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I'TATO MAGHTH

To tedy0g TOL KPOTAG EYEL Lt WlopopPia: cov divetar pe T cvoTACN Va [y TO
draflaoeic: TovAAYIoTO HE TNV évvola ov StePadels éva dAro BiBAio ya va KoTavonoelg
70 TEPLEXOLLEVO TOV.

[pdypatt, ot acKAGELG TOV GOV divel 0 KABNYNTNG GOV Elvat Yo va EPYACTEIG LOVOC.
TNarti to vo ADoELg pa doknon onpaivel ToAAEG PopEG 0L LOVO OTL EYELS KOTOVONGEL TNV
avtictoyyn Oe@pnTikn VAN aAAd Kot OTL EEPELG VaL TN YPTCULOTOUGEL Y10l VoL ST)LLLOVPYELG,
va ovakoldmtelg N va emiPePordvelg kot kovovpyto. Kot avtd €xet idiaitepn onpoocio yo
oéva Tov 1010. Agv umopel mapd va £xELG Ko o T @rhodoio va Mvels povogs yopig fordea
TIG 0OKNGELG Y10, VAL VIOBELS TN opd avThG TNG SNULOVPYLOG, TNG avoKGALYNG.

[péner va E€petg Tt OTay SLoKOAEDEGHL GTN AVOT LG AOKN GG, TIG TTLO TOAAEG POPES
VILAPYEL KATTOL0 KEVO GTN Yvdon NG aviictoyns Bewpiag. [Iyoave tico Aowmdv 610
S1daktikd Pifiio kabe @opd mov ypetdleTal va EVIOTIGELS KOt VUL GOUTANPDOGCELG TETOLN
Kkevd. OTOOITOTE TPV KATATIAGTELS [LE T1 ADON TOV AOKNCEOV TPENEL Vo alcBavesat
Kdtoyog g Bempiog TOL S1dGYTNKES.

Extdg amd v katavonomn g Bewpiog pmopei va Bondnbeig otn Aon pog doknong
0o To TAPASELY AT KoL TIG EPOPLOYES TOV TTEPLEXEL TO JBAKTIKO cov PBiffAio. Av map’
OAa aVTA OgV UTOPELG VoL TPOY®PNTELS, 6TO TEAOG ToL PifAiov cov Ba Ppelg pia chvioun
VIOJEET TTOV OCPAADG Bol G€ S1EVKOAVVEL.

211G eMIYLOTEG TEPITTMGELG TTOV EYOVTOG e&avTAn el kdbe TeplOmdplo Tpoomddeiag de
Bpioketal n mopeia mTov 0dMyel 6T Aon g AoKNoNG, TOTE KOt 10 v o TOTE UTOPELS Vol
KOTOQUYELS 6° 0T TO TEVY0G Kot LAAMoTa Yo vo St fdoets ekeivo To Tuipa g AVeNG Tov
60V gival amapaitnto yio va cuveyicels LovoG.

OvoaoTikd Aowmdv dev TO "YELS AVAYKT 0LTO TO TEVYOG. X0V TAPEYETAL OLMG Y10 TOVG
e&ng Aoyovg:

o) [Na va propeic va cuykpivelg Tig AGELG mov 6V BP1KEC.

B) T vo oe Tpo@uAGEEL amd avedBuva «AVGApLO.

v) T va amodld&et Tovg yoveic 6ov and avtioToyn OIKOVOLIKT ETLPAPLVET).

d) T va €yeig oV kat o1 cvPPABNTEG GOV TNV 1010 GLALOYN ACKNGEMV TTOL €ivarl £T61
emieypéveg, mote va e&ac@arilovy v eumédmaon g HANG.

¢) I va gpyalecar ympig To dyyog va eEacporicelg onmodnmote Yo kGOe nadnuo Tig

MOGELG TOV AOKNCEMV.

To 1edy0¢ ToL KpOTAG givar Aowmdv itog. Na Tov cvprepipépecat Onmg 6° vav eiko
OV €YEL OEL TPV OO GEVA TNV TALVIO TOL TPOKELTOL VAL OELS [UT] TOV EMTPEYELG VO GOV
ATOKOADYEL TNV «VTO0eCcT» TPV JELS Kat oL To €pyo. Metd pmopeite, va cvintioete. H
GUYKPLON TOV CUUTEPAGLATOV Oa £ivatl EVOIAPEPOVTA KOL TPOTAVTOG EXMPEANG.

(An6 to Tpqpa MLE. tov I1.1.)
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KED®AAAIO 1

ININAKEX - TPAMMIKA XYXTHMATA

1.1 A" OMAAAX

1. 1) O wivakag givot tomov 3 x 7.
ii) To otoygio a,, pog TAnpogopet 611N opdda NIKH éyet 6 vies, evo to otorgeio
a,, Hag TANpogopel otLn idta opdda métvye 13 téppota.
To ctoyyeio a,, pag mAinpopopei 6tL 1 opdda OYEAAA &xer 3 woomadiec.
Téhog, To oToREio o pag mAnpogopei 6T opdda AADNH éxet 11 fabpove.

2. O nivokog A = [aij] Tomov 4x4 ce opboyodvia didtaén eivor:

Enedn o, =|i— jl, éxovpe

o, =[1-1=0, a, =[1-2|=1, a,=[1-3]=2, a,=|1-4/=3
oy, =2-1=1, a,, =[2-2|=0, &, =[2-3|=1, a,, =[2-4]|=2
oy, =[3-1|=2, ay, =[3-2|=1, a,=[3-3=0, a,, =3-4|=1
o, =[4-1=3, a,, =[4-2|=2, a,, =[4-3|=1, a, =|4-4|=0

Enopévag

N = O =
—_ o =N
=



3. 1) H ot ta wydet, av Kot povo ov
2x-1=x
x+y=0
x—y=2"
2x+y=1
Avvovpe 10 cvotnua TV 600 TpOTeV elodoemy Kot Bpiokovpe 0Tt X = 1
Koty =-1.
Ot Tipég anTég TV X, Y emainfevouy kat T1g GAAeG 600 eEI0MOELG.
Emopévamg, ot mivaxeg ivar icot av kot povo av, X = 1 ko y =— 1.

i1) H oot 1oybdet, av Kot povo av

X +y=1
y=0
X +x=2
yi=y

AVVOLLLE TO GUOTI IO TOV S0 TPOTOV eEI0DCEMV Kot Ppickovpe OTL

x=1  [x=-1
y=0"1y=0"
Ot Tipég avtég TV X, Y 6gv emainBedovy v tpitn e€icmon. Enopévac, dev

VILAPYOLV TIES TV X, Y Y10 TIG 0moieg o1 mivakeg avtol va eivar icot.

4. O mivakag etvat dtorydviog, av Kot Lovo av

In*x-1=0 {(lnX:l n Inx=-1)
=
In*x-Inx=0 (Inx=1 1 Inx=0)

< Inx=1< x=e.

5. H 1o6tta ioydet, av kot povo av
2np’x=l1
nu2x=1
epx=1 '
ouv2X=0

H tpit e&iowon epX = 1 éyet 610 [0,27) Moelg Tig %, STE Ot Tiég avtég Tov

X emaAnBevovy Kot TG vroAowes. Emopévac, o Tivakeg givat icot av kot povo
5z

T, 27
v x =T X =

| 8 |



1.2 A" OMAAAX

1."Exovpe
. (5 -2 6 3] [11 1
)A+B = + =
1 3|2 5] |-1 8
(5 -2 6 3] [5 =21 [-6 -3] [-1 -5
A-B= - = + =
|1 3} [—2 5} L 3} [2 —5} {3 —2}
.. 6 7 8 9] 1[5 6 7 8] [11 13 15 17
ii)A+B = + =
5 6 7 8] [6 7 8 9| |11 13 15 17
6 7 8 91 [5 6 7 8 1 1 1 1
A—B: - =
5 6 7 8|16 7 8 9| |-1-1-1-1

ii)A+B=[4 5 6]+[-4 -5 —6]=[0 0 0]
A-B=[4 5 6]-[-4 -5 —6]=[8 10 12]

iv) Aev opilovtat To dOpoicpo kot 1 Stapopd

a B y] [1-a =B —-y] [1 0 0
V)A+B=|x y o|+|—x 1l-y —-o |=|0 1 0
|k A w] |-« -4 l-pu| [0 0 1
(laa B y]| [l—a - —y| [2a-1 28 2y
A-B=|x y o|-|—x 1l-y -0 |=|2x 2y-1 20 |.
|k A wu] |-« —-Al-u] |2r 22 2u-1
2.’Eyovpe

O T N

3.’Eyovpe



8 3 8 w-5
<1 —-1-x =1 6

y—1 10 7 10
w—-5=3 w=8
S-1-Xx=6 &<x=-7.
y-1=7 y=8
4."Exovpe

. 2 1 3] 1 -2 6 10 515 3 -6 18 13 -1 33
i) 5 +3 = + -
-1 4 1] 0 53 -5 20 5 0 15 9 -5 35 14
.. =3 5 1| 112 4 6
ii) 4 —-= =
1 0 4| 210 2 -4
-12 20 4 1 -2 -3 -11 18 1
= —+ =
4 0 16 0 -1 2 4 -1 18

-A A 22 A7 AT 247
iii) A = .
3 -4 A RY S S

5."Eyovpe
3 -1 6 -2
i)2A=2(2 1|=|4 2
1 0 2 0

6 -21 [-18 6
i) 2(-34)=-3(24)=-3|4 2|=|-12 -6
2 0| |-6 0

iii) 5B —2A

Il
W
(e
\®)

|
N
[\

Il
(e}
—_
(e}
+

|
N

I
[\
Il

|
=
=]



3 -1 2 6
v 3a-ip=32 1|-L 0 2
2 10 4 8
9 3] [1 =37 [10 -6
=16 3+ 0 -1|=l6 2.
3 0[ |2 4] |1 -4

6. 1) H e&lowon yphopetar dradoyikd

5 -1 14 -4
3IX + =
7 2 -2 5
14 -4| |5 -1
3X = -
S
9 -3
3X =
-9 3
9 -3
x =L
31-9 3
3 -1
X:
Sl
ii) H e&iocwon ypaopetat dtadoyikd
1 2 -3 1
6 -7X =5
3 -4 -2 =2
-3 1 1 2
-7X =5 -6
-2 =2 3 -4
-15 5 -6  -12
-7X = +
[—10 —10} [—18 24}
=21 -7
X =
-28 14

1

7{
3

4

21
—28

—7
14

|

|11 ]
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7.'Exovpe

|:GUVO£ —npa} { nua GUVO(:|
cuva +nua =
nua  ovva —cuva MU
B [ suvia —nuacvve | nla nuacsvvo
| suvanua ouvla | | nmuacvva nla
- [ suvia +npla —NHacLVA + NUaAcLVOL
| cuvanpa —nuasvva ouvia +nu’a
10 . . .
|y | moveiva diorydviog mivakog.

8."Exovpe

14 -8 a Bl [-a 28] [14 -8
2X —5¥ = o2 -5 =
21 13 y 8 —y 35| |21 13
200 28] [5¢ -1087] [14 -8
= + =
27 25| |5y -158 | |21 13

7o -8B [14 -8
= =
Ty -135| |21 13

|
{ Ta =14

Ty =21 =
-136 =13 =-1
1.2 B OMAAAX
1."Eyovpe

1 2 x+y 3y 1 -1
1) + = =
0 -1 x° y2 1 0
x+y+1 3y+2 1 -1
= 2 2 =
X y =1 1 0
x+y+1:l x+y:0

3y+2=-1 y=-1 x=1
= = =
x =1 x=x1 y=-1

¥y -1=0 y==1

|12 |



| x*-3x X+y [2 —l} {0 1}
i) + = =
-1 yz 1 y 0 0

X2 -3x+2 x+y-1 {O 1}
<< =
0 y’+y| [0 O

X =3x+2=0 (x=27 x=1) N
SiX+y-1=1 ©ix+y=2 @{ _0.
, y=
y’+y=0 (y=01 y=-1)

2. H npdy e&iowon ypapeton

30 3 0]
3X+Y = oY= -3X
0 3 0 3]

H devtepn e€lomon Adym g (1) ypdoeton
4 0 3 0 4 0
5X+2Y = S5X+2 -3X |=
0 4 0 3 0 4
3 0 4 0
&S 5X+2 -6X =
o il
4 0 30
& X = -2
0 4 0 3
2 0
o X = .
0 2
Emopévag, Moym g (1) éxovpe
30 2 0 3 001 |-6 0 -3 0
Y = -3 = + = .
P P R A

3. H e&iowon ypdoeton

3(X +B):2(%X +Aj—5B < 3X+3B=X+2A-5B

< 3X-X=2A-5B-3B
< 2X =2A-8B
< X =A-4B.

| 13 |
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Enopévag
{—1 0 2} 4|2 i -—%
3 -5 1 1 |

[ g

4. Etvon
(30 28 40 [38 30 42
I, +11, = +
125 32 36] |23 28 38
dot. Mny. Bwvt.  Tnieop.
_[68 58 82 | vhkd
B | 48 60 gpyacia
omotTe
Dot. Mny. Bwvt.  Tnieop.
68 58 82 34 29 41| vhkad
UY 17)— .
48 60 74 24 30 37| epyacio

O tehevtaiog mivaxag divetl yuo t Propmnyavio To HEGo KOGTOG KABE GLOKEVT|G.

5. 1) Av 1 mapayoyn avénbei katd 10%, tdte T0 NEePNol0 eninedo mapoymyng Oa
dtvetal amd Ttov wivako B =1,1-4.

Eivat

B=11.A=11-
{ 80 40 120 120 88 44 132 132

ii) "o Tovg 60 TPpDOTOVG PVES TO eMinedo mapaywynG diveTatl amd Tov TivaKa
2(30A) = 60A.
T Tovg GAAoVG TPELg PVES TO EMinedO Topay®YNG SIvETUL OO TOV TivaKa,
3(30B) =90B.
Emopévag, 1o 6UVOAO TG mopay®yNng ava Tpoidv yio Tovg S5 punveg divetan
amod Tov Tivoko

200 180 140 60}_[220 198 154 66}

200 180 140 60 90 220 198 154 66
80 40 120 120 88 44 132 132

| 31800 28620 22260 9540
112720 6360 19080 19080 |

60A+90B = 60{

|14 |



1.3 A" OMAAAX

1.’Exovpe
2
i)AB=[3 2 1] 3 =[3~2+2~3+1-O]:[12]

2:3 22 21] [6 4 2
BA= [321]_33 32 31(=(9 6 3
03 02 01 [0 0 0

. 4 -2
w3 7L
)
4.2-2.4 4.1-2.27 [0 0
—2.2+1-4 —2-1+1-2| |0 0
2 1 4 -2
BA=
L B
2:4-12 2(-2)+1]_[6 -3
44+2(2) —2.4+2| |12 -6
30 -5 0] [3 -14 -3
iii) AB = 4 1 -2|=[16 2 -2
-1 3] [-7 -29 9

1

4

5 K
-5 —0' 30 —1] [3 -20 -11

0

5

BA=|4 1 -2 4 21=2 10 -4
0 -1 3|5 -3 1] |15 -13 1

_ 2 1 3
) 4 2 1 4 13 17
iv) AB = 01 2= .
-3 -1 3 -18 17 -8
- -4 7 1
Agv opileton to ywopevo BA.
2.'Eyovpe
I -1 -1 10
. 011
i) AB=|0 1 =1 0 1
1 01
2 0 0 2 2



-1 -1 10 0 00
i)AB-I'={ 1 0 1|(-| 1 0 1|=|0 0 0|=0
0 2 2 0 00O
-1 1 0][-1 1 0 2 -1 1
i) ABlC=(AB)I =| 1 0 1 1 0 1|=-1 3 2].
0 2 20 2 2 2 4
E5. Aveld. Amoo.
3. Eoto K :{60 75} Kor A= 50} Ew. )
30 60 | 40 | Aveld.

Eme1dn ot apoiBéc oty of etaupeio givar 60-50 + 75-40 kar otn B’ etoupeion givon
30-50 + 60-40, to chvoro TV apolPdv TOV epyaTdV oTIS 000 gTapeies exepaleTat

LLE TOV TTivaKoL
60-50+75-40] [60 75750 kA
30-50+60-40| |30 60 40|

w3

Enopévac o mivaxag B eivar avtiotpopog tov A.

4. 1) 'Exovpe

i) Exovpe

(1 3 -2 14 -8 -1
AB=| 2 5 -3||-17 10 1
-3 2 -4 -19 11 1

14-51+38 —8+30-22 —143-2
=| 28-85+57 -16+50-33 —-2+5-3
| —42-34+76  24+420-44 3+2-4
1 0 0

=10 1 0|=I.

0 0 1

Enopévac o mivaxag B etvar avtiotpopog tov A.

| 16 |



2
5. O wivakag A avtioTpépetat, opod D= ‘1 ) ‘ =4-3=1=#0, ko &yel avtioTpoPo

2 -3
Tov A = )
-1 2

4 2
O wivakag B dev avtiotpépetat, apod D = ‘2 : ‘ =4-4=0.

O nivakog I avtiotpépeTat, 0pov

cuvl —nub
= s =ouvh+nu’H =10,
nueo cuvh
. , L, | ovvé nuo
Ko éyet avtiotpogo tov I = .
-nué cvvl
- nuoe —cuva 5 ) . .
6. i) Eivax D = =nua+cvvia =10, ondte o wivakag
cvva nuo
OVTIOTPEPETAL KoL EXEL OVTIGTPOPO TOV
e —ovva | | npa cuva |
ouva nua | | —ovva nuo |

i) H e&iocwon ypapetat dtadoyika

nue ovva |[mue —ovva | [ Mua ovva|[ovva Mo
-ouva  nua |[cuova  Mua | —ouva  Mpa |

-nua —ovva

¥ - [0 npla-ocvvia
-1 —2nuacovva
[0 -ovv2a
X = .
-1 —Nu2a
1.3 B” OMAAAX
1. i)’Eyovpe
A?=xA+yl

B E F P
ol S

|17 |



5 10 |x+y 2x
10 20| |2x  4x+y|

And v TEAELTOLN IGOTNTA TOV TIVOK®V TOIPVOVLLE TO GOGTIHLO

x+y=5
x=5
2x=10 = .
y=0
4x+y =20

ii) H ic6tta A> =x4 + yl pex = 5 xar y = 0 yiverau:
A*=5A.

"Etot éyovpe:

L , 127 [25 50
A=A A=5AA=5A=5-5A=25A=25 =
2 4] [50 100

o a34 B s 3 125 250
kat A" = A"A=25AA=25A"=25-5A=125A = .

250 500

) 2 1| 2 -1 7 =3
2.'Eyovpe: A" =A-A= =
-3 || -3 1 -9 4
5 ) 7 =3 2 -1 23 -10
A=A"-A= = .
-9 4|3 1 =30 13

H do6¢ica icotnta ypdoetat:
23 -10| |-20 10| |-x O
+ + =0
-30 13 30 -10 0 —x
3-X 0] o
0 3-x|

x=3.

3."Eyovpe:

St R



a’=1 a=+*l1
=0 a=—f< a=1  Je=-1

oSla+f= =-
p=-1"1p=1"

Emopévac, ot {ntovpevor mivakeg givat ot

o1 -1 1
Kol .
0 -1 0 1

4. 1)’Eyovue
0O 1 —-1(0 1 -1 1 0
A*=A-A=|3 -2 3|3 -2 3|=|0 1
2 -2 32 -2 3 0 0

Ouoing éxovpe B*=B-B=1
(0 1 -1] [ 4 -3 3] [-4 4 -4

ii)A-B=3 -2 3|-| 2 -1 2|=| 1 -1
2 -2 3 -3 3 -2 5 =5

Kot
(0 1 -1] [ 4 -3 3] [ 4 -2
A+B=[3 =2 3|+ 2 -1 2|=| 5 =3
2 -2 3] |-3 3 -2 |-1 1
Enopévag

(4 4 —4][-4 4 -4
(A-BY=| 1 -1 1[]| 1 -1 1
5 -5 5[] 5 -5 5

[ 16+4-20 -16-4+20 16+4-20
=| —-4-1+5 4+1-5 —-4-1+5
| —20-5+25  20+5-25 -20-5+25

=0

Il
o O O
o O O
o O O

| 19 |



4 -2 29[ 4 -2 2
(A+BY=| 5 -3 5|5 -3 5
-1 1 1)[-1 11
[16-10-2 -8+6+2 8-10+2
=[20-15-5 —-104+9+5 10-15+5
| —4+5-1 2-3+41 -245+1
(4 0 0 1 0 0
=0 4 0|=4/0 1 0]=4l
0 0 4 0 0 1
iii) Eivar A> = B> = O kot
4 -2 27[-4 4 -4] [-8 8 -8
(A+BYA-B)=| 5 -3 5|1 -1 1|=|2 -2 2
-1 1 1 5 =5 5 10 —10 10

Apa, A>—B* #(A+B)(A-B).

3
5. 1) Eivau D = ‘ 5 1‘ =-3+4=120, ondte 0 A AVTIGTPEPETAL KOL EYEL AVTIGTPOPO

-1 =2
Tov A = )
2 3

20
i) Bivou A+ A™"' = =2I.
0 2

Apa (A+A™") =(21) =2"1 ,pg v e N*.

