,a + )
Ko aodetkvoovpe 6t o |8 kon d'| 8.

8. (1) (i1) O oyveL Ko Yo vV = .

9. ®¢tovpe 6, = (a,y) xou 8, =(f,7) Kon
amodetkvoovpe 6t 6, |1 kan 6, |1.

§ 4.4 B" Opédoag

1. (i) ®étovpe 0 = (a + B, — ) Ko amo-
detkvooue 0TL 6 | 2
(il) @étovpe 6 =(a+ f,a+2B) xu
amodeikvoovpe 6t O | 3.

2.Elvaita =4k +2, k e Z ko f =41 +2,
ALeZ.

3. Anodeikvooope 0tL (2v +3,5v +7) = 1.

4. Oétovpe X = (a, B) =[a, B] omdte X |,
X|B, a| X xou B|X.

5. A6 (B,y) =30 xat (y,a) =12 &ovue

ot 2|(a, B), dromo.

6. Awpodpe kot o SO0 HEAN e J.

7. (i) ®étovpue 8 = (at, B) xou 6" = (a, k)
Ko amodetkvdoupe 61t 6 |8 kat §'| S

. oK

(i) [ ) = 20

(a’Kﬁ) ...
8~ [017,[37;0‘57 ﬂ(S] = [[a}/,ﬂj/], [a(S’ ﬂa]] =

§ 4.5 A" Opédoag
1. Epapudlovpe to mopiopa 4.
2.(1) a =8
(i) o =24.
3.() péner a - =1,a+ =3

(i) Mpénsra -2 =1xona+2=p
(i) Hpénera —1=1, ¢ +1=3 xon p =5.
4. Etv3p=(v -1V +1).



5. Eivou v’ —1= (v —1)(v* +v +1) ko
Vi+l=v+D)W—v+1).
6. Eivor o” = 4k +1 ko B = 42 +1.

7. Oa woyvel pla kot dpaa =k p, k € Z.

8. Av ftav (a*, ") # 1 tote Oa vypye Oe-
TIKOC TPMTOC drapétng p Tov (a*,a”).

10. Av o = 82, 10TE 1 KAVOVIKT] HOPPT} TOV
p 0o eivan B = p/ pl...pP.

§4.5 B" Opddag

1. Yrobétovpe kGO popd 611 0 MKA givar
peyoldtepog g povédag, omdte Oa
€xet évav BeTikd TPAOTO dtopétn P, Ko
KOTOAYOULE GE GTOTO.

2. Onwg kot oty 1.
3.Eivmwa=pAdpe p| Axon B =p°-B pe
plB.
4. (D) vi+4=(+d> +4) -4’
=V +2) -(Qv) =...

(i) 8 +1=(2") +1=X +1=(X+ )(X’ = x+1)
pe x =2,
5. Elvon 34a =43, ondte 34| 5.

6. O p Ba givar g popong p =3k +v,
v=0,1,2.
7. (i) Etvor x(X* +x+1)=1-3
(i1) Eivan p =112 — x(x +1) aptioc.
8. Ot apBpoi a, f Oa givar g popeng
o =p..p> xa B=ph..p’omov
P> Pys s Py givan ot kool kot pn
Kool TpATOL TaPAyovTES TOV a Kot f.

§ 4.6 A" Opdoog

1. Ot (ii), (iii), (iv).

2.(1) x=1+3txk y=1-2¢,teZ,
(i) x=2+2txn y=1+3¢t,teZ,

(i) x=2+5tku y=-1+7t,t e Z,
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(iv) x=2+3tk y=1+5t,te Z.
3.(1)) Xx=2-26A, y=14+37A, A e Z,
(i) x=31k+1,y=47x -1,k € Z.

4. (1) Av &iye Betucn axépaia Avon Oa
ioyve 3x+5y>3+5=8=-15,
dromo (ii), (iii) opoimg.

5. Me (1,18), (2,16), (3,14),...(9,2), (10,0).

§ 4.6 B" Opdoag
1.(1L5).

2.X:pﬂ—§, pe’l.

a2+ 2
3. Tﬁ, omov 6 = (a, B).
4. Apov Moete v eElcmon mépte X >0
kot y > 0.
32,1

. +—.
91 7 13

§ 4.7 A" Opddoag

2. (1), (i), (iv).

3. O a Ba givat g Lopeng
a=1lk+6, keZ.

4. (1) OQuwoyvera =3k +2 =41 +1
(1) Aev vrapyovv.

5. Eivan (i) 2° = 1(mod 7), (ii) 9 = I(mod 8)
(iii) 3’ = —1(mod 7) xon
(iv) 5° = —1(mod 26).

6. Eivou (i) 5° =1(mod8),
(i) 3° =2(mod5), (iii) 2* =1(mod15),
(iv) 5% =4(mod?21).

7. Etvon (1) 9 (i1) 43.

§ 4.7 B" Opédoag

1. Ta k60 X € Z 1oydel X* =0, 1(mod 3).
2. Eivon p=1,3,7,9(mod 10).
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3.Eivmma =5k+2, ke Z

4. X =2k +1=31+2 (Aweavtikn eicwon).

5.a’ =a(mod2) koo’ = c(mod5).
6. (1) m|(a—p), (ii) m|n(a—p)
7.Eivma=B+A-m, Ae”Z.

8. (i) Biva 39 =3-13 e (3,13) = 1.

(i) 111=-19(mod 7) xou 333 = 4(mod 7).

9. (ii) Mg amaymyn og dromo.
10. p=1,2(mod3).

Apxet 3[(p° —¢°) xau 2| (p* —4°).
11.77 = 7(mod10) ko 333 = 3(mod 10).
12. 2 = -1(mod3).

TI'ENIKEXY AXKHXEIX

1. Iaipvovpe Tovg aptdpovg
a,o0+1,..., a+(v-1).

2.00=6, f =3, y =6 kabog ko a =14,
B=9«kuy=1

3. [Maipvovpe Tovg aptdpovg
a,a+2,a+4,..,a+2(v-1), omov a
TEPITTOC.

. , , a f

4. (i1) Ymobétovpe Ot1 E+E =pe”Z

onote a’ + B° = pap.

5. (i) Me anaywyn og dromo. Av (a, f) =06

(i1) Xpnopomotovpe 1o (i).
6. Me anayoy o€ dTomo.
7. (1) Me ™ pobnuatikn emayoyn
(i1) O x B givar TG popeng 2~.
8. ()a" —1=(a—1)a" " +..+a+1)
(ii) YroBétovpe 6t1v = 2° - A, 6mov 4
mepLtTog >1.
9.(1) a=v(mod8), v=0,1,....,7
(il)) Me amaywyn oe dromo Kol He T
BonBewa g (1)
10. Apxei v=4k qv=4k +3,k eN".
11.2v =2(v =2)+4.
12. x> =y* +24
13. Oy

14. (i) [%Q:l (ii) (%,gj:
(iii) (@, ) =4 (iv) oB =96

. [a P
V) Av (a,B) =0, tote (5 ,5)— .
15. (ii) Emedn 72 =8-9, apkei o apBudc
y425x va dwpeiton pe to 8 kot 10 9.
16. (i) Oy
(i1) ®a cuvavimboiv otig S Defpova-
piov.
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