6. 1) Eyxovpue
[ouvx —nux|[oovx —mnux
A(X) = A(X)- A(X) = L M s }

[MHX  GLVX ||Nux  cuvX

B [ suvx—nu’x — TUXGUVX — 1] IXGUVX
| NUXGUVX+NUXGUVX —NuX+oLVv X
[ouv2x  —mu2x

-|° 22 Ax)
| NU2X  ouvv2X

| 20 |



Bz(x):B(X)~B(X) |: npx GUVX:H: NpX Guvx:|

—GCLVX  MpX
Nu’ X —cvv’x 21N UXGUVX
~2NUXGUVX — oLV X+NUX

_ | —ovv2x nU2x
- -Nu2x  —ovv2x

|:GUV2X —Mu2x

=-A(2x)
nu2X  ocuv2x

i) 'Exovpe
AY(X) + B*(x) = A(2x) — A(2x) = O.
i) H e&icwon ypapetat dStadoyikd:
AY(X)— BA(x) =21
A(2X)+ A(2x) =21
2A(2x) =21
A@2x)=1

cuv2x —mu2x| |1 0
nu2xX  ouvv2x o 1]
Amd ™V TeEAgvTOLN 1IGOTNTO TPOKVTTEL TO GUGTILLOL:

{oova =1

S 2x=2kn, k€l > x=Kn,k €L.
npu2x=0

(0,6 0,6 0,2][5 6
7.)Eivu M-N=| 1 0,9 0316 7

L5 1,2 0,44 5

El EZ

[ 7,4 8,8] xdcTOC MhyKOL
=116 13,8| «060TOG KOPEKADG
116,3 19,4 | xdctog tpaneliov

O mivaxag MN ex@pdlel To GLVOALKO KOGTOC TOPAYWYNG Yo KGO £va amd Ta
Tpia €ldM Tapaywyng Kol 6To SV0 EPYOCTACLOL.
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i) To k60706 £pYaSing VIO TNV TOPOYWYN [iag Kapékhag 610 epyooticto E etvar 11,6
EVPA KOIL TO KOGTOG TAPAYOYNG EVOS TAYKOL 6T0 £pY0otdcio E, givon 8,8 eupd.

8. Eyovpe
11 371 1 3
A2:A.A: 5 2 6 5 ) 6
-2 -1 -3||-2 -1 -3
0 0 0]
=3 3 9
-1 -1 -3
[0 o[ 1 1 3
A=A A=|3 3 9| 5 2 6
-1 -1 -3]|-2 -1 -3
[0 0 0]
=0 0 0|=0
0 0 0

Avy>3,161e A" = A4 =04 =0.
0 1 -1][o 1 -1 1 0
B’=B-B=|4 -3 4|4 -3 4|=[0 1
3 -3 4|3 -3 4] [0 0
B'=B*B=IB=B.
* Avv=2p (Gpti0c), 101 B'= B¥ = (B’Y =P = I, ev®d
s Avv=2p+ 1 (neprrtdc), 101 B = B*'' = B*-B=|-B=B.

9. i) Eivat A(cX) = ———| M0 1 [T -
. cLv(—X) | nu(=x) 1 GLVX | —MuX 'k

T va Seifovpe 61 A (X) = A(—X), apxel va Ssifovpe OTL1oyvEL
A(X) AX) = 1.

"Exovpe
AX)AR) = — { : ‘”“X} ! {1 nux}

GLVX| —NUX 1 |ouvvx| nux 1
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1 1—nu’x 0
“ouvix| 0 —nuix+1
1 oLV X 0 3 1 0
_GUVZX 0 GUVZX B 0 1
i) Hiootta A(X) = | ypdoeetar:
1 1 0
A(x) =T < { n”x}{ }

GULVX | WX 1 0 1
! NUX
1 0
| OOVX  GUVX | _
nuX 1 0 1

L OLVX OLVX

epX 1 0
PN OLVX _ |: :|

EPX

OLVX

1

=1 cuvx=l
& Jovve & oS x=2kn, k€.
eex=0

epx=0
10.1) 'Exovpe

1 x X1 y vy 1 y+x Y +2xp+x°
AX)A(Y)=|0 1 2x(|0 1 2y |=|0 1 2y+2x
0 0 1[0 0 1 0 0 1

1 x+y ()c+y)2
=10 1 2(x+y) |=A(x+y)
0 0 1

ii) O wivaxag A(Y) eivar avtiotpoeog tov A(X), av Kot uovo ov

AXNAY) =l x+y=0 y=—x.

111
iii) Ilpopovoog M = A()={0 1 2
0 01
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1 -1 1
Enopévoc M = A(-1)=|0 1 -2].
0O 0 1
11. 1) Eivau
s A 1+A 2 1+4
e A" =AA=
-4 —-A]|1-4 -2
B A +1A+2)(1-2) A1+1)—-2(1+2)
A1=-2)=A(1-21) (1-)(A+A)+A°
B AP +1-27 0 _{l 0}_|
0 1=22422] [0 1]
e A’=AA=A
Enopéveg

— Avv =21 (6p110¢), to1E A" = A% = (A% =1
—Avv =24+ 1 (nepurtdg), 1018 A” = A% = A A=A

. 2 1+2 2 3
ii) a4 =2 épovpe A = = .

1-2 =2 -1 -2
Ene1dn 1o 1993 givou mepirtog, éxovps A = A. Enopévac, 1) eéicoon
1993 1 7 r
A7 X = 0 —1 Ypaoetot S1adoyucd.:

11
AX =

0 -1

NI
X=A

0 -1

1 1
X = A{O J (apov A = A)

o N 1
S
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i) /+ A+ A%+ ..+ A=+ A+]+A+]+ A+]+A+[+A+I=6I+5A

2
12.1) Eivau D = ‘1 1‘ =2-1=1#0, ondte 0 4 AVTIOTPEPETAL KO EXEL OVTIOTPOPO

1 -1
Tov A =
-1 2

2 -1
ii) a) H e&icwoon AX= L O} YPApeTOL SLodoY LKA

y=at|? !
10

0

xa=A' F 0}

10
B) H e&icwon AXAZ{ O} YPAQETAL S10BOYIKA:

00

SRR i R
Lo
SE
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v) H e€icoon AX = A? +2 A ypaopetar Sadoyikd
AX=A(A +2])
X=A"A(A +2])
X=A+2]

N

4 1]
X = .
L 3

X

13. 1) 'Eyovpe

st 1 -3 11 -3 1] -2 23
203 1 2VE 1] 423 -2
_1f-1 -3
205 -1

omoTE [ AU
ooy
11-4 0 1 0
:Z{o —4}:_[0 1}_"
I, av v dptiog

Tevikg: A =(A%) =(=1)" :{ .
-1, av v mepurtdg

i) Emeon
1992 =3-664 ko1 1989 = 3-663

€yovpe
A1992 — (A3)664 — (7[)664 — IKOH A1989 — (A3)663 — (7[)663 =_]

Enopévac:
XCA®Z 4+ (x+2)A® =0 © X*1 - (x+2)1 =0

S (X -x-2)1 =0
(X -x=-2)=0
S X=-1Inx=2.
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14 A" OMAAAX

1 1
1. Ovypappukoi petacynpoticpoi 77 » T, xar T £yovv mivakeg Tovg { } ,

-1 1
11 1 2 ,
Ko AVTICTOTY(™C.
1 2 2 4

‘Etol

— Ovewodveg tov A(1,0) kon B(0,1), og mpog tov 7' eivan ta onpeior A'(1,-1) kon
B'(1,1) avtiotoiymg, TOv £(0VV GUVIETAYLEVES TIV TPMTN Kot SELTEPT GTNHAT TOV
TVOKOL TOV YPALUIKOD HETAGXNHATIOHOD T

— Orewdveg tov A(1,0) ko B(0,1) o¢ mpog tov T, eivan ta onpeio A'(1,1) kon
B'(1,2) avtictoiymg.

— Orewoveg tov A(1,0) kar B(0,1) g mpog tov T givan o onpeio A'(1,2) kan
B'(2,4) avtiotoiymg.

WzPH M
s [ 2 O] [0 a2 T3] ot niva s t00

gtvan to onpeio O'(0,0) ko tov A(3,4) to onueio A'(10,-3). Eropéveg
(OA)=+/32 +4% =5 xaw (O'A") =+10% +3> =109,
onote (OA) = (0'A") . Apa, o T dev givor ioopetpia.

4. O mivokog tov TeTpamAievpov A'B' T A’ mpordntel, ov TOAAATAUGIACOVLLE TOV
0 1 1 O}

2 1
mivaxo L J TOV YPOUUIKOD HETOCYTULOTIGHOD LUE TOV TTivaka, {O 0 1 1

oV TETpay®VoL ABIA. Eival, dnAadn, o mivakog
2 10 1.1 0] (0 2 31
1 1o o1 1] o1 2 1)
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Emopévac, ) eucovo Tov teTpaydvou

0110
ABI/A pg mivaxo tov
0 0 11

elvon 1o tetpamievpo A'B'I'A" pe
0 2 31
01 2 1]
O1 gvbeieg A'4" ko B'T" éyovv
ouvtedeoTég drevbuveng 4, = 1 kot
2-1

A, = FY =1, avtiotoiymwc. Eivon

B 1
dnhadn 4, =4, ondte A'A'//B'T". Opoiwg, ot A'B' kan AT €yovv cuviereotés A, = 5

VoK ToV {

1
ko A, =—= 5 avtiotoiyws. Eivon dndadn 4, =4, onote A'B'//A'T". Emm)éov

1
woyvel LA, = 5 # —1. Emopévac 1o A'B'T"' A’ glvar TAGy10 TOpoAANAGYPOLLLLO.

0 1 1fx
5. 1) Ioyvet L} = L’ ZM } . Emopévaog, av ToALOTA0GIAGOVLLE Kot Ta 300 LEAN

1 -2 1
LLE TOV OVTIGTPOPO TOV TIVOIKO, L 2}7:01) eivmonivm(ag{ 3 1},é)(owuus:
1 17'To] [x] [-2 1[0] [x
= P =

3 2] |5 y 3 -1||5 y
5 X
= = |
_5 y

Apa, to mpdtuTo Tov A'(0,5) glvar To onpueio A(5,-5).

i) Apkel va Bpodpe v e&icwon 1 omoia exaAnBevetot LOVO and TIG GUVTETOYUEVES
TOV EIKOVOV TOV onpeiov g evdelag ¢.

4 Tt T T3

| 28 |



Emopévamg, av to onueio M(X,y) aviikel oty ¢, 10te Oa 1oy0€L
y=x+1
X —y'==2X"+y' +1
5x'—=2y"=1.

Apa 1o onpeio M'(Xy") Ba aviket oty gubeia e’: SX—2y = 1.

AMAG ko avtiopopmg, av to onpeio M'(X,y") avikel oty gubeia &’: 5x — 2y
=1, 1671€ 10 onueio M(X,y) 6o avrikel otnv gvbeioe: y =X+ 1.

Yuvendc, 1 eiova ¢ evbeiag e: Yy =X + 1 givaun evbeia &”: SX—2y = 1.

>(5) 5|
w(5) =l

Emopévac, o ypoppikdc petaoyniotio Lo TOpIGTAVEL GTPOPT| LLE KEVTPO TNV

6. 1) O mivaxag A ypapeton A =

apyn Tov a&ovov O kot yovia 6 = —% .
ii) ITapiotdvel opotoBecia pe kEvipo v apyn tov a&ovev O Kot Adyo A=2>0

iii) [ToptoTavel TO HETAGYNUATIONO TOV TPOKVTTEL, OV EQUPLOCOVIE TPAOTO TN
ovppetpio ¢ Tpog a&ova v gvbeia Y = X Kot 0T CLVEYELX TN CUUUETPI MG
TPOG TNV apyn TV a&ovev O.

iv) Iapiotdvetl To petacynUatiopd mov TPOKHNTEL, OV EPUPLOCOVLLE TPMT THY
opotofeoia pe kévtpo v apyn Tov a&ovav O kot Adyo 4 =2 > 0 kot ot
GUVEYELDL TN GUUUETPIR G TPOG KEVTPO TNV apyN TV a&évav O.

v) [Topiotdvel 10 PETAGYNLUATIGLO TOV TPOKVTTEL, OV EPUPLOCOVLLE TPMTA TN
cuppeTpia G TPog AEova TNV gvbein Y = X Kot 6T GLVEYELX TH GUUUETPIO ™G
7pog a&ova Tov aEova TV X.

vi) [Topiotdvel TOo LETOGYNUATIGHO TOV TPOKVTTEL, OV EPUPUOGOVLE TPAOTA TN
GUULETPIO ™G TPOG KEVTPO TNV 0py1] TV 0EOV@V O, 6T GUVEXELD T CVUHETPIN
®¢ Tpog dEova Tov GEova TV X Kot TEAOG TN CUUUETPIO O¢ TPog GEova TV
gvbeiay =X.
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14 B OMAAAX

x'=x+2y

, , omote y' = 2X'.
V' =2x+4y

1. i) Eivan {

Apa, o onueio M'(X,y") aviket ot gvbeia y = 2X. Emopévamg, 6Aa ta. onpeio
M(X,y) Tov emmédov anekovilovton o€ onueio g svbeiog y = 2X.

il) Av M(X,y) eivon éva mpotumo tov O(0,0), tote Oo 1oy deL

0 1 2x x+2y=0
= &
0 2 4|y 2x+4y=0
S x+2y=0

S y=——x.
4 2

1
Apa, ta Tpotomo Tov 0(0,0) etvon Ora ta onpeio M (x, ) Xj, y eR, dnhadn
1
oo To onpeia g gvbeiag y = —Ex.
iii) To onueio A'(1,1) dev éxel mpdtLNO WG TPOG TO peTacynuotiond 7, apov

dev avnketl otV gvbeia Y = 2X otnv omoia anekovilovtot OAa ta onueio Tov
EMMESOV.

2. 1) O petooynpotiopog T dev givar icopetpia apov m.y. yio ta onpeio A(1,0) kot
B(0,1) ko 115 ewcdveg toug A'(1,1) ko B'(—1,0) woydet

J2 =(AB)# (A'B)=+5.

i) Exovpe
’ 1 _1 ’ _
T X x - X |x-y
y' 1 0fy y' X
<:>{x,=x—y )
y=x
To péco Tov AB givar o onpeio M(xo,yo) He
X, + X y, +Y
X, =——2 g y, =22,
0 5 Yo 5

Enopévag, n ewdva tov eivar to onpeio M '(x;,y,) ue
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X =x,—y, = N+ Nty =)+ -») _ X+

2 2 2 2

X +x "+
y(r):xoz 12 2:y12J’2.

Apa, t0 M '(x,,,) €lvar to péco tov A'B'.

iii) Exoope

Epous, = 2l det(OA, 0B)= 1| [ ™
o2 2 o

1
| = 5|x1y2 —y1x2|

X =W X=)

Xy X,

Ly mrm i L
Eoows =3 ldet(O'A’, O'B")| = 5|

1 1
= E|x1x2 — Xy T XX, +x1y2| = §|x1y2 —y1x2| .

Enopévag E 5y = E o

' o
v olr 6]y
0 (Mtoduevog petaoynuatiopdc. Tote

x'=ax+pBy
V=ypx+0y

3.1)’Eoto

Ene1om 10 A(1,1) anewoviletor 6to A'(0,1) xar to B(1,—1) oto B'(2,1), égovpe

a+p=0
y+0 =1
a-p=2
y—0=1

omotea=1,f=—1,y=1xaud=0.

AMEIN
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T va Bpovpe, topa, Tv eElcmon g ewdvag g evbelag e: Y = — 2X, apkel
va Bpodpe v e&icwon, n omoia eToANBebETUL LOVO OO TIG GUVIETAYUEVES
TOV EIKOVOV TV onueiov g evbeiag ¢.

Etvan

M NI MEH
S R e

Enopévog 1o M(X,y) oviikel oty &, av kat povo ov

1
y:—2x<:>—x'+y':—2y'<3y':§x'.

1
Yovendc, n ewdva TG evbeiog y = — 2X elvau 1 gvbeia y = gx.

i) Av epyaotolpe avardyws, fpickovpe OTL O HETACYNLATIGHOG TOL OTEKOVILEL
ta onpeia A(1,1) ko B(1,-1) ota A'(6,3) ko B'(2,1) avtiotoiymg, ivat o

[T

x'=4x+2y
Y =2x+y

omote Ba £yovple

Av M(x,y) etvar éva onpeio g evbeiog y = — 2X, 16te Ba Eyovpe
x'=4x+2(2x)=0
Y =2x+(2x)=0 '

Emopévac, 1 evbeia y = — 2x ameucoviletat oto onpeio O(0,0).
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4. 1) And v wotta tov Iprydvev OBM kot OA'M' tpokvmtet 6ti
OB=0A"kat MB=M'A’,

omoTE EYOVUE
OA' = OB ko OB’ = OA.
Emopévac, etvan
X'=—yxay =—X
omdTE T0 GUUUETPIKO TOL onueiov M(X,Y), og mpog v gvbeia y = — X, gival
to onpeio M'(—y, —X). Apa

x'=-y x'=0-x-1-y x' 0 —-1||x
S S = ,
y'==x y'==1-x+0-y V' -1 0fy
omdTE 0 (NTOVUEVOG LETAGYNUATIGHOG fvar O
x' 0 —-1{«x
T: =
vt ofly
, , N { 0 —1}
OV &ival YPOUUIKOG LETOGYNULOTICULOG UE TIVOIKQL 1ol

ii) A6 10 SIMAAVO GYNLLOL EYOVLLE
x'=x x'=1x+0y
=
y'=0 y'=0x+0y
x' 1 0} «x
= = .
v Lo 0y
Enopévag, n tpofoin néve ctov
a&ova x'x gtvat ypopLLKOG Letaoyn-

, , 10
OTICLLO € TTVoKO .
HOTIOHOG { 0 0}

| 33 |



iii) Ao 1o dSmAavo oynpa Exovpe
x'=0 x'=0x+0y
=
yi=y o [V'=0x+ly

=6 8

Apa,  TpoPoin méve otov dEova y'y
etvat ypoppkog petooynuatiopdg pe

) 0 0
TIVOKO .
0 1

iv) ' Eotw M'(X"y") n tpofolrf tov M(X,y)
otV gvbeia : y = X. Tote Oa 1oy0eL

y!:x/ y =X
Sy
Ay A =-1 | XY -

‘MM € '
X —X

{yr:xr
@ ’ !’
V-y=x-x
yI:x/
=
X'—y=x-x'
x'—x+y
- 2
Xty
7T
1 1
x' P
INEA R
Vi1l Ly
2 2

Apa, N tpoforn mévem oty gvbeia &: Y = X elvor YpappKdS LETOCYNLATIGUOG
11 1
211 1)
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Onwg yvopilovpe, o mivakag tng kOVOGg eVOG TOAYDVOL TPOKVTTEL, AV
TOALATAAGIAGOVLE TOV TLVAKO TOV YPOUUUIKOD HETAGYTLATIGHOD LE TOV
mivoko, Tov ToAVY®VOV. 'ET61 0 Tivakag Tng 1IKOVOG TOV TETPUYDVOL IE TIVOKOL

0 1 1 0of,
glvan o:
0 0 1 1

0 0o -1 -1 ] )
° 0 ) ) ol’ LLE TOV YPOLLLLL. LETOTYNIOTIOUO TOL (1)
° 0110 e TOV YpapL. petooynuatiopd tov (ii)
0 0 0 0] '
[0 0 0 0 ,
o , L€ TOV YPOLUL. HETAGYNLATIGUO TOV (iii)
0 0 1 1
i 1 1
0o - 1 =
° ‘:‘ % , LE TOV YPOLLL. LETACYNLOTIGHO TOV (iV).
0o - 1 =
L 2 2

5. 1) Apkeiva Bpovpe v e&iocmon 1 omoia emain0gdeTon poVo amd TIG GUVTETOYHEVEG
TOV EIKOVOV TOV onpsiov Tov kokhov C: X2 +y? =1,

"Exovpe
x!
! ’ X=—
’ = S — = '
v o0 ALy y=py y=2

B

Emopévac, To M(X,Y) aviket 6tov kokho X + Y2 = 1, ov kot povo av

55~

1, wwodvvapa,

Avtd onpuaivet 6t To M(X,Y) avijkel 6Tov KbKAo X2 + > = 1, av Kat uovo ov 1o
2 2
, P X , . ,
M'(x"y") ovikel oty EMdeyn — + y_2 = 1. Zvvendg, 1 €KOVA TOV KOKAOL
X2 +y? =1 eivon n EXAewym
x2

2
a B
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1.5kar 1.6

1 1 0
i) To tetpdymvo OAI'B, mov éygl Tivoko Tov {O

, L€ TOV
011}ILlT

petacynpotiopd T éxet ekova o teTpdmievpo O'AT B’ ne nivako
a 00 1 1 0] |0 a a 0
0 Bllo o1 1] |00 B B

Emopévac, (O'A'T'B") = aff ka1 eneldn (OAI'B)
=1, éovpe (O'AT'B") = of(OAI'B)

1.5 ko 1.6 A" OMAAAX
1) [2 -3 5] !
.1 =
1 -2 1|7 =2
L o *
1 1 ol[x] [2
i) |3 -2 yl=]12
0 1 3|lo] |6
X —y+3w=-2

2x +y+30+4p= 2 ii)

X+2y+20 2r4dy —w= 1
2.1 .
) 3x +y-20= 3
3x +40-3p= 3
4x+2y+30= 1

Ot emavénuévol Tivakeg avtiotolyo ivat:

1 -1 3|2
1 2 2 -1|-1

2 3 -1]1
2 1 3 4]2],

31 =-2|3
3 0 4 -33

4 2 31

x =3

3. 1) 5 ¥y =-1.Apa1ocvotnua £xel povaotkn Avon mv (x, y,o) =(3,-1,2).

o= 2
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1.5kar 1.6

L lx +3w=3 x=3-3w
i1) = .
y-20=4 y=4+2w

Apa 10 cvoTna £)EL Anelpo TANB0G AVGEDV TG LOPONG
(3-3w,4+20,0), w eR.

x-y =2 x=2+y
iif) o =3oo=3
p =4 |p=4

Apa to cvoTa £)EL dnelpo TABog Aoewv g popens (2+Y,Y,3,4), vV eR.

4. 1) Zynpotilovpe Tov emanénpévo Tivaka ToL GLGTHUATOS KOl EXOVIE S10S0YIKA

1 1 11|k il 1 131,11,
i |Ts>Ig=2Iy : 277

1 -1 13 ~ |0 -2 0;2| ~

2 1 -10 0 -1 -3-2

1 L P . T

0 0i-1| ~ |0 1 0i-1| ~

0 -1 -3i-2 0 0 -3-3

11 1 1] 1 1 00

Iy—>I-T; : I—-r-r;

0 1 0-1 ~ |0 1 0i-1| =~

0 0 1i1] 0 0 1i1

© o o0i1

0 @ 01

0o 0 @1

O televtaiog mivokog avVTIOTOLEL GTO GVGTNLLA

x =1
y =-1.

Il
H

z

Emopévmg 1o odotnua £xet povadikn Avon tny (X,y,2) = (1,-1,1).
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1.5kar 1.6

i) Me tov alyopiBuo tov Gauss Bpickovpe 0Tt 0 ovNYUEVOG KALOK®TOG THVOKOG
TOV GLGTHNOTOG Elvar:

2(1

0o ==
O 33
1)1

0 ==
®33
0 0 0|0

Emopévac 1o cvotpa £xet anelpo minbog AGe®V TG LOPONG

2 11 1
——72+—,—72+—,2|,2€R
( 3 33 3 j

iii) Me tov adyopiBuo tov Gauss Bpickovpe 6Tt 0 TIVOKOG TOV GLOTALOTOC EIVOL
16000VaLOG L€ TOV TTivokoL:

12 -1 |2
o1 2|7

5 |5
00 0 |5

Enopévag to chotnua etvar advvato.

5. 1)’Eyovpe:
1 1 1 22|-re2nf] 1 1 20 2.1,
I3—>I3=Iy : 27y 2
2 -1-1 11| ~ |0 -3 -3 -3-3| ~
1 2 2 -13] 0 1 1-31
1 1 1 22 o 11 22,1,
0o 1 1 11| -~ 1 1 11| ~
0 1 1-3i1] 0 0 0 -40]
(1 1 1 22|11 10 0i2]
[y —>I-2I, Ih—>I,-I,
0 1 1 11| ~ o 1 1 oi1| ~
0 0 0 10| 0 0 0 10
@ o o o1
0o ® 1 o0
0o 0 o @o
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1.5kar 1.6

O teAevtaiog Tivakog avTioTotel 6To GOGTN L

X =1 x=1
y+z =loqy=1-z.
0=0 o=0
Emopévag 1o svotnua £yet dmepo mAnfog Moewv g popong (1, 1-z, z, 0),
zeR.

i1) Me tov aAyopBpo tov Gauss Bpickovpe 0TL 0 aviyHEVOS KALOK®OTOS TIVOKOG
TOL GLGTNHATOG EtvaL:

D 0 3 -33
0 D1 22
0 00 @0

Emopévag 1o suotnua £xet arnelpo mAnBog Acemv TG LOpeNS
(3—32 +3a),2—z+2w9Z9w)5 FAX 0 eR

iii) Me tov alyopiOpo Gauss Bpickovpe 4Tt 0 TvoKag TOV GLGTALATOG Elvail
1003VVOLLOG [E TOV TIVOLKOL:

11 -2 12
01 -1 14
3 i3
00 0 0-2
Emopévag 1o suotnua gival advvaro.
6. 1)'Eyovpe:
r ; ry—I,-3Iy ;
123 22 )
3 -4 4|r-rnsnlQ —10i-5 |7’
1 -6-1| |0 -8-4|
'3 14113 0 8 4
1 2i 3] 1 2:i3]
: Iy—>T3+8T, ;
0 1; ;If r,—»r,-8r, O 1;3 Iy—>I,-2I
P2 - 120 -
0 -8i-4 0 00
0 84 0 0i0]
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D 0:2

i1

0 D=
C%z

0 0.0
0 0i0

1
Enopévmg 1o cvotnpa £xet povadikn Avon my (x, y) = (Z,Ej .
i1) Me tov aly6piBuo tov Gauss Bpickovpe 6Tt 0 TVOKAS TOL GUGTALATOC ETVOL

1600VVALOG LE TOV TTivakaL:

1 -3 11

0 -3i-2

0 7 -3-2

0 0i-2
Emopévag 1o svotnua ivarl advvaro.
1.5k 1.6 B OMAAAX

1. Enedn to ovotpa €xet og Aon v (X, Y, o) = (1,-1,1) éovpe:
o-1+BE=D+y-1=0 a-B+y=0
o 1+2(-)-y-1 =1lsa-y=3
3-1-B(-D+y-1=3 B+y=0

Av mtpocBécoupie Katd LEAN Tig 000 TpdTEG e&l0DOELS, BpicKOvLLE:

20—f=3 (1)
Eniong, av mpocBécovpe katd pnéAn t devtepn ko tpitn e&icwon, Ppiokovpe:
a+p=3 2)

Av t@pa tpocBécovpie katd péin tig (1) kot (2), Bpiokovpe ot
3Ja=6=a=2,om0te f=1kuy=—1.
Emopévag, (a, f,y) = (2,1,-1).

2. Apo¥ n mapaforn diépyetar amd to onpeia (1,0), (2,0) kot (—1,6), pémet ot
OLVTETOYLEVES TOV ONUEIDV aVTMV va eTaAndevovy T eElcwon Tg. Apa, £Xovpie
TO GUGTNOL

a+ pf+y=0
4da+28+y=0,
a-p+y=6
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1.5kar 1.6

Me tov aAiydpiBupo tov Gauss Bpickovpe 0Tt 0 avNnyHEVOS KALOK®OTOG TIVOIKOG
TOV GLOTNUOTOS EtvaL:

® 0 o0i1
0 @ 03
0 0 D2

Emopévag, a =1, f=—13, y =2 ko1 eéicwon g mapafoing sivary = X* —3X + 2.

X6 o
To cvoa avtd pmopei va Avbel kot g e&ng:
Aopaipobpe v mpdtn e&icwon amd TI¢ AALEG dVO 0TOTE TPOKVTTEL TO GVUCTN LA

3+ =0
-2B8=6"
Enopévogf=-3 kona=1.
Me avTIKOTAoTOoT TOV THAV TOV a, f 6TV Tpmdtr e&icmon Ppickovpe y = 2.

. O 1pelg 166t TEG 0moTeEAOVY GUGTNILO TOL £XEL WG AYVAOGTOLS TOVG NI, CLVS Ko
€0y. Zynpotifovpe Tov eLavENUEVO TIVOKO TOV GUGTHHLATOS KoL EXOVLLE dLdOYIKAL:

I 1 ] i 1! ]
2 4 1 2 1 1 2 __é 1 Ty —>Ty—4T
fimah 2 Iy—>Ty-2I,
4 -2 13y3-1| ~ |4 -2 13/3-1| -~
2 1 —1; E 2 1 _1' E
i 2 ] 2 |
12 2 1 2 -1
2 I'yor. 2 r2_>,1r2
H 2013 H 3 3
0 -10 33/3-5| ~ |0 -3 O - -
0 -3 o —2 0 -10 33/3-5
12 —% 1 12 _% 1|
[y—T3+10T, 1—3”51_3
o 1 o I o o1 o b S
2 L2
0 -10 3i3/3-5 0 0 333




1.5kar 1.6

1 2 -1 12 03a
2 1 Iy 2 Iysryor,
o 1 o0=>| ~ |o 1 ol ~
P2 P2
0 0 13 0 0 143
1 o o¥3
P2
0o 1 o1
P2
0 0 18
a3
ny 5
. 1 , T, T
Enopévag, < cuvp :E ko emedn 0< a, B,y <E éyoopue ==y :E.
spy =3
4. H eEiocmon AX =4X ypdoetat:
2 2 3|x X 2X+2y+3w 4x
1 2 1|y|=4Yy || X+2y+o |=|4y|.
2 -2 l||lo w 2X=2y+® 4w

Ao TNV 106TNTO TOV TIVAKWOV EYOVUE TO GOGTI LA
2x+2y+3w=4x 2x+2y+3w=0
X+2y to=4y < x-2y +0=0
2x-2y +o =40 2x-2y -3w=0
2x-2y-3w=0
= .
x-2y +o=0

. o , , . . 50
Av apaipécovpie Kotd péAn Tig lomaoelg fpickovpe 0tL X = 4w, ondte Y = B3

5
Enopévag to ohotpa éxet dmepo ThBog AGe®V TG LOpOTG [4(0,70),(0} weR.

| 42 |



1.5kar 1.6

X
5. O1{nrovpevor mivaxkeg X ivo g Lopeng [ y} .
z o

Emopévac, n e&icwon AX = XA ypdoetat Stadoytkd:
I —1]|x y| |x »y|[l -1
2 2||lo z] |0 z][2 -2
X—m y—z | |x+2y —-x-2y
2x—20 2y-2z| |ow+2z -w-2z|

Amd v 1EAELTOLO IGOTNTA TOV TIVAK®V TPOKVTTEL TO GUGTN 0L

X—w=x+2y -2y-0=0
y—z:—x—2y<:> x+3y—-z=0
2x-20=w+2z 2x-3w—-2z=0
2y-2z=-w-2z 2y+w=0
-2y-w=0

= x+3y—-z=0

2x-3w—-2z=0

Me tov aryopiBpo tov Gauss Bpickovpe 0Tt 0 OVYLEVOS KAMUOK®OTOG TIVOKOG
TOV GLGTHHATOG ElvaL:

§ 3 i
0 —— -10
Do 5
1
0 Z 00
® ; 0
00 0 00

Emopévac, o chomua €yt dnelpo TAn0og AOGE®V TG LOPONG

ore-good]
—w+z,—w,0,2|, o,ZcR.
2 2

Apa, ot {nrovpevol mivakeg ivat TG LopeNG

30+7 -Lto
2 2 |,mozeR.
[0} z

| 43 |



1.5kar 1.6

6. 1) Zynuortifovpe Tov emovénpévo mivaka TOL GLGTHHLATOS KL EXOVLLE SLOOOYIKA

11 1] 11 1 1
1 2 4a|~[0 1 3ia-1
1 4 10a?| [0 3 9a’-1

1 1 1 1

~l0 1 3 a-1

0 0 Oa’-3a+2

e Ava’—3a+2#0, nhadh av a #1 kat o # 2, TOTE T0 GVLGTNUA Eival
advvaro.

® Av o = 1, 10T€ 0 TELEVTAIOG ETOVENLULEVOG TTIVOKOG YPAPETOL OLODOYKEL:
1 1 1 1| © 0 - 2 1
0 1 30[(-|0 @ 30
0 0 0i0] [0 0 00

Emopévac, yio o = 1 10 svotnua £xet dmepo mAinbog Aoemv TG Lopeig
(1+2w,-3w,w), weR.

® Av o =2, 10t€ 0 TELEVTAIOG ETOVENLLEVOG TTIVOKOG YPAPETOL 100N LKL
1 1 11] @O 0 -20
0 1 31|-j0 @ 31
0 0 00| |0 0 00
Emopévac, yio o = 2 10 cootnpo £xet drepo mAnbog Aoemv TG LopPNg
(20,1-3w,0), w<R.
ii) Zynuotifovpe tov emavénpévo Tivake ToV GLGTILOTOG KOt £XOVLE S100Y KA
11 1i6] [1 1 1 6
1 2 310(~j0 1 2 4
1 2 2p| (01 A-1u-6

11 1 6
01 2 4 1)
0 0 A-3u-10



1.5kar 1.6

® Av A # 3, and ™ popoen (1) tov enavénuévov mivaka Exovpe dtadoytKd.:

1 1 1 6 1 1 OM
A-3
0 1 2 4 |-lo 1 Qw
10 A-3
[
r — u-10
0 0 1ij_ 0 0 1§ ——
I A 3_ I -3
J 20+ 1116 |
1 0i————
@ A-3
47,21 +8
~lo QitAt—cHTO
@ A-3
u-10
0 O —_—
00D T

Emopévemg, av A # 3 to cvotnua &gt povadikn Avon v

2A+u—16 44-2pu+8 u—10
2=3 7 A-3 T A-3)
o AvA=3 ko p # 10, tote amd 1 popen (1) Tov enovénpévon mivako TpokHTTEL
0TL T0 choTNHA Efvor 0dVVaTO.

® Av A =3 kot i = 10, té1€ 10 GVOTNHA ivarl cVUPLPBaCTO Kal oo T pLopeN
(1) Tov emavénpévon Tivaka Eyovpe dStadoyud.:

11 141 @D o -12
01 31|~j0 D 24
0 0 00| [0 0 00

Emopévac, to cbotnua €yt dneipo mAndog AOGe®V TG LOPONG
Q+m,4-20,0), weR.

iii) Av TpocBécovpe katd péin Tic dVo Tpmteg eEloMoELS fPioKOVLLE

X+ (k+tl)y=r+1.
x+y=1
Emopévac, o chotnua etvat toodbvopo pe 1o 2x+(k +1)y = +1.

2x+(k+1)y =3
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o Avk +1+# 3 < Kk # 2, 0 choTnUa Eivol 0dVvarTo.

o Avk+1=3< Kk =2, 10T€ TO GLGTNUA YPAPETOL:

x +y=1
x +y=1
2x+3y=3& .
2x+3y=3
2x+3y=3

And v enidvon Tov teEevTaiov cuoTipatog Bpickovpe X =0 katy = 1. Apa
T0 ovotnua &yel povadikn Avon v (0,1).

1.7 A" OMAAAX
30 5 0
1. )| 0 =2 3[=30(-2)(50) =-3000
0 0 50
105 ,
e
o 0 1f=-, ‘_ e -eH)=0
e
e’ e 8

nué 2 -—-ouvve

0 —ocvvl
iylo 1 o |=1|™ TV 0 ouve =1
cvvl nuo
covl 2 nuo
11 1
a ﬁ 2 2
iv) B ol=1 , ' |=ap’-pa’=0f(f-a)
2 ﬂZ 0 a ﬁ
1 1 1
1 log5
v)| 1 0 log5=(-1 11 2=—(1og2+10g5)=—log10=—1
10 log2 o8
e 0 1
. e 1 ,
vi)[l 1 1=1] | =e" —e" =0
) € €
e” 0 e




2.

x-1 1 1
i)He&lowon | 2 X —1/=0 ypdoetat dtadoyikd:
0 1 X
x =1 11
(x=1) -2 =0
1 X I X

(X=D(X*+1)=2(x-1)=0
(X=D(x*+1-2)=0
(X-D(x*-1)=0
(X=1’(x+1)=0,
omote X=1nx=-1
ii) H e&iowon ypaopetar dtadoykd

1 X
3 X

X X
3

X(X=3%X)— (x> =3x)-(3x=3)=0

2% = x* +3x-3x+3=0

-3x*+3=0
X' =1
omote X=—1nNx=1.
iii) H e&iowon ypaopetar dtadoyikd
X 3 [x 3 X X
X - +2 =0
1 x| |x X 1

X(X* =3)—(X* =3x)+2(x—x*) =0
x> =3X— X +3x+2x-2x> =0

X’ =3x*+2x=0

X(X* =3x+2)=0,

onoteX=0, 1, 2.
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iv) H e&icwon ypaeeton Stadoykd
1 -1 x -1

1 le +1
I 1 Inux 1

nux 1
nw'x 1

1 =0

2 - (npxnp’x) + (Mpx—nu’x) =0
2-mpx =M X+ npx—np’x =0
2-2nu’x=0
np.2X:1
nux =171 nux=-1
XZZKﬂ+£ﬂX=2Kﬂ—£, K €Z.
2 2

3. 1) Eivou: D =

-2
=15-2=13.
3

Ene1om D # 0, o obompa £xel povadikn Avon.
Bpiokovpe 11 opiCovoeg D ko Dy. "Eyxovpe

-4 - 5 -4
D = =-26 xar D, = =-39.
=7 Y- =7
D,
Emopévag, x = "——é—_, _y__ﬁz_
13 D 13
3 4 4
ii)’Eyoope D=4 -4  4|=252.
6 -6 0

Enedn D # 0, 1o chotnpa £xet povadikn Adon.
YnohoyiCovpe Tig opiCovoeg D, Dy kot Do Bpiokovpe D =252, Dy =126
kD =378.

, D 252 D, 126 1 D, 378 3
Enopévag, x=—=—-=1, y=—=—=—, 0 =—=—=—.
D 252 D 252 2 D 252 2
2 3 4
iii) Elvar D=|l -1 1{=46=0.
7 1 1
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To cvomua eivar opoyevég kat apod D = 0 €xet povadikn Abon ™ undevikn
(0,0,0).

2 1
iv) Elvan D = =4-3=1=20
3 2

1
2

Dlz‘ =0 xa D, = =1

2
Emopévag, To chotnua £xet povadikn Avon v
D 0 D, 1

B T T o S Y
== D

Emeidn x €[0,27) ot Tipéc tov X yuo TG 0moieg cuvoinbevovy ot e€lomoelg
nuX =0 kot cuvx = 1 gtvan péovon X = 0.

4. 1) To ochomua &yt Kot un UNdeviKéG ADGELS, AV KOl LLOVO oV
2-x 1 0

-1 -x 1 |=0<2-x)
1 3 1-x

K

3 1-kx

=0

-1 1
1 1-x

© Q2-K)(Kk+K>=3)—(-1+xk-1)=0
o Q- (K —k-3)—(k-2)=0

o 2-Kk)K -k =3+1)=0

© Q2-K) (K —Kk-2)=0
or=2fK=—1

i) To cOotpa &yt Ko pun uNdevikég AVGELS, av Kol HOVO av
k 1 1
1 ¥ l=0ox@E -D)-(k-1)+(1-x)=0
1 1 «
Skk-Dr+)-(k-1)-(x-1)=0
S K=K +x-2)=0

oSrxk=1Mxk=-2.

| 49 |



1.7 B OMAAAX

I 1 1
1.i)'Eyovpe D=k « 1|=—-(2-k)(1—-«). Emopévac:
K 2 2

Ortav k # 1kt k # 270 cOoT A £XEL HOVadIKT Ao, Yroroyilovpe Tic opilovoeg
D, Dy, D.

I 1 1 1 1 1
‘Exoope D, =lk+1 ¥ 1/=0, D =k x+1 1|=x(2-x)

2 2 2 kK 2 2

1 1 1
kn D, =lx Kk Kk+l=x-2.
k2 2

Apa, 1 ADoM TOL GLOTANATOC EivoL 1) TPLAdA. (X,Y,w) UE:

D, 0

X

=—=0
D —-Q2-k)1-x)

D, kC-x) _ «
"D -2-x)1-x) k-1
D K—2 1

o _

D —Q2-n)(-x) l-k

® Otav x = 1 10 cOoTNUO YpAOETOL:
x +yt+o=1
X +y to=2
X+2y+20=2
70O OTO{0 TPOPUVAG EivoL AdVVATO.
® Otav k = 2 10 cOoTNUO YPAQETOL:
X +y +o=1
2x+2y +0=3<

{ x +y+o=1
2x+2y+2w=2

2x+2y+m=3"
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Yymuatifovpe tov emavENUEVO TIVAKE TOV GLGTHLLOTOG KOl £XOVILE SLOOOYIKA:

11 11] [1 1 11 @ 1 02
2 2 13/ |0 0-11] [0 0 @1

Emopévac, To ocbotnua €yt dneipo mAndog AOGE®V TG LOPONG
(2-vy,y,-1), yeR.

A1 -1
i) Exyoope D=4 1 A=-3A+1)(A1-1).
3 3 2

Emopévag
® Otav 4 # 1 xou 4 # —1 1o chonua €xet povadikn Avon. Yroroyilovpe Tig
opilovoec D , Dy, D.

11 -1
Exoope: D, =|A—-1 1 Al=(1-A)(A+4),
1 3 A
A1 -1
Dy: A A-1 A :()“2—22/_'_3)(/1_1)
31 A
A1 1
Ko D,=|2 1 A-1=-3(1-2)(A-1)
3 3 1
D, (1-)A+4)  A+d
D BA+DA-1) 3(A+D)’
yo P 02224301 27 =20+3
D SB3(A+1)(A-1) 3(A+1)
D, -3(A- - _
Ko w=—2 = 3(A-2)(4 1)=/1 2

D 3(A+D(A-1) A+1"
® Otav 4 =1, 10 choT MO YiveTOL:
X +y-w=1
X +y+w=0.
3x+3y+o=1

| 51 |



Av apoipécovple kotd PEAN TG 800 TpiTes eElodoels, Ppickovue @ = Y onote

1 1
TO GUOTN LA Etvol 16OdVVaLO pe TNV elowon x+ y = > oL YphpeTol X = 5" V.

Apa, To choTna EYEL Amelpo TANO0C ADGEDY TG LOPPTG
1 1
~ T Yy YTy € R~
(2 Y,y 2) y
*Otav A =-1, to cdompa yiverat:
X +y-o =1
X +y-o=-2

3x+3y-0 =1
70 01010 TPOPAVAG £Vl AOVVATO.
X+ A(y+0)=0 x+ Ay +iw =0
2. Toovommuo s AX +2y =® ypagetaricodvvapa < Ax + 2y — w=0.
AX +Y +0=0 Ax+ y +w=0
I 12 2
‘Exovpe D=|A 2 —-1|=3(1-2)1+1).
A1 1

Enopévac:
o Av A # 1 kol 4% -1 10 chomua éxel povadiky Avon  pndevikn (0,0,0).
e Av 2 =1, 10 chotnpa yivetol:

X +y+0=0

X +y+o0=0
x+2y —0=0<

x+2y —0=0
X +y +0=0

Symuatifovpe Tov EMAVENUEVO TIVOIKO TOV CUGTIHUATOG KOt EYOVLE OL0SOY LKA

11 10/ |11 10 @O 30
1 2 -10]| |0 1 -20| |0 @ -20

Emopévamg, To cvotua €xet anelpo minbog AGE®V TG LOPONG
-3w,20,0), wecR.
® Av 1 =-1, 10 chotua yiveton:
x —y-0=0

x —y-0=0
-x+2y-0=0&

—x+2y-0=0
X +y+0=0
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Me npdoBeon katd péAn Ppickovpe ¥ = 2w. Enopévmg, To chotnpa Exet dmepo
TA00g AOGE@V TG LOPONG
Bw,20,0), ®eR

3. 1) Haipvoope Tig evbeic & , &, kon oxnpoatiCovpe T0 choTnpO:
g: x+2y=-1
£,:12x +y= I
To cvompa avtd xet opilovca

1
2

2
=-3#0
1

kot Gpa £xet povaduehi Abon v (1,-1), mov onpaivel 6L o evbeieg ¢, ¢,
téuvovtat oto onueio A(1,—1). Enedn ot cuvietaypéveg tov onueiov A
enaindevovy ko myv edicwon mg &, N evbeia & diépyeTan ko ot omd TO
A. Enopévag, ot tpeig evbeieg diépyovral amod to idto onpeio A(1,-1).

Av gpyacTtoile, Tdpa, OTmg kol 6to epdtua. (1) Bpiokovpe dtL:

ii) OvevBeieg €, &, éuvovtan 6o onpgio A(23,-9), 0 omoio dev avikeL oV &,
0pov 01 GLVTETYHEVEG TOL dev TNV emainBevovy. Enopévac, ot , ¢, &, dev
diEpyovtan amo to idto onpeio. Eniong, ot evbeieg & , &, tépvovron oto B(1.2)
karote,, &, 610 [(=2,1). Apa, ot , &, kot &, oynpatiCovy Tpiymvo.

2x+y=0

3, T0 GVOTN A Etvor adHvato kot dpa

g:2x +y=0
&
g, 4x+2y =3 2x+y:5

iii) Enc1on {

otevbeieg e , £, eivan mopaAAnAes.
Ovevbeieg ¢ , &, épvovran 610 A(-1,2), evd ot gvbeieg ¢, &, Tépvovtal 6To

iv) To cvothpoTo

g:3x+9y=1 |¢g:3x+9y=1 g&: x+3y=0
, Kot
& x+3y=0 |&:2x+6y=5 & 12x+6y=>5

gtvon advvarta.
Enopévag otevbeieg ¢ , £, &, eivan maparinieg avd dvo.
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4. H opifovca Tov cuothpotog ivat:

1 1 1
D=8 2a 0/=p"-day 1)
2y B0
i) Av 1 e€icmon £xst d0o pileg avicec, Tote Oa 1oy0eL D = 7 — dary > 0 Ko eTOPEVOG,
Aoy g (1), T0 cvotuo Bo Exel povadikn Ado.
Av 10 ovoTnua £yt povadue Ao, tote Ba sivan D = 2 — 4ay # 0 mov onpodvet
6onD>0nD<0.
Otav 6uwg D <0, n eéicwon af’ + ft + y = 0 givar addvarn. Apo dev 16y0eL
TO aVTIGTPOPO.
ii) Av 1 e€icoon éget o Stk pila, tote 4 = f° — dory = 0 Ko ETOUEVOS TO OLLOYEVEC
oLOTN O £XEL ATELPES AVCELG.

5. Ot 1peig 1odtteg oynpoatifovv To opoyeveés cOoTN O
x=yy—Po=0
yx —y+aw=0.
Bx+ay —-w0=0

Ene1dn ot X, Y, @ dev givarl 6hot undév, 1o cOoTNUa EYEL Kot U undeVIKEG ADGELS.
Enopévag, n opilovoa temv cuvieheoTdv TV ayvaoTeVv givat ion pe undév. Eyoupe:

I -y =B
y -1 o<

p o« -1

y -1
p «

a
-1

ay =0

-1 «a
a -1

Y
+y
‘,6’

1o’ +y(-y —ap)-Play +p)=0
Sl1-a’—y* —afy—afy-p* =0
sSa’+ Py’ +20py =1

6. 1) Avvoope to choTHIA

{x+(ﬂ,+1)y:1 o

X +y=21+1
TV 000 TerevtaimV eElomaemv Kat eEgtdlovpe av 1 Avon tov (epdoov BéPara

VILAPYEL) EMAANOEVEL KoL TNV TPMTT €&lGMAN TOL d0OEVTOC GLGTNLATOG.
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‘Exovpe:
1 A+1
D= =1-A-1=-2
1
1 A+1 s
= =1-2A"-31-1=-A(2A+3)
22+1 1
1
D, = =22+1-1=24.
TN 2241
Enopévag

e Av A # 0, 16te D %0 Ko dpa 1o svomua (1) Exet povadikn Aven tv:

D D,
Xx=—X=2]+3, y=—t=-2.
D D

H Mon avt givar Avon 1ov §006vTog GLGTHIATOG, AV Kot LOVO o emaAnBgdet
Kot TV PO e&icwon avtov, dnAadn av kot Lovo av 1oyveL:

A+DRA+3)+(-2)=A+1 =27 +34+24+3-2=21+1
S 247 +42=0
©22(A+2)=0
< A=-2a9ob A =0.

Enopévac,

o) Av A =—2, 10T€ T0 GVOTN U £(EL Lovadikn Avon v (X,Y) = (-1, -2), evd
B)Av A #0,—2, to1€ T0 GVOTNUA Eival AdVVOTO.

e Av 2= 0, 101¢€ TO GUGTN A YPAPETOL:

x+y=1
x+y=lex+y=1<y=1-x
x+y=1

Kot apa €yl dnelpeg AOGELG TNG LOPPTG
(x,1-x), xeR.

Xyo6rr0: To mapamdveo cuotnpo propel va Avbel kot og €ERG:
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Av mpocBécoupie Katd pEAN Tig dvo mpmteg eElomaelg fpiokovpe (4 + 2)X + (4
+2)y=4+2.
A+2)x+(A+2)y=1+2
Enopévag 1o cvotua yivetan x+(A+2)y=1
X +y=21+1

® Av A # —2, T61€ T0 GUGTN A YPAPETOL:

X +y=1

x+(A+Dhy=1

x +y=21+1
omoTE
—av 2A+1#1 dnradn av 4 # 0, To choTA Eivor 0dVVATO.
—av2l+1=10dmradn av i =0, 10 cuotnuo £xet drepo TAnbog Acemv TG
nopeng (1-y,y), y €R.

x-y =1
® Av 1 =—2, 10 chotnua YpapeTal 7 Kot £xel LOVodK Avon v
(1,-2). x+y=-3

i) Avvovpe to choTnU

2)

2x—y=-1
x—y =1

g Ing kot 3ng e&iomong kot e€gtalovpe av 1 Adomn Tov emaAndevet kot T 2n
e&lowon. Eyxovpe:

2 -1
D= =2+1=-1#0
1 -1
|
= =A+A=21 xou
A =1
2 -4
D = =2A+A=31.
7 A

Emopévag o suotnua (2) £xet povadikni Avon tov
DX

X =

22 ! 34
= ’y_D_ .
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H Mon avt eivat Aom kot Tov §00£vTog GuGTARATOG, av Kot OVo av emain0gidet
kot Vv 21 e&iomon, dSNAAOT av Kot LLOVO av IoYVEL:
AM=22)+(-31)+5=0= 21" -31+5=0
S21°+31-5=0
347
4

A

=5 _—25 ni=1.
Enopévac,
o) Av A= _—25, TOTE TO COOTNUA EYXEL LOVADIKT ADGT TNV
15
(x,y)= (5,7]
B) Av A =1, 16t€ T0 GVOTNHO £XEL LOVADIKT AVGT TNV

(x,y)=(-2,-3).

-5
Y)Av A # EX 1, t61€ 10 cVOTNHO givar adOvaTo.

e i M
[

7.1) 'Exovpe:

2x-3y=2Ax
=
x-2y=2Ay
2-2 -3y=0
o @M y 0
x—2+A)y=0

Enmopévag, vmépyet un pndevikog mivakag X mov va tkavomotel Ty AX = AX,
av kot povo av 1o cvotnua (1) éyet kot pn undevikég Aoelg, mov cupPaivet
oV Ko Lovo o

-4 -3 0 (2-A)2+1)+3=0
o) T (2=A)2+4)+3=
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=S AT-1=0
S i=1fqi=-1.

ii) a4 =1 10 cvotpua (1) ypdoetat:
{x -3y=0

& x-3y=0x=3
x=3y=0 4 7

Kot EMOPEVMG el Amelpeg ADGELS TNG LOPPNG
3
(3y,y), yeR, omote X = [ y}, y eR.
y

e [0 A =—1 10 ovotnpa (1) yphoetar

{3x—3y:0

oSx—-y=0x=y
x —y=0

Ko EMOPEVMG el Amelpeg AVGELS TG LOPPNG

(y,Y), Yy €R, omote X =Lﬂ, yeR.

I'ENIKEX AXKHXEIX (I'" OMAAAY)

1. i)’Eyovpe:

ADAG) = [covx — npx} {Govy —m,ty}

| nux  ovvx || nwy ocvvy
_[[ovvxouvy —nuxnpy - cuvxnuy —-nuxovvy
| NUXGUVY + GUVXNLY  —TMUXNWY + GLUVXGLVY

_[oovx+y) —nu(Hy)} - Ax+y)
[Nu(x+y)  cuv(x+y) '

i) AT 10 TPOTO EPMTNLA Y10 Y = — X, TOIPVOLLE:
AXAX) = 4(0)
AAX) =1, Gpa (A(X) ™" = A(-x)
iii) Eoto P 0 1oyvpiopds mov 6EAovpe va amodeiovyLe.
® O 16YVPIG OGS AVTOS 1oYVEL, TPOPOUVDS, Yo v = 1.
® O amodeifovpe TdPa 0L, av 0 P givar aknbng, dnhadn av wydet [A()]
= A(vx), 10te Ba givar aAnbng ko o P, dnhadn 6T Ba ioydel

[ACO]™" = A((v+ 1X).

v
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pbypar:
[AG)]™ = [AX)]" A(X) = A(vx) A(X)
=A(vx +X)=A((v+ 1)x).
Apa, 0 wyvpiopog P ainbevet v kabe v e N*.

2.1)'Eyovpe:
[0 1 offo 1 o] [0 0 1]
M’=M-M = 0 1 0 1|= 0 0
10 0 0JJj0 0 0] [0 O O
[0 0o 1o 1 0] [0 0 O]
M’=M*M=[0 0 0|0 0 1|=/0 0 0
10 0 0JJj0O 0 0] [0 O O

TNov=3givit M’ =0.
Tov>3, eivau M =M =MM"3=0-M">=0.
ApoM'=0y0kéBe v e N, pev > 3.

ii) AB=(@M*>+aM +1)[a(a-1)M?* —aM +1]
=a*(a-DM* —a’M* +aM’ +a’ (e -1)M* —a’M* +aM +a(a-1)M* —aM +1
=aM’-a’M*+oM +a(a-DM?> —oM +1
=a(l-a)M*+aM +a(a-1)M* —aM +1 =1.
Apa AB = I, cuvende B = A.

3.1)'Eyovpe:

3 -1 0 3 1 0 .
Lo -1 o 1]
ii) Av A= ol + BJ ko B =yl + dJ, tote
A+B=al+pJ+yl+dJ=(a+ )+ (f+5),

dnrodn
A+B=xl+yJ,0movX=a+y,y=+06
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- AB=(al + By (I + 8J) = alyl + aldJ + Iyl + pI5J
= aylP + adlJ + PyJI + POF
= ayl + adJ + yJ — Bl (apod J* =—1)
= (ay — o) + (ad + fy)d.

Apa

AB =xI+YJ, 6mov X= oy — o,y =ad + fy.
o a 0 0 B a p . .
iii) 'Eyovpe o + J = + = , 0mOTE 0 ivokog al +
0 « - 0 -8B«
B

=a’+p>#0.

SJ avtictpépetal povo otav D = ‘

4. Av gtvon |O—M | = p, 10T AOY® cvppetpiog Ba etvar Kot |OM ’| = p.'Eyxovpe:
X = povuvl
y=pnpo
X'= pouv(2p —0)
= (povvl)ovv2e +(pnuomue
= XCLV2(Q + yNU2¢p
y'=pnu2e-0)
= (povvOMu2e —(pnub)ovv2e
= xNU2¢ — youv2e.

Anadn
{x’} - {Gov2(p nuZ(p}{x}
y'] [ nu2e —ovv2e ||y ]

Apa,  coppeTpio og Tpog aEova tnv gvbeia & givorl YpopKOg LETAGYNUATIOUOS

cLV2p np&p}

pe mivako tov A =
nu2e —ouvv2e
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Av, tdpa, otov wivaka A Bécovpe:

1 0
® ¢ =0, Ba Tapove ToV mivaka {0 - J TOV YPOLLUKOD HETAGYNHLOTIGLLOD TNG

GUULETPLOG G TPOG TOV GEOVA TV X.

-1 0
® = %, Ba mépovpe Tov wivako { 0 1} TOV YPOUUIKOD LETOTYTLOTICLOD

NG GLUUETPLOG MG TTPOG TOV AEOVA TV Y.

e = %, Bo mapovie Tov Tivaka L

3z , , [
° = ik Bo Tapovpe Tov Tivaka

mpog v evbela y =—X.

1
0} NG OVUUETPIOG WG TTPOG TNV gVBeia Y =X.

-

0
-1

-1
1

0
1

1

O} NG GLUUETPIOG MG

5.'Ecto M(X oY) kM 2(Xz,yz) 400 onpeio Tov EMTESOL TO OTTOL0L LLE TOV YPOAUUKO

petacynuotiopd 7' Exovv v 0w eucdva, SnAad 1oyvEL

}

s } OVTIOTPEPETAL AP, X =X, Kary =VY,.

ot o onpeia avtd tavtilovral.

|

Ipdypat, £xovpe:

MM

o
0oL 0 TIVOKOG {
4

Enopévag o petacynpatiopnog 7' etvan

'
xl

»

X

N

a B
y O

X

N

i) Avvoope v e&icwon x’ _|“
Ly LY

a BT (x"] Je

{y 5} ] Ly

a BT EAME:

L 5} _y'___y}

x| [a

{y___y

| 6

' '
x2
’

L

K
J=[H

}. Oa deiéovpe

|

2

a

B
y O

X

e

X

N

X

Vs

v 5l

1-1.

o ] o s
G TPOG ."Exovpe dradoyika:
| y

B o Bl x

o y S&|ly

’

X

B
5

!

I

1]

|



TENIKEX AZKHZEIZ " OMAAAX

Enopévog, o avtiotpopog petacyniatiopnos tov 7 ival o PLeTAoyNHLATIONOG

e a B |x , , a p ,
T : ,|= HE TVOKO TOV aVTIGTPOPO TOV , ONAodn tov
vy 6] Ly y o6

5 -
mivaka i{ ﬁ}, omov D = ad — fy.
—y o
iii)
L MMivoxag Tov MMivaxog Tov
Tpappos OPPLKOY aVTICTPOPOL YPUUHIKOV
HETUOYNIATIONOS TPOpp ) POGOL Ypapp !
HETUAGYNLUTICHOV UETUGYNNOTIONOD
® Yypupetpia pe KEVIPO -1 0 -1 0
ovppetpiog to O 0 -1 0 -1
® Yyupetpio 0¢ Tpog 1 0 1) -1 0 _ 1 0
Tov G&ova xx 0 -1 0 1 0 -1
® Jvpupetpio 0¢ TPOG -1 0 1) 1 0 _ -1 0
Tov GEova y'y 0 1 0 -1 0 1
® Yvupetpio g mpog 0 1 1) 0 -1 _ 0 1
v evbeia y = X 1 0 -1 0 1 0
® Ttpogn pe kévrpo O oovf -nuo cuovl  mub
Kot yovia 6 nueo covvl -nué  ocovo
e Opotobeoia pe 1 0
. . A0 1|4 0 A
Kkévtpo O kot Aoyo — =
120 0 2 A0 A 0 1
A

6. H opifovoa tov cuetipatog givat:

1 1 1
a p
D=l g 0|=| ,  |=af’-a’f=-af@-p).
2 2 o ﬁ
a” p° 0

Emopévag

| 62 |



TENIKEX AZKHZEIZ " OMAAAX

e Av o # 3,101 Ba givan D # 0 (apo¥ a, f # 0) kot dpa 10 opoyevég cOOTN A
Ba éyer povadikn Mo v (0,0,0).
® Av o = f3, T0tE T0 GVGTN LA YPAPETOL:

x+y+z=0 x+y+z=0

ax+ay=0 ©<x+y=0 ,apo0 a#0

a’x+a’y=0 x+y=0

xX+y+z=0 z=0
= = .
x+y=0 xX=-y

Apa 10 opoyevEG cvOTN LA £XEL Amelpo TANOOG ADGEDV TG LOPPONS
(-»,5,0), yeR.
7. H opilovca tov cuothuoatog sivat:
1 1 1
D=npa ovva 1

n’a oovia 1
cuva 1| mua 1

nwa 1

nHa  ovva

ocovia 1 na oovvia

= ovva — ovvia —nua +npa + nuacvvia —mulacvva

= (ovva —Mpa) - (cuvia —np’a) + nuacvva(cvva —Mua)

=(ocvva —nua)[l-(cvova +Mua) + nuacovva]

=(ovva —nua)[(l-ovva)—nua(l-ocvva)]

= (ovva —nua)(1-npa)(1 - ovva).
Enopévag
e Av nua #1, cuva #1 kot nua # cvve, dniadn av a =0, %, g, tote D=0
Ko Gpo, TO OpoYeVEG cvuotnua &xet povadikn Aon v (0,0,0).

T

e Ava = E, 101€ TO GCVOTNUA YPAPETAL:
x+y+w=0
x +o=0& {
x +w=0

y=0

X =—0
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Kot dpa €yl dnepeg AOGELG TNG LOPPTG
(-0,0,w), weR.

o Av a =0, T6t€ TO GHOTN LA YPAPETOL:

x+y+w=0
x=0
y+o=0<
y=-0
y+o=0

Kot dpa €yl dnepeg AOGELS TG LOPPTG
0,-w,mw), weR

T
e Téhocava = Z, ToTE TO CHOTNUA YPAPETAL:

X +y+0=0

V2o 2

—x+7y+w:0<:> \/§x+\/§y+2w:0

x +y+0=0

X +y+2w=0

2
1 1

—x +=y+w0=0
2 2y

x+y +0=0
= x+y+\/§a)=0.
x+y +20=0

Av apatpécovpe Kotd péAn tig 6o mpmteg eElodoels, fpickovpe @ =0, omodTe X
+ Yy =0 kot dpa X =— Y. Enopévmg, 1o cuotnua €xet dneipo tAnbog AVcewv TG
nopens (-»,¥,0), yeR.

8. Iaipvovpe Tig evbeieg £, £, kar &, avd 500 kar oyNpatiovpe To GLOTANATOL

g:ix+y =1 |g: x+y=1 & xty=K
, Ko .
&ix+y=K |&:kx+y=1I & kx+y=1

To cvotiuata avtd £xovv opilovoec:

jzl—x Ko
K

1
=1-k«
.
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10.

AVTIOTO®G. AlaKpivovLE TOPA dVO TEPIMTAOCELS;

o Av k = 1, 10T€ T0. GLOTHLATO YPAPOVTAL:
g:x+y=1 |g:ix+y=1 gix+y=1
, Ko .
g:x+y=1 |g:x+y=1 g :x+y=1

Emopévac, ot tpeig evbeieg ovpmintovv ko n e&iocwor| Tovg eivor X +y = 1.
® Av k # 1 161 T0 TPAOTO SVOTNNA Elvar adVVATO, EVA TO AAAD §DO £xoVV aKpLPiS
po Aoon. Avtd onuaiver 0t ot evbeieg € , &, eivan mapaANAeS kat M &, TIG TEUVEL

, . , Ay-0=0 ,
. H opilovca Tov opoyevods cuetipatog ™G 2ng ko 3¢ e&icwong
+

Ao =0

-1
)L‘ =17 +1# 0. Enopévmg, To GHGTNHO auTo £YEL LOVASIKY

elvan {on pe {

Aoon v (y,w) = (0,0).
Av avTIKOTOGTGOVLE TN ADGT 0VTH 0TV TPATN £EI0MOT|, EYOVLLE:

A-Dx=0
y=0 (1
w=0

Awxpivovpe Tdpa 00 TEPIMTAOCELS:
o Av A #1, 10te N ekicmon (1) £xel povadkn Aon v X = 0 Kol ETOPEVOS TO
ovoTpo £xEL T povadikn Aven (X,Y,®) = (0,0,0).
o Av 1 =1, 16te 1 e&iowon (1) oAnbedet yia kabe X € R kot emopévmg o cuotpa
€xel anelpeg AGELG TNG LOPONG

(x,0,0), xeR.

‘Exovpe
3 —aflx X Ix—ay Ax
a -1y y ax —y Ay
{3x—ay:lx {(3—l)x—o¢y:0
= =

ax —(A+1)y=0. M

ax —y=A>Ly

Enedn (X,Y) = (0,0), to opoyevéc cvotnua (1) &xet kot un undevikéc Moeic.
Emopévag Ba woyvet:
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3-2 -a

D=
a  —(A+])

‘:0@—(3—),)(),+1)+a2 =0 A7 -20+a’-3=0.

Apa o mpaypatikos aptBpog A etvar pila g eElomong
£ -2t+(a*-3)=0.
Emopévag, Ba 1oydet A > 0. Opwg A =4 — 4(a? - 3), onodte
A>20o4-4@’-3)=0
Sl-a’+320
sa’<4

& -2<a<2.

11. 1) 'Exovpe

2 3
D= =4-3=1=0
1 2
SA+4 3
D, = =(10A+8)—(91+6)=A1+2 Kot
ToBA+2 2
2 5A+4
D = =(6A1+4)-(51+4)=A.
TN 34+2

Emopévamg, 1o cvotnua £xetl povadikn Aven v

D D
=X 42, y=—2L = 2
x=7 Y= )
i) Ot e&lomdoelg
20843t —(5A+4)=0xon 2 +2t—(34+2)=0

&xovv xown pila, av kot pdvo av vépyet p € R tétoog, dote Vo oyvEL:

2p2+3p—(5/1+4)=0<::> 2p* +3p=51+4
P +2p-(31+2)=0 pr+2p=31+2

mov cupPaivet, av kot pdvo av to Levyog (p% p) sivar  povadikn Adomn Tov
ovoTHaTog (X), SNAadn, av Kot HOVo oV IoYOEL
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pi=A+2 [A*-1-2=0
Ly
p =2 p=A

A=-1  [|A=2
o l .
p= -1 p= 2
Emopévag, ot e€icmaeig yovv kown pila dtav 4 =—1 (1 kown pila eivorn p
=—1)M 4 =2 (n xown pila etvoun p =2).

B’ Tpoémoc: Av p ko pila tov eElcdoewy, T0TE Ao TNV TPp®OTN e&icmon

: -4 242p-2
£yovpe: % = A xa1 anod TN devteEpn p++ =1
2p* +3p—4 *+2p-2
Enopévmg P +5 p-t_p *ep o’ OTOL TPOKLITOVY (G KOWVEG Pileg

otp =—1,p, =2 kon ot avticToryes THEG TOV 4, 0L A, =— 1 ko4, = 2.
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KE®AAAIO 2

MITAAIKOI APIOMOI

2.1 ko 2.2 A" OMAAAX

1."Eyovpe z = (21 + 3) + (6 — A)i, ondte:
a) O z etvon wporypLatikds, av Kot povo av 6 —4 =0, nAadn 1 =6

3
B) O z eivar povTaoTikog, av Kot povo av 24+ 3 =0, dniadn A = 5

2. o) Eivau:
) ) x+y =3
(x+y)+(x=y)i=3-ie < (xy)=(12)
x—y=-1
B) Eivau:
2 — =
it x— 6+ (=i =2ie VT FATO=2 (1)
x'-3=1
Oung:

X -3=loxX’=4ox=2 4x=-2.

Apa X =—2, apod oo TG AOGELS QVTES LOVO 1 X = — 2 gmainBevet kar v (1).

v) Eivau:

. . 3x+2y=9 x=—"
9-27i=0CBx+2y)—yi < = 3
27=y

x ﬁ
= 3 & (x,py)=(-15,27).



2.1ka1 2.2

3.

4. a) Eivaw z = 0 + yi. Apa, ot eixdveg Tov Z givar ta onueio M(0, y), dnradn to
onpeia Tov dEova y'y.
B) Eivair z = x + 0i. Apa, ot €1k6veg Tov Z givarn o onpeia M(X,0), dniadni to
onpeia Tov d&ova x'x.
v) Eivan z =X+ Xi. Apa, ot ecdveg tov Z givor ta onpeio M(X, X), Sniad to onueio
g evBeiag Y = X, Tov givat dyyotdpog ™ Ing kot 3ng yoviag tov a&ovov.

500)(—4+60)+(7-20)=(-4+7)+(6-2)i=3+4i
B)(3—2i)—(6+4i)=(3-6)+(-2—4)i=—3—6i

V)@ +4)+(-8-T7)+(5+31)=3-8+5)+(4-7+3)i=0+0i=0
8) (3 + 2i)(4 + 5i) = 3-4+3-5i + 4-2i + 2:517 = 12 — 10 +15i +8i =2 + 23i
€) 3i(6+1i) =36 + 317 =—3 + 18i

o) (4 +3i)(4—3i) =4>— (3’ =16 -92=16-9(-1) = 16 + 9 =25
QiIG+NR2-)=i(6-3i+2i-)=i6+1-i)=7i-i?=1+7i.

1 1a+i) 1+ I+ 1 1

6. o) —= - = = =——=—+—
I-i (1-pd+ 1-i 1+1 2 2

B i®=i*i=1(-1)=—1=—1+0i

Y EE+2i+1=—1+2i+1=0+2i
5) (1+i\/§)2 =1+42i3+i%-3=1-3+23i =—2+ 2.3

g)3_+i_(3+i)~(2+i)_6+i2+5i_5+5i_5(1+i)_1+
2-i @2-i)@2+i)  2°-i®  4+1 5
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6-i2 _ (6-1N2)-(1-iW2) 642" -7V2i _6-2-7V2i _4 7

o 1+iV2  (d+iv2)-(-iv2)  1-2i8 1+2 3 3

7. a) Etvau
3-20Y —(x+iy)=x—yi=>9-12i+4i* —x—yi=x—yi
'y Yy Y Y

©9-4-x-12i=x < (5-2x)-12i =0

Aot 6pmg givar addvarn, agov to —12 # 0.

1+i)  1-1+2i
B) Eivau LI = Al !:—I.Apan oyéon ypdoetat:
1- 1-1-2i
“l+—=l+i — =2+
x+iy x+iy
.1
S x+yi=—mo
: 2+i
o x+yi="—
4 5
ox=2 km y=—
5 5
v) Etvau:

B-202x-iy)-22x—iy)+2i-1= 3-2))2x—iy)-2Q2x—iy)=—-1+2i
< (1-20)2x—iy)=—(1-2i)
& 2x—iy=-1

1
S X=—— kuy=0.
> y

8.(1)i6+i16+i26+i36+i46+i56:i2+i0+iz+i0+i2+i0=0,
1 1 1 1 1 1.1 1 1 1 2

B) -t w5 ot = —;=—=2
T T T e

9. )laz=-5+7iglvin z =-5-7i
B)laz=-4-9igivar z =-4+9i
v) Tz =4i eivon z = —4i

) Twz=11¢ivar Z =11
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10

11.”

12.

glwz=—igvon z =i
o) [wwz=0¢ivar Z =0.

. Av M(X,y) givor n ewcdva 610 pryodikd
eMimedo TOv pyadkoy z = X + i, tote
N €Kéva Tov Z = x— yi €ivon To onpeio
M, (X,-y), Tov — 2 =—X i givar To onpeio
M, (=X, —y) Ko, T€AOG, TOV —Z = —x + yi
givon 1o onpeio M (-X.y). ‘Etot, pmopovpe
Vo TovpE Ot
O 7 mpokbntel amd tov Z e cvppetpio
G TPOG TOV AEova X'X.
O -z mpokimtel and Tov Z pe suppeTpia oG mpog kévepo to O(0,0) kot Télog:

O —Z mPoKVNTEL OO TOV Z [LE GLUUETPIO MG TPOG TOV AEoval Y'y.

5-9i 549 5-9; (5—9:'] , \
Eyxovpe: z, +z, = + = + TOL EVOL TPOAYHOATIKOG

T+di T4 T+4i \T+4i

apBuog g dBpotopa 660 cLLVYOV LYadIKGOV aplOuUdY.

Opoing 0z -2z, Ba eivor @avtacTikog g dapopd 500 cLLVYOV LIy adIKOY
apOu@Vv.

Av z=X+Yyi10t€:

0) z—z2=6i>x+yi-x+yi=6i<2yi=6i< yi=3i< y=3.
Apa, 01 EIKOVEG TOV UIyadtk®V gival ta onpeio g opildvtiag evbeiag pe
eklomon y =3.

B) =2 o (x+y) =(x-yi)
< (x+yi) —(x—yi)’ =0
S (x+yi+x—yi)(x+yi—x+yi)=0
& 2x-2yi=0

&S x=01my=0.

Apa, Ol EIKOVEC TOV [YOdIK®V eivot T onpeio Tov 600 a&ovov Y'Y kat X'X.
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2.1ka1 2.2

)z =-2" & (x—yi) =—(x+ i)

& X+ (pi) = 2xpi = —(x7 + y2i* +2xyi)
& x?—y? = 2xyi=—x" +y* = 2xyi
&2(x*-y*)=0

S y==xx.

Apa, Ol EIKOVEG TV UYOdIKOV eivat To oNUELR TOV SLYOTOL®V TMV TECCAPOV
TETOPTNHOPI®V.
) z=2-zZox+yi=2—(x—yi)
S x+yi=2-x)+yi
{x =2-x
=
y=y
< x=1yeR
& z=1+yi.

Apa, 01 EIKOVES TV LIYadIKAY eivat To. oTpeio TG Katakdpueng evbeiog X = 1.

+9- +
¥=£©x=2 nx=1.

13.0) X* =3X+2=0< X = 5

21;\/§ _201£iV2) 15if3

B) X’ —2x+3=0=x= 3

1+i3

1
)x+t—=lor+l=xox’ -x+l=0cx= .
X

14. AoV ot cuvteheotéc g e&icmong 2X° + fx + y = 0 eivar Tparypoticoi optdpof
Kot pio pia tng etvar 1 3 + 2i, 1 GAAN Oa eivar n 3 — 2i, omdte Ba 1oy det:

B B
X +X, === 6=——
R 2 2@{/3?12
xlxzzl 13=L 7=26
2 2
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2.1ka1 2.2

2.1 ko 2.2 B OMAAAX

a+pi_(a+ By —6i) _(ay+B6)+(By —ad)i Apa
y+8i  (y+8i)(y—5i) 7 +6° )

1.’Exovpe: z =
a p
teRe fy-a0=0sad-py=0< 5=0.
e

, 1-3-23i -1-i\f3

2.'Eyovpe z , OTOTE:
XOLW p 3
I I e R S R SN B
2 2 2 2 '
1 1
Apa: =—=-1
P 22—z -1

3.Etvor  (1+i)’ =1-1+2i =2i, onote
-120 -2)\10 <110 10:10 10:2 10
(1+1) :((1+|)) =2 " =2"1"=2"1"=-2

Ko A=) =1+)® =(1+i)* =-2°.

Apa: 1+D)* -1-D* =0.

- L1
4.'Exovpe A =i"+i" =i" +— . Emopévog:
i

e Avy=4k, t0tei"=1,0m61e A=1+1=2
e Avv=4x+ 1,161 " =1, ono1E A:i+l:i—i:0
|

e Avy=4x+2 totei"=—1,0m0tce A=—1-1=-2

e Avv=4k+3,t0teli'=—1,0m0TEe A=—1+—=—1+1=0.
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2.1ka1 2.2

5. o) Av z =X + Vi 1018 £)oUvpE:

Z=z2" < x—yi=(x+yi)’ & x—yi=x"+(yi) +2xyi
& x—yi=x*—y" +2xyi S =y =x)+2x+1)yi=0
2x+1)y=0 2X+1=07My=0 €))
= =
X—y'—x=0 X -y’ —x=0 ®))

1
o Av2x+1=0,onAadn av X = —3 tote M (2) Yphoetar:

1 1 , 3 NG)

—— Y +-—=0 Yy ="oy=t—.
4 y 2 Y 4 y 2
, 13 1 3
Apa: Z=——+—1 M z=————1I.
2 2 2 2

o Avy =0, 10t M (2) YphopeTor:
X! -x=0x(x-1)=0=x=0 7§ x=1.
Apa:z=0 1 z=1.
B) Av z =X + Vi, éyovpe:
Z7=2 @ x—yi=(x+yi) & x—yi=x"+3x>yi+3x(yi)’ + (yi)’
S x—yi=x +3x"yi-3xy" —y’i
o x—yi=(x"=3x")+(3x> =) yi

{x3 -3xp’ =x {x(x2 -3y -1)=0
f— =

B =)y )y=-y G’ -y +1)=0

x=01 x*-3y’~1=0 (1)
=

yaxX =y +1)=0 )

e Av X =0, 10te N (2) yphoeTal:

yl-y) =0 y=0fy=+L
Apa:z=0fz=inz=—I.
o Av X2 =3y* +1, 161e 1 (2) YphoeToL:
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2.1ka1 2.2

YBRY +1) -y’ +1]< yBy’ +4)=0< y =0.
Apax®=1,omdte X =11 X=—1 ko1 enopévogz=1M0z=—1.

6. Avz=Xx+Yi, 1018:

i} - . .
2L Z_xtyi xoyi (i) + (i)

zZ z x—-yi x+yi x> —(yi)’

B X+ (yl')2 + 2xyi—i—x2 + (yl')2 —2xyi 2()c2 —yz)

x2+y2 x2+y2

2 =»%) _
X2 +y2 B

‘Eto, apket va amodeiovpe 6TL —2 < 2. lpbrypott:

2x? — 12 22
EPEClk DY PP S
X +y X +y
o ()<t -y <x+y?
{—xz—yZSxZ—yz
< 2 2 2 2
xT=y"<x"+y

0<2x?
< 2
0<2y
7OV 1o(VOVVY Kot 01 V0. Apa IoYDEL KoL 1) apy ikt STAn avicoTNTO.

7. a” Tpémog:
Eivar (o + fi)? = &% — 2 + 2afi =z xon (B — ai)* = f* — a* — 2af5i =— 7. Apa
(a+ Bi)° +(B—ai)’ =((@+ i)' ) +((B-ai)’) =2° +(-2) =2° ~2* =0.
B’ Tpomog:
Eivol f — ai = —i(a + fi). Emopévag:
(0 + Bi)° + (B —ai) = (a+ Bi)° +i"(a + Bi)° = (a+ Bi)° —(a + Bi)° = 0.

8. a) Eyovpe:
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2.1ka1 2.2

e z=z S x+)yi=x—-yi<=2yi=0y=0<zeR
0 2= x+yi=—x+yi = 2x=0 x=0< z QavtaoTIKOG

B) Apkelva detéovpe 6Tt U =U xou V =—V. Enedn) Z; = 7 Kot Z, = o B etvon
1 2

1 1 z, +2z;
o= zZ,+2z, _A % _ 7% 5t —u
1+zz, 1+ii 2z, 41 1+zz,
2 2 212,
I 1 Z,— 2z
o= z, -z, _A 5 A5 :_(Zl_zz):_v.
1+z7z, 1+li 7z, +1 1+2zz,
Zl ZZ ZIZZ
9. a)Eotw z=X+Yi. Tote — = zx 5= 2y 5 1. Emopévo:
z X +y X +y

=5x

I
Re(z+—j:5Re(z)<:>x+ -
z X +y

1

1
-4 =0 x=0n1
PR j nx2+y2

—4

=

1 2
S x=01 x2+y2=(—] .
2
Apa, 0 YEOUETPIKOG TOTOG etvat 0 AEovag )’y pe e&aipeon to onpeio O(0,0) kot

0 KVKAog pe kévipo O(0,0) kon axtiva p = 5

B) ‘Exovpe:
1 y
Im| z+—|=-3Im(z) & y————5=-3y
z X +y
Y
<4y - =0
y x2+y2
Syl 4- ! =0
y x2+y2



1

X+

&Sy=01 =4

2

Apa, 0 YEOUETPIKOG TOTOG givar o d&ovag XX e e&aipeon to onpeio O(0,0) kot

12
<:>y:0ﬁx2+y2:(—j.

1
0 KOKAOG pe kévtpo O(0,0) kot axtiva p = 5

2.3 A" OMAAAX
1.’Eyovpe:

1+i[=VE +1 =42 =[1-i[, agov || = 2]
34+4i| =30+ 47 =25 =5 =34
—5i| =0 + (=5 =25 =5

B o i =
= | =1, apov =

L+

0_4:
| | ’1_i

A=) (i) = 1= 1] =27 V2" =227 =27 =38

@=i)-(+2i)| = [2=i[- 1+ 20 = 22 + (1) VPP 427 =55 =45 =5

N EE IS :\/E:@
14-3i|  [4-3i Je 3 N5

2.'Eyovpe
A+ =1+ =v2" =2

N2
-1

. (l—ijz

_=if |1—i|J2:12:1
L ArniY]
A—pi -

1+i [1+i]

2 N2
A+pi _ |A“+'u|| 121
A—pi |),—,ui| '
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3. a) Exovpue
|22|:z2 <:>|z|2 =rteu=1"<17-1)=0
&71=0M7Z7=72 <1zeR
B) a” Tpomog:

Av |Z —1| = 2,101 0 Z BaL elvort U1 apvNTIKOG TPOYLATIKOS, oD TETOLOG Elvat
ka0 |z —1. Emopévag Oa etvar z = X, X > 0, omote Oa £xovpe:

lz-l]=ze|x-1=x

S X=1=x1 x-1=-X

1

S X=—.

2
1
A =—.
pa, Z >

B’ Tpbémog:
Avz=X+YVi, tote:

|z—l|=z<:>|(x—l)+yi|=x+yi©\/(x—l)2+y2:x+yi
1
©{\/(x—1>2+y2=x®{lx—ll=x x=

o172
y=0 y=0 y=0
1
Apa, z=—.
P 2

v) @’ Tpbémog:

Av|z+i|=2Z,161€ 0 27 Ba givon pn apvnTidg mpaypotikds. Emopsvag ba
gtvonz =X, X > 0, omote Ba Eyovpe:

|z+i|:22<:>|x+i|:2x<:>\/x2+ =2x o xi+1=4x7
2 » 1 3 .
S 3X =1 X =§<:>X=T,a(pODX20
Apa,Z:?.

B’ tpomog:
Onwg o B’ tpoémog g mepintmong 3B).
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4.0) Av |z| =1, 161€ 0 Z O améyer omb 0 O(0,0) omécTaon fon pe 1. Apa, 0 Z Oa
Bpioketan og KbKAO KEvpov O kar akTivag p = 1, 0 omoiog éxet eéicwon X2 +
2
y =1.

B) Av|z—i| =1, 0z B améyer and Tov pryado i (nhadn amd to onueio K(0,1))
andotoon otabepn ion pe 1. Apa, o Z Ba Bpioketon o khkro kévpov K(0,1)
Ko oxtivac p = 1, 0 omoiog éxet eéicwon: X2+ (Y — 1)° = 1.

y) Opoiwg, av |z +1+2i[=3, dnhadn av |z —(—1-2i)| =3, 101 0 z Oa anéyet
and tov pryadiko — 1 — 2i andotacn ion pe 3. Apa o z 0o Ppicketon o€ KOKLO
kévipov K(—1, -2) kau axtivag p = 3 o omoiog &yet e€icwon (X + 1)° + (y +2)*=9.

d)Avi< |Z| < 2,10t€ 0 Z B Ppioketar peta&d tav kokAmv pe kévipo 1o O(0,0)
Kow aktiveg p =1 karp, = 2.

€) Av |Z| > 2, 16te 0 Z Ba BpiokeTor oto eEMTEPIKO TOV KLOKAOL KEVTIpOL O(0,0)
KO AKTIVOG p = 2 1) TAV® GTOV KOKAO 0VTO.

5. a) Exovpue
|z+1| :|Z—2i| & |z—(—l)| =|z—2i| .

Apa, 01 000TAGES TOV HryadikoD Z amd Tovg pryadikovg — 1 + 0i ko 0 + 2i,
dnradn amod to onpeio A(-1,0) ko B(0,2) eivon ioeg. Emopévac o z Ba aviicet
oTN LEcOKAOETO TOL TUNOTOC AB.

B) 'Exoupe
|z—i| > |z+1| = |z—i| > |z—(—l)|.
Emopévac, n andotacn tov puryadikod Z oo tov i, ivor peyoddtepn omd tnv
andotact Tov amd tov pryadkd — 1 + 0i. Apo o z Oo Bpicketar 6To Npueninedo

mov opiletat amd T pecokddero Tov AB Kot amd 1o onueio B, 6mov A ko B
ta onueia pe cvvretaypéveg (0,1) kat (—1,0) avtictoiymc.

. . . / )
6. Eyovpe z:1+x.l,dpa|z|:|l+m| = |1+ _Vltx =1. Apod |z| =1, n ewdva
X+ |x+i| |x+i| 2 +1

M tov z Ba Bpioketar 6Tov KOKAO pe kévtpo O kot axtiva p = 1.
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7. And v 166tTa |z — 4i] = 2 Tpokintel 611N andoTOoN
T0v M(2) am6 o onpeio K(0,4) eivar otobepr| kat ion pe
2. Emopévag 1o M avijket o kKo pe kévipo K(0,4)
Kot axtivo p = 2.

Yoppova pe v gpoppoyn 2 (ogk. 199), o pryadicdg
He T eMAY16TO PETPO Efvon 0 Z = 2i ko 0 puryadikog pe
T0 PEYIOTO pETPO £fvon 0 Z, = 6.

8. Eivau:

|w—1| = |22| = |w—l| = 2|z| = |w—1| =2.

Apa, o1 elkdveg TOL W avijkovv o€ KOKAO pe kévtpo to onpeio K(1,0) kot axtiva
p=2.

9. a” TpoémOg:

Botwz =x +yikmz, =x +y,i Tote:

2+, =X tX) Ty, ty)ikuz —z,=(X —X)+ (Y, —Y)i.
Apa:
2 2
|zl +zz| +|zl —zz| =(x -1-x2)2 +(y +y2)2 +(x, —x2)2 +(y —y2)2
=2(x2 +y)+ 22 + D) =2z ] 2z
B’ tpbémog:
‘Exovpe:

2 2 - - =
|Zl+22| +|Zl_22| =(Zl+22)(Zl+22)+(zl_zz)(zl_ZZ)

=2|z,| +2|z,[".
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2.3 B OMAAAX

1. Avz =X +Yi, to1¢:
\/§|z| = \/5.\/)8 +y' = \/Z(xz +37) ko |Re(z)|+|Im(z)| = |x|+|y| .
Apa:

V2|22 |Re(2)] + [Im(2)] = 25 + ¥*) = |2 +]]
= Z(x2 +y2) > x? +y2 +2|x||y|
Sxiryt> 2|x||y|
e laf +Df ~2fp]20
& (l-1sl)" 20,
OV 1Y VEL.
2."Eyovpe T1G 100dvvapies: W @avtaoTikog <> W= —-W
71 21
741 z+1
SE-Dz+)=—(z-1)(Z+))
S 1ZT+7-1-1=-717-72+7+1
S20=2 <11z=1
sl =1 o|7=1
3."Exovpe 116 wwodvvopieg: weR @ w=w
-1 1
ST+—=1+—
z z
S Tl1+v1=7"+1
S 12Z(7-2)-(Zz-2)=0
S (ZZ-1)(7-2)=0
S1Z=117=12
<:>|z| =11 zeR.

4."Eyovpe TIG 1603VVOIES: W QAVTAGTIKOG <> W = —W

z—ai —(z+ai)

—iz+a iz+a
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Sizz+az+az-ali=izz—az-az—a’i
& 207 =201
& 7 =—-1 < Z QOVIOoTIKOG
5. AvZ =X +Yi, enedn n etcdva Tov Z avikel otov kKokho kévrpov O(0,0) kot axtivog
1, 0a eivar [z| =1 7, 16odvvapa, X* +y* = 1. Eropéva, Oa éxovpe:
2z-i| [2z-i] [2x+(2y-Dj|
iz+2| B |iz+2| - |(—y+2)+xi|

vl =

A Qy-1 At 44yt -4yl
\/(Z—y)z+x2 \/4-1-)/2—4y—i-x2

AT ) -4yl A T4yl

Jo+y)—dy+a Jl-dy+4

6. Eyovpe:
2z-1=|z-2| & 22-1] =|z-2[
S Qz-DR7-1)=(z-2)(7-2)
& 477 -27-27+1=77-27-27+4
S37Z=3s1=1
slf =1e7]=1
Apa, 1 EIKOVE TOV Z OVIIKEL TO LOVOdLaio KUKAO.

7."Eyovpe:
A=(1+2)A+2)+(1-2)(1-7)

=l+72+7+727+1-2-7+12Z

=2(1+122)

=2(1+[ef') =2-2=4.
Av M, K xar A givor ot IKOVEG TOV HUYOdIK®V
z,— 1 ko 1, avtiotoiywg, tote Oa sivor:
1+2] = MK, |1~ 2" = MA® ko4 =KA~
Emopévag, n ioomra. |1+ Z|2 +[1- Z|2 =4, mov
amodeifapie, YpapeToL

MEK? + MA* = KA,
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7oL onpoivet 6Tt To Tpiyvo MKA givat opfoydvio 6to M. Avtd NTav avopUEVOLLEVO,
a@ov t0 M givar onpeio Tov povadiaiov kKukiov kot 1 K4 S1dpeTpog avtov.

8. ® Avz =X +Yi, 101€ BaL §yovpe:
|z+1] = |z +4i| < |(x+ D)+ yi| =[x+ (y + 4]
S+ +y =2+ (y+4)
& 2x+1=8y+16

o 1 15
=—x—-—.
7 4 8
Apa, 0 {nTtodeEVOG YEOUETPIKOG TOTOG
15

1
elvaun evbeioe: y = Zx e

e To {ntovpevo onueio givar To {yvog g Kabétov and v apyn O oy e. H
KaBeTog ot €xel e€lomon Y = — 4X Kot EMOUEVAOG 01 GUVTETAYHEVEG TOV OTUEiov

y=-4x
TOUNG TNG e TNV & Ppioketat amd T ADGT TOV GLGTHLOTOG 1 15, TOL
) , 15 60 YR
givon to Cedyog | —,—— |.
setros (34 34)

9.'Ect0z =X + yli Koz, =X, + yzi. Ene1dm to onpeio M, xweiton otov KOKLO X2
+y? = 4% 0o 1oy0EL
X\ +y =16. )

. . 4 .
Enopévag, n woétmta z, =z, + 7 YPAPETAL SLOOOYIKA:
1

X, + Vi =x +yi+

X, +yi
. s 4(x1_y1i)
X, + yyi=x +yi+t——t
) TV, 1 TN x]2+y]2
. L b L1
xz+yzl=x1+yll+# (Moym g (1))

yvi= N N
X, yzl—x]"l‘yll"rZ_?l

5 3y,i
x2+y2i=%+ﬂ.

4
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5% 3
Emouévog, X, = T‘ Ko Yy, = 2% , OTOTE

4 4
X, :% Kat y, :% @)

Avtikafiotod e TIC TYEG OVTEG TV X, Kaiy, omv (1) kou &yovpe:
2 2 2 2 2 2
1 1
o) L[] e ttn 10 o o m
5 3 25 9 25 9
Apa, 0 onpeio M, kwveitar oy EMAenyn pe peydro aova 2a = 10 kot eotieg

E'(-4,0), E(4,0).

10. o) Eyxovpe |Z|:1<:>|Z|2 =leoZ=17= !

z
B) Amo T 160mteg [2,| =2,| =z| =... = |z.| =1 éxovpe
R R R
1_219 2_22’ 3_23’ ' K_ZK
Apal il 4L =747, +...4 7]
1 2 ZK
—|zl+22+ +27,
=|z,+ 2, +...+ 7| (agod |7| =|zZ]).
2.4 A" OMAAAX
1.’Exovpe 1
- cuvl =—
o) p:,[12+(\/§) =4 =2 o

nuo =

Apa éva Opiopa ivar to 0 = % . Emopévog:

1+/3i :2[cuv§+inp§J
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1
- GU\/@:E
_ (- -4 =
B) p=4/1 +( \/5) =J4=2 xat 5
‘1“92—7
Apa éva Opopa givar to 0 = —% . Emopévaoc:

=S 5))

4
Apa éva opopa etvorto 6 =7 +% = ?ﬂ Emopévac:

—1-3i= 2(60V%+i1‘|u47ﬂ].

cuvl :_—1

8) p = (—1)2+(\/§)2 = 2«m .
npo =

Sbo

T

2
Apa éva oplopa givorto 6 =1 — 3 - Enopévac:

“1+4f3i = 2(60\/2—”—1-1’11;,12—”).
3 3
¢) Eivau 4 =4-1 = (cuv0 + inu0).
ot) Eivat: — 4 = 4(ovvr + inur).
2. a) 4(cuvvl5” +inul5’)-6(cvv30° +inu30’) = 24(cuv45” +inuds’)

- 24(%+§J = 1242 +1242i
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T In RY/4 . .
5| cov—+i 2| cov—+I =10 cuv +1 =10(0+11) =101
B) ( 2 nugj [ g nuSJ ( 5 nuzj (0+1i)

)cs\)v2—+| 27 GUV3—+I 3 llcov5—+| 5T
Y TREAETY AT T 10 ™o

T . T . .
=ovov—+INnu—=0+i-1=1.
o THS

3.’Eyxovpe:
25(0uvI60" +II60) _ 5 o\ 60" +inu60') = 5 1,3 5 53,
5(Guv100° + inul00°) 272 )2 2

St

5n
B)6(GUV6+|T]H6)_6 GUV(S_E_EJ_H (S_E_ZJ
P - 6 3) 63

.o
oLV +inpu—

T, T . .
=6| cov—+iInu— |=6-0+6-1-1=06I
( 2 ”“2]

TEuvI30 +mul30) L 150y +inu(i50))
14(cvv(-20") +inu(-20")) 2

1( V3 iljz V31

2

2 2
4. A6 to Bedpnpa de Moivre égovpe:
a) (2(cuv20° +inu207))’ = 2°(cuv(3-20°) +inu(3-20°))

=8(cuV60" +inp60°) = 8[%+§i} = 4+43i
B) (3(00\’57‘“71“57”)) :38[Gov(8-57n)+inu£8~57ﬂ)]
= 3% (ouv(5-2m) +inu(5-21)) = 3* (1 +i-0) = 3°
Y) (cov(—%)+ inu[—%j) =ouv(—4r)+inu(-4r)=1.
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1+i V2 \/_
5. Eyovte ——= = = 41 Y% = guv X +inu’ . Apa:
XOLHL NG 5 > 4 mu4 p
ﬂﬁ—(covzﬂ £j6—cuv(—3—ﬂ)+| (—S—J —i(=)=i.
2 4 MY ) )T
6. Av z:l—H\/§

to1e z—cuv£+i 2 Apa:

2 = Gov (2000%) +in u(ZOOO%J

= GUV(333'27Z’ +2?ﬂj+inp(333-27r +2Tﬂj

[%jw(z_]_lﬁ 1403

3 2 2 2

7."Eyovpe z, = B+i= 2(60V%+iﬂp%j , omote z; =2" (GUV%Hnu%j
Apa:

- - \Z v
+2) =2/ +7 =17} +7, =2~2VGUV?=2V+IGUV—-

\4

Z

8. Eoctw z = p(cuve +inue). Enedn i = cuv % +in p%, 1 daipeon Tov pryadikov

Z pe 1o 1 16odvvapet e GTPOEN TNG SIUVOGULOTIKAG OKTIVAG TOV Z KOTA Yovia —3

9."Eyovpe:
= i3 (HNB)A-D Bar 3o "
wo 1+i  (+)d-i) 2 2

Opwg, z = 2(60V%+inp%} Kol w= \/E(cmv%-k inu%j . Emopévoc:

2(00v+muj
Z- 3 3 :\/E(cov—ﬂnp. j fcov—ﬂfnu— 2)
w T . T 12

\/E GUVZ+IT]HZ
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Apa, Moyo tov (1) kot (2), Exovpe:

V2ouv— = GLV— = =
12 2 . 12 22 4
, OTOTE
A nul—ﬁ_l—ﬁ(ﬁ_l)
2 2 12 22

10. Avz =X +Yi, 101€:

=z x* -y +2xyi=x—yi

x'-yt=x ¥ =y -x=0

2xy=-y y(2x+1)=0
3
2_ 2 _y_ 2 _ 2
X =y —=x=0 X -x=0 y 2
And , 1 n
y=0X=—— y=0 x__l
2
1 1
X=—— X=——
=0 | x =1 2 , 2
n n
{y—o BB
2 2
o , 13
Apa, £yovpe TOVG LYOBIKOVGZ =1, 2, = ——+i—— KOl z; =———

I'a tov Z €xovpe:
|z,|=1 kot Argz, =0
' tov Z, €xovpe:
2
|22| =1 xon Argz, :Tﬂ
Téhog, ywtov Z, £xovpe:
4
|z,| =1 kv Argz, :?7[,

apov Z, =7Z,.
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24 B OMAAAX

®¢ TAiko 0o

1 j oa BN
1. ) O wyoduog W:( +GUV9+IT]W9] _ (I+ovvO +inub)

I1+ouvvl —inuo " (I+ovvh— nuo)”
ovluydv pyodikav Ba éxet pétpo 1. Ta v gvpeon evdg opicpatog Tov W
, , 1+ouvvO +inub ,
BewpovLe TO HIyadIKd W, = ————————— KOl £(OVLLE
1+cvvO —inud
B (1+ovvO +inud)’
(1+ovvO —inud)(1+cvvl +inub)

1+ ovvO)’ —Mu’o +2inuo(1+ocvvo)
(1+ovvl) +nu’o

1+ oLV’0 +26LVv0 —Mu’O + 2inud(1+cvvo)
1+6uv°0 +26VvO +Nu’o

_ 26vv’0 +26Vv0 + 2inud(1+ cuvo)
2+2cvv0

_ 2ovvO(1+ovvh)+2inpd(1+covvh)
2(1+ovvo)

_ 2(1+ovv)(cuvl +inub)
2(1+ovvh)

=ocuvl +inub.

Enopévac, éxovpe
w=w =(cuvl+inud)’ =cvvvl +inuve.

Apa, To péTpo Tov W givan 1 kot éva dpiopd Tov ivat to vo.

B) Eyovpe:
100
NG 100 1+\/E+i\/§ 1+cuvﬂ+inuﬂ :
z+z+iz]_ 2 PR I
[24'\/54\/5 1.._@4@ 1+cmv£—inuE
2 2 4 4

1 .1 .
00z + Inu% =ovv25r +IMu257 =-1.




2. a) Etvan

. T . T . T . T
1+|:\/§ cLuV—+Inu— Koul—I:\/E cuv——Inu—|.
(ov G ing | (oo i

Enopévag

a+i) =(1-i) < J2' (covvjﬂﬂnuvfj =2 (cov%ﬂnp%]

vT  —vr
& ————=2kn,Ke€l

4
ov=4k,Kkel.

B) Eyxovpue
f(v)= [lijv + [EJV (Z)(cuvz + inuzjv + (GUV(—2)+ inu[—z)jv =200 %
: 2 NG 4 4 4 4 4’
omote

vt

w=260\/(ﬂ +%j:—2cw\/7:—f(v).

f(v+4)=2cuv
Apaf(v+4)+f(v)=0.

3.Av OM, ka1 OM, givon 01 S1ovOGHOTIKEG OKTIVES TOV EKOVOV TOV HUIYodIKOV
Z, KO Z, OVTIOTOTYMG, TOTE EXOVUE!

|2, +2,| = || +]2,] < [OM, + OM,| =|OM| + |OM,|

< OM, ™ om , (BA. MoBnpotika B Avkeiov
katevBuvong, doknon 15 ce. 48)

< Argz, = Argz, .

4.'Eotm Z = X +Yi. Tote:
a) z—i=x+(y—1)i, ondte
x>0 x>0 x>0

T
Arg(z—-i=—<<4y-1 = T = .
6 y—:g(pz y_lzﬁ y:£X+l

X 6 X 3 3

Apa, 0 (NTovpEVOC YE®UETPIKOG TOTOG glvan ) nuevbeia y = Tx +1,x>0.
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B)z+ 1=x+Yyi, onote

y>0
pia y=x+1
Arg(z+l)=—<1 y = .
4 ep— (>0
x+1 4

Apa, 0 (NTodUEVOC YEMUETPIKOG TOTOG Elvan ) Npuevbeiay =X+ 1, x> —1.

z X+ yi X+ y(y-1) b
V) —= = T3
z—i x+(-Di x+(-1)" x+(-1

1y (1Y
2 2_ 2 L I
Arg(ijz%@{x +y -y 0<:> X +(y 2) sz .

z—1i x>0
x>0

~ i, 0motE

Apa, 0 (NTodHEVOG YEMUETPIKOG TOTOG £ivar
TOL OTUEID TOV NUIKVKAIOL

1Y (1Y
X+l y-—=| =|=]|,x>0.
(y 2) (zj

5. Etvau: [z+2-5] <2 < |z (-2+50)|<2. (1)
Apa, 1 (1) mopiotdverl Tov KUKAKO dioko
mov opilet o kOkhog C pe kévrpo K(-2,5)
Kot axtivo p = 2.

‘Eotw OM| ka1 OM,, o1 epantoueveg Tov
KkOkAov C amd v apyf tov a&ovev. Tote
and dAa ta davoopata OM , 6mov M
onuelo Tov KuKAMKOD dioKov, TN LIKPOTEPT
yovia pe tov dEova X'X oynuoariCet To O—]\/Il ,
Kot Tn peyoavtepn to OM ,. Enopévac, amd
OAOVG TOVG HIYAdIKOVG Z TTOV IKOVOTIOLOVV
mv (1) 10 pKpoTEPO Pactikd OpIopa TO EXELO
Hryadikog z, mov anetkoviletan 6To M, ko to
peYOADTEPO O LryadkdG Z, mov ametkoviletan
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oto M,. Enedn o y'y epdnretan tov kvokAov C oto M, Oa eivar z = 5i. I'a tov
TPOGSLOPIGHO TOV Z, EpYalopacTe ®G eENG:

H OM, éygr e€icwon g popengy = Ax, 4 €R ko, enedn epdmteton tov C, Ha
TPEMEL TO GVOTN O

y=Ax
(2){ , )
(x+2)" +(y-5° =4

va éyet dumAn Aon. Etvan dpog:

y=ix y=ix (1)
(Z) 2 2 = 2 2
(x+2)" +(Ax=5)" =4 (A" +Dx" =2(54-2)x+25=0 2)
Emopévag, mpénet 1 dakpivovoa g (2) va givat ion pe pndév, dniadn mpénet
451 -2 -4-25( 7 +1)=0 = -10A-21=0= A = —%
, , , . A 100 105
Yy mepintwon avt 1o choTnua €yl SimAn Avon v (v, y)=| ———,— |.
29 29
100 105,
Apo, z, =———+—1i
29 29

6. Eivar z" = covvO +imuvl kot z7¥ = cuv(—v0) +inu(—v0). Apa:
2" +77 =2cvvvl

v

z' =z =2inuve.
7. a) Etvan
|w|=‘(\/§—i)-z =\\/§—i‘.|z|=(\/32+(—1)2)-1=JZ:2.

Apa, 0 YEOUETPIKOC TOTOG TMV EIKOVAOV TOL W givart 0 kOkAog kévipov O(0,0)
Ko oKtivag p = 2.

B) Enewdn |W| =2 xon Argw = %, éxovpe

w:2(cov%+inu£]:2[£+ig]: 2+i\2



8. Ilpémer
2K
1+x>
-K
1+x?

—_—

A

Onawg, n (1) ypdpetau:
2K

-« -

3
omote, Aoy G (2), £ovpe K = g .Apa:

5 :a(p% (1) xon Im(2) =

2K

1+x

2

: 3
>+ == + +
1 3 1 3 l+l 1+1 2
+ 3 + 3 3 3

> 0.

(@)

\/§<:>2K:\/§—\/§K2<:>\/§K2+2K—\/§:O<:>K:—x/§ﬁ K=?,

9.Twva givar f(x) >0 ya kéBe X € R mpénet kan apkei va woyver A < 0. Opwg:

A0 (2l -2 —4-1(1+[z] ) (1+]2.] ) <0

ol -2, £(1+|zl|2)(1+|22|2)

= (Zl - Zz)(z1 - Zz) < (l + 2171)(1"‘ Z272)

= (Zl _Zz)(z _72) < 1+2272 +2171 +21227172

< 2,7,-27,-1,7, + 2,7, <1+ 2,7, + 2,7, + 2,2, 7,7,

<1+27,+722,+2,7,7,2, 20 = (1+ 2,Z,) + 7,2,(1+ 2,7,) 2 0

< (1+27,)(0+72,) 20 (1+2Z,)(1+2,Z,) 20

= |2 ,
= |1 + lez| = 0, mov 1oybeL
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2.5 A" OMAAAX

1. o) Ot Moeig g e&iowong givat ot puyadikol

2 2
zZ, :cuv%ﬂ'nu%, k=0,1,2,

3

, |
radn oz =1, z Z_EH?’

Z,=———i—.

2 2

B) O1 Moeig g e&lcmang eivar ot pryadiiol
2 2
z, = GUV%-FI'T]M%,K:O, 1,2, 3,

mhadfi ot z, =1, z, =i, 2, =—1, z, =—i.

v) Or Moerg g e&lomong etvat ot pryadukol

z, :GUVZ%anz%,x:O, 1,2,3,4,5,

OnAadn ot
1 A3 1 3
Z2,=1,z=—+i—, z, =——+i—,
2 2 2
1B 1 3
Z,=-1,z,=——~ , Zg=——i—.
2 2



3r

2. a) Eyovpe z° =—i < 2° :c\)v%ﬂnu?.

Apa, o1 Moelg g e&iowong eivar ot pryodikol

zZ_ =G0LV T +inp 2 ,k=0,1,2

dnhadn ot z, = GUV%H‘TN% =i

Z, = 0CLV s +i I = —cuov i E——ﬁ—li
! 6 ) ™6 6 MeT 2 2
KOl z, = GLV ﬁ +i ﬁ —GUVE—i E—ﬁ—li
: 6 L3 6 WeT 2 2"
B) Eyovpe:
4 4 21<7r+4—ﬂ 21<7r+4—ﬂ
4 =16| suv—+inu— | < z =416 suv 3 tinu
3 3 4 4
oz=2 cuv(3’<”+2”)+inu(3m+2”) k=0,1,2,3
6 6
2K7r+5—7[ 2K7r+5—7r

5 5
vz :243(cov?ﬂ+inu?ﬂj®z:\5/243 GUVT6+I'T]HT6

2k + 57 . 2k + 57
& z=3| oovV| — |+inu| —— |}
30 30

k=0,1,2,3,4.

20+ _V2 2 r
2

.o
+i— =ocvv—+inu—.

3. o) 'Eyovpe,
) Exovu 2 2 4 4

Emopévac, ot pilec g e&iowong glvat ot pryadikoi
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2+ 2m+
3 K 4 . K 4 8kr+m ) | 8km+m
zKZ\ﬁ GLV +inp =covv +inp ,
3 3 12
Vs
x=0,1,2, onkaon ot z, =cvv| — [+i
n M 0 (12J n“[lzj
Z, =0OLV| — [+ 3z ——£+i£
1 nu 2 > >
Kol z, = OCLOV| — |+1 17—7[ _—GUVS—ﬂ—l Sl
: L 2 M

1-iv3 1 .3 St .
2

=——l—=0cvv—+I R Enopévacg, ot pileg g &l
) 3 nu3. HEV®G, 01 PICEC TG

o®ong eivat ot pryodikol

B) Exovpe

2Kﬂ+5—ﬂ 2K7T+5?ﬂ
Z_ =0VV| —— |+ —|,k=0,1,2,3.
x 4 nu 1

1) Exovpe z° = 64(cuvr +inur). Emopévac, ot pilec g e&icwong sivat ot

pryaduol
6 2km 4+ . 2km + 1
z, =~64| cvv G +inp 5

2x+Dr +inu (2K-6Ir 1)7[)

,k=0,1,2,3,4,5.

= 2(00\/

4. 0) 'Eyovpe 2’ +32° +42 =8 < 7’ +32° + 42— 8 = 0. Me oyua Horner Bpickov-
pe 6t o piCo givarn z = 1 ko n e&iowon ypdpetat:

—4+i4

(z-1)(Z*+42+8)=0=z=17 z= =-2+2i.

B) Tty z* +52% +4 =0, mov eivon SrteTpdymvn, OETOVE Z2 = W KoL £YOVLE:

549
2

W +5W+4=0<w=

Sw=—41qw=-1.
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e AvW=—41618 2* = — 4, omdtE 7 = 2i ) Z = 2i

e Avw=—1,1t01e 2 =—1,0méte 2 =i Z=—1i.

5. H efiowon 3%° — 10X + 7x + 10 = 0 &ys1 TPpayHLATIKOVE GUVTEAEGTEC KO, 0pOv EXEL
¢ pilo tov 2 + i, Ba éyet kon Tov ovluyn tov 2 — i. 'Etot 1o of uélog Oa éxet wg
TOPAYOVTO, TO YIVOUEVO (X — 2 — i)(X — 2 + i) = X* — 4X + 5. Extehodpe ) Siaipeon
Kot Bpiokovpe nAiko 3X + 2 kot vrorowro 0. Apa n eEicmon ypdoetat:

BX+2)(X* —4x+5)=0=3x+2=01 X* —4x+5=0

2, .
@X:—gnx=211.

3

=0, omote |+ W?=—wkatl +w=—w>

, , w
6. Ensidqw’ = 1, sivon 1+ w+wW’ = .
, . w—
Etot, €povpe:

(I=W+W)(1+W—W") = (-2W)(=2W*) = 4W’ = 4, apod W’ =1.

7. Eivou:

61 X=1=0 Xt =1
X4+ X+ X +X =0 2 =0 = .
X—1 X#1 X=1

Apa ot pilec g e&iowong elvat ot pryadikol:
x = oov 2 i 1,2,3,4,5,
6 6
apov, yia k = 0, Exovpe X = 1, oL e&apeitat.
8. Eyovpe: 2’ +32° +32+9=0 < 2°(z+3)+3(z+3) =0

S (2+3)(2°+3)=02+3=01 2°+3=0

& 7=-3% z==+i\3.

Hapatnpodpe 611 o1 etkdveg A(-3,0), B(0, \/E)’ (o, —\/g) TV plov -3, i3 Kot
—i/3 giva KopLPéC 160TAELPOY TPLYDVOV, 0po) AB =Bl =TA=2 V3.
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2.5 B OMAAAX
1. a) Exovpe z° =1—-i <z’ = ﬁ[cov(—%jﬂnu(—%jj
2Kmw —— 2Kmw ——
<:>z—{’/§ oLV +inp ,k=0,1,2.
B) H e&icwon ypaeetot tcoddvaypo
(z-1’ =1-i)z+1)’ (1)
Ko emeldn dev xet pilo tov apfud z = — 1, maipvet T pLopen
3
[Z_lj =1-i. )
z+1
®¢tovue
z-1
=w, 3
z+1 3
omote 1 (2) ypapeTon
3
w =1-i
"Etot, AMoyo g (o), £xovpie
2Km —— 2Km ——
w=42| oov—ry 4 4 imp ; 41 k=0,1,2. (4)
Opog, Adyo g (3), eivar
z-1
=woz-l=zw+w
z+1
Sz(l-w)y=1+w
1 (4)

+w ,
Sz= ,0pov W #1.
w

Eto1, n e€lomon éyel wg AMoelg tovg optfpode:
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+
z = We , 0oV wK:Q/E oLV 3 +inp 3 ,k=0,1,2.

2. 0" Tpoémog: H ekicoon 2° + 22° + 22 + 22° + 72 + (z + 1)* = 0 ypapeton Stadoyikd
428422+ 27° 422+ 22 +1=0

2@+ + 2+ +2+1)-1=0
6

2°+2 -1=0

z-1
(apov 0 z=1 dev etvan pita g e&icwong)
7+7°-71-1=0,2 %1
z+1)-z+1)=0,z=1
@+ 1)(2°=1)=0,2 #1.
Enopévag, z=—-17(@2°=1,pueZ #1).Tw Z #1, éovpe:
2 -1=0e (2 -1} +1)=0
S - +z+)(z+1)(2° -2+ =0
SP+7+1=0Mq2+1=072-2+1=0

“1+i3 | o 1+i3
T n z=

Emopévag, ot pilec eivar ot:

-1 (duhn),

“1+i3 1+i3
Kot .
2 2

B’ tpbémog:
Mua pogavng pile etvorn z =—1."Etoin e€lomon, cbpoova e to oyfua Horner,
yphoetat:
E+D) P+ + 2+ 424 )=02+1=00 2+ '+ 22+ 22 +2+1=0
2°-1

=0
z-1

Sz=-179(z°=1 pez#1)

& z2+1=01
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o7=-11 z:co\/z%+inp2%,x=1,2,3,4,5

»
o 7=-1 (Su) 1 z:l—;6 fz=

3."Eyovpe:

2 +1=0z =—l=ocvvr+inur < z=2,k=0,1,2,3,4,5,6,

) ( T+2knr . T+2KT j
omov z, =| cuv +inp )
Emopévag

T .7 -
Z, =01)v7+mp7, Z, =1,

3z . 3w
4 :cuv7+mu7, ,=17,

St . Sm -
Z, ZGUVT‘FZT]HT, Zo =1,

Z; =0LVVT +inpr = -1,

To nolvdvopo 77 + 1 ypépeton

' +l=+)2* -+ -+ 7" -12+)) (1)

Onong
2 +1=(2-2)(2-2)(2-2,) (22}~ 2,2~ 2)(Z~ 2,)
=(2-2,0(2-2)(2-2,)(2+ )2 -7,)(2-Z(2~-Z,)
=@+ [(z2-2)(z-72)]- (2-2,)(2-7)]-[(z-2,(2-7,)] 2
Amd g 100G (1) Ko (2) €yovpe:
-7 47 -2+ - 241=[(2-2,)(2 - )2~ 2)(2- D)z -2,)(2-T)].

Kafévag and tovg Tpelg mapdyovies Tov deuTEPOV HEAOLG EIVAL TPLOVVLO SEVLTEPOL
BaBpov pe mpaypaticodg cvvierestéc. Ipdypatt, o mapdyovrag (2 —2z,)(Z —Z,)
YpapeTOL
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(z-2,)(2-2,)=2"—(2,+Z,)2+2,Z,
=22~ 2z60v 41,
7
Ounolog (2-2,(2-7)=2"—(z,+7)z2+127
:Zz—2Zcuv3—”+l
7
ko (2-2,)0(z2-Z,)=2"—(2,+Z,)2+2,Z,
=Zz—22cn)v5—ﬂ+l.
7
4."Exovpe
Z+1)++2=0 (" +1)’ +2(2+1) =0 (22 +1)(2° +2+1)=0
S +1=092°+2+1=0
S +1=09(2° =1,pez #1)
Sz=tinz=0M1=0,
, 2r . 2w ,
omov COIGUVT-HT]},L? ,oapov Z #1,

®étovpe, TOPa, Kadewd and Ti¢ pieg avtéc oty eéicmon z'° + 224 + 1 = 0 kot
eléyyovpe av v enoinBevovy N oyt ‘Etou

e T z=ic¢ivou
°+27"+1=i"+2i"+1=1-2+1=0.

Apa, o pryadikdg i eivon pilo ko g eéicwong 2'° + 22" + 1 = 0. Enedy n ekicwon
aVTH EYEL TPOYLOTIKOVG GUVTELESTES, 0 GLLVYNG TOV i, SnAad1| 0 — i Ba eivar Ko
avtog pile g. Apa, ot apiBpol i ko — i givon kowvég pileg Tov eElo®oemv.

o 0.2 = w, eneldf @’ =1, etvo:
0"°+20" +1=0" -0+20" -0° +1
=o+20° +1=(l+o+0’ )+’ =0+’ =0* %0

Apa, n o dev givan ko pila tov elomoemv, ondte kat 1 culuyng G dev pumopet
va gtvor ko] pilo auTdv.
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Tehkd, o1 800 e&lomoelg £xovv dVo pileg KOwEE, TOVG Pryadkovg | Kot — i.

5. a” Tpdémoc:

H séicoon: 2’ -7° =1 ypaeetot 1codHvopo

faffﬂcn%mfznzﬂﬁ:L (1)
Enopévac:
z“|z|6 =|I| & |z|4|z|6 =1c>|z|10 :1<:>|z|2 “le =1 7)) =1
Apan (1) ypapetar:
()Y =l =l =41 z=+i.
B’ Tpoémog:

‘Eocto z= p(cuvl +inud) n ipty@voueTpikn popen tov z. Tote 1 e&icwon
YPAPETOL

p’(cuv70 +inu70)-p’ (GUV(—39) +inu(=30))=1< p""(cuv40 +inudd) =1
< p=1lxu 40 =2k, Kk € 7

@plemez%,KeZ.

Apa, ot pileg eivar

T m .
20=1,21=GUVE+IT]ME=Z,

. 3 . 3w ,
z, =cvvr +inur = -1 Kot z, :cuv7+lm,t7:—z.

6. Eoto ¢ pia mpaypoatikn pilo g e&iowong. Tote (1+E&i)" = p(1-E&i)", ondte
1+&i ) 1+§i|v B |1+&il ’ o
1-&i '
—(-2)

1-&i| | [1-&i
X, + X, :T=2Koux]x2 :%:4.

QD o ()= EY
(1-¢i)" |a-ciy

7. o) Eivau:
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Apa,
XX = (X +X%,) 2% X, =27 =2-4=—4 ko X'X; =(XX,)" =16
B) Apo¥ n e&icwon X* + px + q = 0 éye pileg Tig p, = X, koL p, = X5 Oa woydet:
p==(p+p)=—(x +x3)=4 ka1 ¢ = p,p, = x/x; =16.

8. a) H eficwon cuvv’0-z° —2cuvO -7+ (5—4cvv’0) =0 sivar B’ Babpod og
TPOG Z Kot €YEL StaKpivovsa:

A =(—20vv0)’ —4ouvVv’0(5—4ovv’0)
=400V’ 0(1 -5+ 4cvv°0) = 46VVv’0(—4 + 4oLV>0)
=—166vVv’0(1 - 4cvv*0) = —(4cvv o)’ < 0.

"Etot éxovpe:
_ 2ouvOxidnud covl 1£2imud 1

y4
2cLv20 cuvl cuvl

+2iepf.

1,2

B) O1 ewdveg TV Aboewv, Kabmg 10 6 petafdrietal oto (——,—j, givan

To onpeia Le cuvioTapéves (x,y) = ( 0 ,i28(p0j. ‘Etot, Ba éovpe:

1 2 1 2 1

X = X :—2 X :—2
ocuvvo , cuvo . cuvo
, omote , Karapo g s
L z_4mu0 yi o omp’e
- 2] Yy = 2 1 2
GuLv cuv0 4  oovvo

2 2 2 2

, yo l-mp @ oovvo

Enopévag — - = =
BV 7 2 T 50v  ouve

=1.Apa, 01 EIKOVES TOV AVCEDV TG

elomong KvodvTol oty vIEPPOAN
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9."Eyovpe
X=X +x' -1=0= X' -D+x'-1=0

S -+ =0

oSx-1=0() X’ +1=0 (2)
Opog: X' —1=0= (X DX’ +)=0= X =1 4x° =-1o x=+1f x=*i

ko X +1=0x’ =-1< x° =ovvr +imur

<:>x:6\)v2 +ﬂ+inu2’<ﬂ5+ﬂ ,k=0,1,2,3,4.

I'ENIKEX AXKHXEIX (I'" OMAAAY)

1. a) ' Exovpe
| Gl me
z z v
S
z z z z
_(z-D-(z+)D
3 = _(z-D(E+1)
B —(z i—ZE) a z4+7Z =/
zz
B) Exovpe:
PO Wi b )3 WY s i ek W8
B z+z - 2ax - 200x ax
‘Etou

2 2
Re(f(2) =0 a’x*+ B’y ~1=0a’x’ +p’) =l )lc g T =
J )

2 2

Apa ta onueio M(X,y) Bpiokoval otnv EAdeym o >+ 4 5
1 1

J )
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2. AvZ=X+Yi, 1ot N 1IoOTNTO. W = W, YpaeeToL Sdoyikd

1
z—zi=——ai
a

. L1 .

X+ yi—(x+y)i=—-ai
o

.1 ;

x+y)-(x=y)i=—-ai
o

x+y==
Emopévag S— pe TOAOTAUGLAGHO KoTd péAn Exovpe x° —p° =1
x-y=a

7ov glvan e€iowon 1606KELOVE VITEPPOANS.
3. a) Av z =X+ i, tote Oa £yovpe

x=At2 o A=x=2 S 3(x-2)-1< 3x-7
=3(x-2)- =3x-17.
y=3A-1" |y=31-1"" Y

Apa, 0 YEOUETPIKOG TOTOC TMV EIKOVAOV TOL Z givarn gvbeiay = 3X— 7.
B) ‘Exovpe:
w=z+l+icow=(A+3)+31i.

Apa, av W = X +Yi, T0te Oa 1oy0eL:

x=A+3 A=x-3 3-3) 359
= < py=3(x— < y=3x—9Y.
y=31 y=31 7 7

Enopévmg, 0 yeopeTptkodg TOTOG TmV EIKOVOV TOL W givar 1 evbeia y = 3X— 9.

v) To mAnciéotepo onpeio g evbeiag € : Yy = 3x — 7 amd to onpeio O(0,0) etvon
70 {yvog tng kabemg 1 Tpog Ty & and 10 O(0,0). Emewdn 4, -4, = -1, éxovpe

1 1
A, = -3 . Apa, 1 evbeia i €xer eiowon y = —gx ."E1o1, T0 {ntodpevo onpeio

y=3x-7
O elvat to onueio Toung TV € kot . EmAdovrog to cvothpa 1
y=-zx
3

21
Bpiokovpe 61t ot GuvTeTAYUEVES TOL onpeiov avToD givan (x, y) = [E’_%] .
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21 7

Apa, o TAnc1EcTEPO oNeio g € Tpog To O Ba givor To A(E,—Ej.
4.0)Avz=X+Yi, 1018

[2z+1| < |z+i] & |@x+1) +2yi] < |x+ (y +1)i]

S Qx+1)7+2y) <x*+(y+1)°

SAxt +4x+1+4y° —x* —y* =2y-1<0

&3 +4x+3y" -2y <0

At
-] -3 2]

Apa, ol g1KOVEG TOV UIYAdIKAOV Z OV
1KOVOTTOLOVV TNV avicmoT| eival To E5OTEPIKE
onueia Tov KLVKALkoD dicKov pE KEVIPO

( 2 1] , J5
K| ——,— | xoroxtiva p=—.
33 3

B) Av z = x +yi, tOt€ £)ovpE

|z—1|:1+Re(z)<:>|(x—1)+yi|:1+x

S x=1)2+y" =1+x

Q{(x—1)2+y2 =(1+x)°

1+x2>0

2:4
=17 x<:>y2:4x.
I1+x2>20

Apa, 01 EIKOVEG TOV UIYOSIKDVY TOV 1KAVOTol0vV TV e&icmon eivot ta onueio
g mapoforrig Y2 = 4X.
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5.Avz =X + iyv, v=1,2,..,x, 10T

4z, +etz = +x, +o X )i+ Y, + V)

Emopévag, av vrofécovpe 0T 2, + 2, +...+Z_ =0, 10t€ Ot £x0V0E

X +X+.+X =0 ko Y, +Yy,+..+y =0.

E@ocov, Oumc, o1 EIKOVES TOV UIYOSIKOV z,
Z, .., 2 Ppiokovtor 670 id10 npeninedo mg
evbelag Y= Ax, X e Rkon dev oviikovv 6’ avtmyv,

B oyvet
(y,>Ax yakade v) 1 (y, <Ax ywo k6be v),

ondte Oa £xovpe
VY, Y >Mx X, X)) T
Nty ety <Mx x4 x).

"Etot, Moym g (1), Ba woydet 0> 4-0 1 0 < 4-0, mov glvan dromo.

6. A6 v wootnra, (1-2)" =2", avz =X +VYi, égovpue:

\4

-2y

s-2 =7
- -I

<:>|(1—x)—yi|=|x+yi|

<:>\/(1—x)2+y2 :\/xz+y2

< 1-2x=0
1

S X=—.
2

1
Apa, kaBe Mon g e€iomong avikel oty gvubeio X = 5

)

7. &) Agob 1o Tprdvopio f(X)=ax? + fx +y pe o, B,y € Rxar a # 0 Sev éyer mporypaticée
pilec, ¢ yvmotdv, ot Tiég Tov Y kébe X €R Ba eivar opdoneg tov a. 'Etot
ot f(x), f(1) Ba eivar opdonpot Tov a, dpa kot peta&d tovg, omodte f(x)f(4) >

0, onAadn
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(o + Prc + y)(ad? + B+ y) > 0.
B) Erewdn z, =7, , éyovpe:
(a2 + Bz, +7)az; + fz, +7) = (@z] + Bz, +7)(@Z + BT, +7)
=(az + Pz, +y)az + Pz, +y)
2 2
:|ocz1 +ﬁzl+y| >0,
0o 0 Z, Sev eivar pia Tov az’ + fz+7.

8. O pileg g e&lomong 2 = 1 etvar o

z, =GUV2ﬂ+i1’]p2ﬂ,K=0, 1,2,..,v-1.
v v

Emopévagnoyéon 1 +z +z,+...+z  =0vypapetar

( 2n 4 2v —1)71'} [ 4 2(v—1)7t]
1+ ovv—+0oVV—+...+ oLV +Hi|mqu—+nu—+...+qu——>— [=0.
v v v v v
Apa
2r 4r 2(v-Dr
np—+nNp—+...+NMp———— =0 xo
% % %
2n 4r 2(v-Dr
GLV—+ GV —+...+ LV ———— =—1.
% % %

[109 |






B MEPOX

ANAAYYXH






KE®AAAIO 1

OPIO —XYNEXEIA XYNAPTHXHX

1.1 ko 1.2 A" OMAAAX

1. i) H ovvapmon fopiletar, 6tav X2 —3x+2 £ 0.

To tp1rdvopo X2 — 3X + 2 éyet pieg: x = 1 A X =2.
Enopévag 1o medio opiopov tng f givatl 1o ovvoro A=R — {1,2}.

il) Hovvaptnon fopiletat, 6tav x—1>0 kot 2—X >0, dnhadf 6tov X =1 kot
X < 2. Emopévag to medio opiopov g f eivar to obvoro A=[1,2].

iii) H cvvapmon fopieton, 6tav 1—x* >0 ko X # 0.
H avicoon 1-x* >0 ainbedet, 6tav X° <1, dnhadn 6tav —1< x <1.
Emopévmg 1o medio opiopot g f eivar to sovoro A4 =[-1,0)u(0,1].

iv) H ovvaptnon fopiletar, 6tav 1—¢* >0 < e" <1< x < 0. Apa 10 Tedio
opiopov g f eivar o covoro A = (—0,0).

2. 1) H ypagwn ntapdotacn g ocvvaptong f Bpioketar nave and tov aEova
TV X Yo gkgiva o X €R yio ta onoia 1oydel

f(x)>0 x*—4x+3>0
< Xe(—o,1) 7 Xe(3,+x)
ii) Opoiwg épovpe:

TF—X>O<:>(1+X)(1—X)>O<:>—1<X<1.
—X

iii) Opologeivar e* —1>0= e >l e >e’ « x> 0.

3. 1) H ypagum napdotacn g f Bpioketor mive amd T ypagikn topdotac
™G g Yo exeiva ta X € R yio To omoia toyvet

f)>gx) X +2x+1>x+1e X +x>0 x(x* +1)>0 < x> 0.
ii) Opoiwg:

f)>g) o +x-2>x+x-2x x>0 (x-1)>0s x>1.
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4. o) A(45) = 2,89-45+ 70,64 = 200,69 cm
B) I(45) = 2,75-45+71,48 = 195,23 cm.

2
. . . . . . X . X
5. To tetpdy@vo €xeL TEPIIETPO X, OTOTE 1) TAEVLPE TOL EfvOl 7 KoL 7o guPadd tov — .

. , , , , , , 20—Xx
To womhevpo Tpiymvo €xetl mepipetpo 20 — X, ondte 1 TAEVPA TOV givan
NE) ( 20X jz

Kot 1o euPadd tov — 3

x> 3
Enopévag E = Etetp + Etpry = 3

R+¥(20— X)? pe x € (0,20).
6. i) Eivon
) :U+1 :{o, x<0
2, x>0
H ypaewn mapdotaon g f eaiverot 6to
Sumhavo oynpoL.
To obvoro tov tipmv g f eivar o f(A) =
{0,2}
i) Etvou
—x, x<0
f(x)=x|x|={ 2, a0

H ypagwxn topdotacn g f eaiveton oto
duthavé oynpa. To oHvoro T@V TIHOVY TG
f eivar to f(4) =R.

iii) H ypagwn mapdotacn tng f diveton
070 dmAavo oyfua. To cbvolo TV
Tnav g feivarto f(A) =[2, +o0).
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iv) Eivon
S (x) = {

H ypagwn napdotaon g f divetor oto
Sumhavo oynuoL.
To oVvoro tov Twdv g T eivor o

f(A) =0, +0).

—Inx, 0<x<l1

Inx, 1<x’

7. 1) H ovuvaptnon f €xer medio opiopon 1o chivoro A=R, evdon g to B =[0,+00).
Eivon A # B ka1 emopévag ot cuvaptioelg fxor g dev eivar ioeg.
Io ka0 x > 0 éyovpe

2
F) =Ax =x=(Vx) =g(x).
Apa ot cvvaptioeig f, g sivar ioeg 610 dtdotnua [0, +00).

i) Ot cvvaptroelg f, g Eyovv medio opiopov to R*. Ta kdbe X € R* éyovpe:
-t (M=) =1
= = = = g(x).
i+l (1) [
Emopévag f=g.
iii) H cuvaptnon f éxer medio opiopon to A =[0,1) U (1,+o). T kGbe X € A, éyovpe

x-1  (=D(Vx+1) _(x—l)(\/;+l):\/;+1

(N PR e R Y

H ovuvdptnon g éxer medio opiopot 1o B =[0,+w). Exopévag ot cuvaptioelg f
Ko g £xouv S10popeTiKd media opiopov, ondte dev eivat ioec. Eivar opme f(X)
= g(X) ywa kébe x €[0,1) U (1,+%). Apa ot f, g givan ioeg 610 [0,1) U (1,+00).

JS(x)

8. H cuvaptnon fopiletoroto A=R *, evdo 1 g oto B=R — {1}. Enmopévac, yio
kabe X e R —{0,1} éyovpe:

x+1  x 1-x +x° 1
(f+8)0) = f(N)+g(x) = X +1—x_ x(1-x) CX(1-x)

x+1  x  1-x—-x* 1-2xX’
(f-g)x)=f(x)-gx)= r 1-x x(1-x)  X(1-X)
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(f-2)0) = f()g(x) = XII :

x 1+X
1-x 1-X

x+l
(ij(x):f(x): X :l_zx’
g

glx) _x X
1—-x

apob yuo kabe X € R —{0,1} eivon g(x) # 0.
9. O1 Y0 cvvaptioels £xovv koo medio opiopod 10 A = (0,+0), ondte yo kdOe

X € A épovpe:

(f+2)(x) = f(x)+g(x) = 2Jx
(/-2 = f(x)—g(x) = %

(f-g)(x)=f(x)g(x)=x—§=x -1

X

evd, Yo ke X € A" pe g(X) = 0, nhadn ue X # 1 ioydet:

1
(ij(x): S _ VR e

g) " gy oL ox-1
-

X

10. i) H f &xe1 nedio opiopod o obvoro D, =R, evd n g to D, =[0,+0). ' va
opiCetar n mapdotoaon g(f(x)) mpénet

(xeD, xar f(x)eD,) < (xeRkmx*>0) & xeR.
Emopévamg, n g o f opiletan yro ke X € R ko £yl TOMO:
(22 /)(x) = g(f (1) = g(x") =¥ = .
ii) H f éye1 nedio opiopod to chvoro D,=R,evongro Dg =[-1,1].
INa va opileton n mopdotacn g(f(X)) npénet:
(xe D, xa f(x)eD,) < (XeRxa f(x)e[-11])

& nuxe[-1L1] < xeR.
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Emopévag, n go f opiletar yio ke X € R ko £yel Tomo

(g°./)(x) = g(f(x)) = g(nu) = 1= npx =Jouvix = fowvd

iii) Opoiwg n f éxer medio opopod to suvoro D, =R karn g to
T
D, =R—{x|x=K7r+E,KeZ}.
INo va opiCetar n wapdotoon g( f(X)) mpénet:
(xeD, xm f(x)eD,) < (XERKGL%?&KH+%, KeZ) < xeR.
Emopévag, n go f opileton yio kéBe X € R kat éxet tomo

(g2 /)(x) = (£ () = g[%j ~co -1

11. H f &xe1 nedio opopod 1o D, =R xarn g 1o D, =[2,+00). e va opiCetar n
napdotoon g(f(x)) npénet:
(xe D, xm (x* +1)eD,) & (xeR ko x> +122)
S X -120
&S x21lnx<-1
& X e (—o,~1]U[L,+0) = A,.

Enopévog,n go f £xermedio opiopov 1o Guvoro 4., kot Tomo:

(g X)) =g(f(x)=g(x>+1)=vx* —1.

TINa va opiCetar n mapdortaon f(g(x)) npénet

(xeD, xu g(x)eD,) & (x=22 xmuVvX-2€R) & Xe[2,+0)=B,.
Enopévog,n fog £xernedio opiopon 1o 6ovoro B, kot tomo

(f o)) = f(g(0) = f(Vx=2) = (Vx=2) +1=x-2+1=x-1.
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12.1) H cuvéptnon f(x) =nu(x?+ 1) eivar suvBeon mg h(x) =x*+ 1 pe ™ g(X) =nux.

ii) H cuvépmon f(x) = 2nu?3x + 1 eivar civbeon tav cvuvopticemy h(X) = 3X,
g(X) = nux kot p(X) = 2x* + 1.

iii) H cuvépmnon f(x) = In(e* - 1) eivon chvOeon twv cuvapticemy h(X) = 2X,
g(x) = e* — 1 xat p(x) = Inx.

iv) H cuvaptnon f(X) = nu?3x eivar 6ovOeon tov cuvapticeav h(X) = 3x, g(X)
= nux ko g(X) = X%

1.1 kon 2.2 B OMAAAX

1. i) H evBeia mov diépyeton amd ta onueia A(1,0) xar B(0,1) €xel cvvieheot)

katevfovong A = il = -1, ondte M e€lomon g eivar:

y=-0=-Dx-) < y=-x+1L
H gvBeia mov diépyetar and to onpeio 71(2,0) kot 4(1,1) €xer cuvieheot

1 1
katevbuvong A = 2 = = = —1, ondte N e€iowon g eiva:

y-0=(-Dx-2)=y=—x+2.

Enopévag 1o oyfua pog tvat n ypoaeikn Tepdctact TS CUVAPTNONG
£(x) -x+1, 0<x<1
x) =
-x+2,1<x<2

ii) H evBeia mov diépyetan amd ta onpeia O(0,0) kot A(1,2) €xer 4 =2 ko e&icmon
y=2X.

H gvBeia mov d1épyetar and ta onpeia A(1,2) ko B(2,0) éxet A = =2 =-2 Kot
gEiomon y—0=—2(x-2) < y = —2x+4. !

Enopévag 1o oyfua pog ivat n ypaeikn Tapdctacn TG GUVAPTNONG
2x, 0<x<1
f(x)z{—2x+4, 1<x<2
iii) Opoimg €yovpe
1, xe[0,1)U[2,3)

S= {0, xe[1,2)U[3,4)
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2. To euPadov tov Vo Pacemv eivar 2zx%, evd 10 epfaddv g mapamievpng

EMPAVELNG Etvat 27xh, OTOV /i TO VYOG ToV KLAIVOpoL. Eyovpe V = 7mx h = 628,

. 628 200 ) ) ) '
ondte h=—=—— ka1 10 gpfaddv g mapdmrevpng empaveiag yiverau:
X x
2 4
27X 020 = & Emopévamg, 1o k6ot0g K(X) givar:
X X
K0 =272x -4+ 3907 1 55 8y 13907 x>0,

To euPodov Tov Pacemv Tov kovTlod eivar 7-5%2 = 507, v T0 KOGTOG TOVG Efvart
50-7-4 = 2007 (dpayL.).

To eppaddv g mapdmievpng enpdvelag eivor 2z-5-8 = 807, evd T0 KOGTOG TG
gtvon 807-1,25 = 1007.

Emopévmg 10 cuvolikod kootog givar 3007 = 942 Aentd = 9,42 gupd.

3.0 Av 0<x<1, 018!
Ta tpltyova AMN xor ABE eivat 6pota, ondte
X _(MN)@E_(MN)
(AB) (BE) 1 2

< (MN) = 2x.

Emopévag, to epfaddv Tov YpapLILosKIOGHEVOD
¥@piov, SiveTol 0O TOV TOTTO

E(x):%x-(MN):%xQx:xz,

pe 0 < x<1.
e Av 1<x <3, tote 10 gpfaddv Tov ypo-
LOGKLLGULEVOL Ympiov eivar ico e

E(x):%l-2+(x—1)2

=1+2X-2=2x-1,pel<x<3.

Apa

P x?2, O0<x<1
E(x)=

2x-1, 1<x<3
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4. A6 ta dpota tpiyovo ABI ko ANM, €xovle:

B _AA 10 5 a5-x)=MN.
MN AE ~ MN 5-x

Emopévac,
E=E(X)=MN -KN =2(5-X)x=-2x>+10x, 0 <X <5 kot
P=P(x)=2MN +2KN =2-2(5-x)+2-x =20-2X,0<X<5.

5. 1) @ Av x < -1, tote

—x—1-x+1
X)=-———————=—
S(x) 5
e Av —1<x<1, 16t¢
x+l—-x+1
f(X)=T=1
e Av1< X, 1018
x+1+x-1
Sx)=—F—=x

2
Apa
-x, x<-1
f(x)=31, -1<x<1.

X, x>1

H ypagwn mapdotaon g f divetan oto
Sumhavd oynuoL.

Amd ) ypaeikn mapdotaon tng f
@oivetal 6Tt T0 6GUVOAO TIH®V g f
giva To obvolro [1, +o0).

ii) 'Exoope

nux, xe[0,7]
J(x) = :
0, xe(m,2n]
H ypagwkn napdotoon g f diveran
670 duthavo oynua. To chvoro TV
g feivarto [0,1].
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6. 1) Exovpe: f(g(x)) = x>+ 2x + 2, dnhadn f(x +1) =x*+2Xx + 2. Av 8écovpe © =
X+ 11, 1c0dvvapa, X=w — 1, tote

f(w)=(0-1Y+2(w-1)+2=0" -20+1+20-2+2=0" +1.

Emopévag f(x)=x>+1.

i) f(g(x)=v1+x*, nhady f(—x*) =v1+x*. Oétovpe m = — X2, omdte
f(w)=+v1-0 ,®<0. Etopévog o and tig (NTodpeves cuvaptioels etvat
n f(x)=+vl-x,x<0.
iii) g(f(x)) =|ovvx| < \1- f2(x) =[ovvr| & 1- f2(x) = cvv’x
< fP(x)=1-cvvix
& 1200 =iy & |1 = .
Mia tétoto GuvapTnon Eivol T.y. 1 cvvdptnon f(x) = |1]|lx|, N M ovvaptnon
f(X) = qux 1\ n ovvaptnon f(X) = —nux x.T.A.
7. Ovovvaptioelg fron g opilovrar oto R.
— T va opileton n mapdotaon f(g(x)) Tpénet:
(xeRxag(x)eR) < xeR.
— Emopévog opiletann (f o g)(x) ko eivat
(feg)(X)=T(g(x)) = f(ax+2)=ax+2+1=0ax+3.
— TN va opileton n mapdotaon g(f(X)) mpéner: (x e Rxan f(X) eR) & xeR.
Emopévag opiCetoin (geo f)(x) kot givot
(@ F)YX)=g(f(X)=g(x+) =a(x+D)+2=ax+(a+2).
®éhovpe vo givar fog =go f, TOV IoYVEL LOVO OTOV
(x+3=ox+a+2,yukdbe xeR) o a+2=3<a=1.
8. H cuvépmon f opiletar ot0 D, = R\{a}, evdn g oto D, =[0,+00).
a) Ia va opiletan n f( f(X)) Oo npémet:
+B

X
(xeD, xa f(x)eD,) & (X#a xu Ll )

#Q)
e (x#axm f=-a’)o xeD,.
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Emopévog, n f o f éyelnedio opiopod to R\{a} kot tomo

ax+
g Ox B
X—O

sy Sy

X—a

ﬁ_a2x+a[3+/3x—aﬁ_x(a2+ﬁ)_x
- s "

B) Tl va opiCeton 1 9(g(x)) Oo mpémet:
(xe D, xu x—2\/;+leDg) = (XZOK(XI,X—2\/;+120)
2
& (X=0 ko (\/;—1) >0)

< x>0 <:>xeDg.

Emopévagm gog éxelmedio opiopod to [0,+0) kot THmo

g(g(x) = (\/ﬁ—l)2 =(11(\/§—1)2 _1j2 :(‘\/;_1‘_1)2 _

=(1—\/;—1)2 :(—\/;)2 =X,apo0 0<x <1

9. 1) 'Eyovpe:

N () :10\/2[(\/Z+4)2 +\/Z+4} :10\/2(t+8\ﬁ+\ﬁ+20) :10\/2(t+9ﬁ+20) .

ii) Exovpe:

10,/2(r+9\ﬁ+zo) ~120 & /2(z+9\ﬁ+2o) =12

@2(z+9JZ+20)=144

S+t +20=72
1491 -52=0
ot=4 ﬂ(\/;=—13,0m0p.) & t=16.

Emopévac petd amd 16 ypovia to ovtokivnta Ba ivor 120.000.
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1.3 A" OMAAAX

1. i) Hovvdpon f(x) = v1—x €gernedio opiopod 10 A = (—o,1].'Ecto X, X, € A
He X, < X,. Tote égovpe dradoykd:

=X > =X,
1-x >1-X,

J(x)> f(xy).
Apa n f givar yvnoimg pbivovea oto (—o,1].
i1) H cuvépmon f(x) =2In(x—2)—1 éyer nedio opiopov 10 A =(2,+0). Ectm
X, X, €A pe X <X, . Tote éxovpe Srodoyid:
X —2<X, =2
In(x, —2) < In(x, —2)
In(x, —2)-1<1In(x, -2)-1
S () < f(xy).
Apa n f givar yvnoiog avéovea 6to (2,+o).

iii) H ouvaptnon f(x) =3¢ +1 éye1 nedio opiopov 1o R.'Boto X, X, €R ue
X, < X,. Tote €povpe dodoytkd:
=X > =X,
1-x >1-X,
e s el
3¢ >3
3¢ +1>3e"7 +1

J(x)> f(xy).

Apa 1 f eivar yvnoiong edivovsa oto R.

iv) H cuvaptnon f(x) = (x—1)* —1 éys1 medio opiopod 10 A= (—»o,1]. 'Ecto
X, X, € A pe X, <X, . Tote éxovpe drodoyd:
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X, —1<Xx,-1<0
X =17 >(x, —1)
(X =1 =1>(x,-1)* -1
S(x) > f(x,).
Apan feivoryynoiog pdivovca oto (—o,1].

2. i) H f éyet nedio opiopod to R.
‘Eoto X, X, R pe f(x) = f(x,). Tote £xovpe Srodoykd:

3, —2=3x,-2
3x, =3X,
X, = X,.

Apan f eivon 1-1 o0 R.
"o va Bpovpe my avtictpoen g f, B€tovpe y = f(X) kau Movovpe wg Tpog
X."Exovpe, Aourdv:

2
f(x):y<:>3x—2:y<:>3x:y+2<:>x:%.

, -1 y+ 2 , , , ,
Enopéveg 7 (y) = , omotE N avtioctpoen g f eivarn cuvépnon
_ x+2
/)= 3

ii) H ouvapmon f(x) = x* + 1, Sev &yet avtiotpoen, ylati dev eivar 1-1, agov
f(1)=1f(-1), pe 1 #-1.

iii) ‘Exovpe f(1) =f(2) =1 pe 1 #2. Apa n f dev givar 1-1 610 R. Zuvendg dev
€xel avtioTpon.

iv) H ovuvaptmon f(x) = h-x €xel medio oplopov 10 A = (—o,1].

‘Eoto X,X, € A pe f(x) = f(x,). Tote, égovpe dradoyikd:

1-x =1-X,
X =%
X, =X



Apan feivor 1-1 oto R.
INa va Bpodue v avtiotpoen Bétovpe Y = f(X) ko Avvovpe wg Tpog X. 'Etot
€yovpe:

f=yel-x=y
Sl-x=)",y20

Sx=1-y", y>0.

Emopévag £ (y) =1-y, y > 0, ondte 1 avtiotpoen g feivonn £ (x)=1-x,
X2>0.

v) H ouvaptmon f(x) = In(1 - x) éyet nedio opiopod 10 (—o,1) = A.
‘Eoto X,X, €A pe f(x,) = f(x,). Tote &xovpe drodoyucd

In(1-x ) = In(1-x,)

1-x =1-X,
=X =%
X =X

Apan feivor 1-1 oto 4.
TNa va Bpovue v avtiotpoen g f Oétovpe y = f(X) kot AMdvovpe wg mpog
X.’Etot éyovpe:

f=yeohl-x)=yel-x= o x=1-¢

Emopévag f ' (y) =1—¢’, y eR, ondte 1 avtictpoen g f eivain

f1(x)=1-¢*, xeR.
vi) H ouovaptnon f(x) =e™+ 1 éyet medio opiopod 1o R.

‘Eotw X, X, e R pue f(x,) = f(x,). Tote £xovpe Sodoyka:

e +l=e"+1
e—x, — e—xz

X, =X,

Apan f givor 1-1 oto R.



INa va Bpodue v avtictpoen tng fBétovpe y = f(X) ko Mvovpe wg Tpog
X. Exovpe homov:
f()=yeoe+l=y
Sy-l=¢”
Shy-)=-xy>1
S x=-In(y-1),y>1

Emopévoc f'(y)=—In(y—1), y > 1, ondte n avrictpoen ¢ f eivar n
S (x) =-In(x-1),x>1.

X

. -1
vii) H ouvdptnon f(x) = ex 0 éxer medio opropov 10 R.
e +

‘BEoto x, X, €R pe f(x,) = f(x,). Tote éovpe dradoytia:

e -1 e" -1

e +1 e" +1

et _e pet =" —e" " -]
2e" =2
X =X

1 2°

Apan feivor 1-1 oto R.

INa va Bpovue v avtiotpoen tng fBétovpe y = f(X), ondte Exovpe:
e -1 _
e +1 4

fx)=ye
Se-l=ye' +y
Se -yt =y+1
Se(l-y)=y+1

Set=——,ue —>0.

. 1+y 1+y
1-y -y

<:>x:lnl+—y,ps -1<y<1.
-y



1
Emopévog /' (y)=In 1+_y, y € (-1,1), omdte 1 avtiotpoon tng f eivou n
-y

)= xe (L),
1-x
viii) H f dev givon 1-1, yrati f(0) =f(2) = 0 pe 2 # 0. Apan f dev avtiotpépetar.

3. Ot ovvaptioeig f, ¢ ko w aviiotpépovtar,
a@ov ot TapGAANAEG TPog TOV A&ova TV X
TELVOLV TIG YPOPIKES TOVG TOPUCTAGELS TO TTOAD
o’ éva onpelo. Avtifetan g dev avtioTpépetat.
Ot Ypop1Kég TaPACTACELS TV OVIIGTPOO®V
TOV TOAPATAVEO GLVAPTICEDV Paivovtal oTo
GYNLLOTO.

4. i) H f eivaryvnoing adovoa 6to A, ondte yio kGbe X,, X, € Ape X, < X, €ovpe
StodoyKa:

()< f(x)
=/ (%) >=f(x,)
=)x) > (=)(xy).

Emopévmg n — f eivar yvnoiog ebivovsa oto A.

ii)’Eotw X,,X, € A pe X, < X,. Eneidf ot f, g eivan yvnoiong ad&ovoes oo A Oa
eyl

J(x) < f(x,) ka g(x) < g(x,),
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omote B £xovple
TG +g(x) < f(x,)+8(xy),
1, wodvvapa,
(f +8)(x) <(f +8)(x,).
Apa, n f+ g givar yvnoing avéovoa oto A.
iii)'Eoto X, X, € A pe X, < X, . Enewdn ot f, g eivan yvmoiong avéovoeg oto 4, Ha
woyvEL

S(x) < f(x;) xon g(x,) < g(x,)
KoL emeldn], emmAéov, etvar f(x,) = 0 ko g(x,) = 0, Oa Exovpie

S(x)g(x) < f(x)g(x,),

onoTE
(f8)(x) < (f)(x,).

Apa n fg eivar yvnoiong adéovoa oto A.

14 A" OMAAAX

1. Ano to oynpata Bpickovpe otL:

i) 1irr31f(x):O kor f(3)=2

ii) iig}f(x) =2 xat f(2)=4
iii) @ lim f'(x) =2 ko hr? f(x)=1,ométe T dev €xer 6p1o o710 1, EVD givan
(-1, h
° th? f(x)=0 ko thl f(x)=1,on6ten f dev &xel 6p1o 610 2.

Emmiéov, n f dev opileton 670 2.

iv) ® lim f(x) =0 kot lim f(x) =1, onoéten f dev éxel dpro o710 1, evd givar
x—>1" x—>1*

f()=1.

e lim f(x)=1 ko lim f(x)=2, omdte n f dev éyet dpro 670 2, eV givar
x—2" x—>2"
f(2)=2.

° lirQ f(x)=1lim f(x)=2, evwd n fdev opilerar oto 3.
X3 x—3"
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2. 1) H ovvdpmon f éxetmedio opiopod to R— {2}
KoL YPAPETOL

_ (x=2)(x-3) .
x=2

Amd ™ ypopwn mapdotacn g f (dumhavo

oynuo) Bpickovpe: 1ir121 f(x)=-1.

f(x) -3.

ii) Opoimg amd T YpuEiKn TapacTAcT TG

f (duthavo oynpa) Bpickovpe: lirrll f(x)=1

iii) Opoimg amd TN YpaeKn TapdcTacT TG
f (urhavo oynua) Ppickovue

lim f(x)=1 kot lim f(x) =0, ondte, N
x—1" x—1"

S devégeropootox =1.

iv) H ovvapmnon f oto medio opiopod g
R — {0} ypagpeton

f(x)=x+|x| :{x+1, x>0

; x—1,x<0

ondte and ™ ypoPikn tapdotacn g f C,
(dumhavo oynua) Bpickovpe:

lim f(x)=-1 kot lim f(x)=1.
x—0" x—0"

Emopévamg, n f dev €xel 6pro oto X,=0.
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3. 1) H forto nedio opiopod e R — {—1,1} ypdpertar:

_ x(x* =) +3(x* =1) B (x> =1)(x+3) _
Jx)= x> -1 B x> -1 a

Amnd ) ypoagikn mapdotaon g f mov
Qoivetal oto dumhavo oynpa Ppickovpe:

lir{l1 f(x)=2 o lirrllf(x) =4.

+3.

ii) H f oto medio opiopon g R—{%}

YPAPETOL:
) (x+1)y(Bx—1) (x+1)|3x—1|
X)= = .
3x-1 3x-1
onoTe
—(x+1), owx<%
S(x) =

1
x+1, av x>—
3

Amnd ™ ypoagikn napdotaon g f mov
Qoivetal oto dumhavo oynpa Ppickovpe:

hm f(x)= —% Kat hm f(x)=

HS HE
Enopévag, n T dev €xet 6pro oto X, = é
4. 1) Eivor oAn0ng, apov }1312 f(x)= XLII_IZI f(x)=2.
ii) Agv givat aAn01g, apov }g{l f(x)=2.

iii) Agv etvar aAnOng, aeod 11m f(x)=1 ko hm f(x) =2, mov onpaivel 6TL 1M
f Sev éxer6po oto X = =17
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iv) AMBng, apod lim f(x) = lim 7 (x) =3.
v) Agv givar aAndng, aeod 1x1£r31 f(x)=3.
vi) Andiic, agod lim f(x) = lim 7/ (x) =3.
5.To }Lrg f(x) vrapyet, av Kot povo ov

lim f(x)=lim f(x) & A ~6=2 = A=31 A=-2.

X—>Xg X—Xg

1.5 A" OMAAAX

1. i)’Eyxovpue 1irr(}(x5 —4x’ —-2%X+5)=0"-4-0°-2-0+5=5
ii) 1inr11(x10 22X +x-D=1"-2-P+1-1=-1
20
i) lim (x* +2x+3)" :[liml(xs +2x+3)} T
iv) 1irr31[(x—5)3 X’ —2x—3” = lim(x—5)" lim|x* = 2x =3 = (-2’ -0 =0

v) lim - e
-l X+3 1X1£1’11(X+3) 4 2
2_3 —2|  lim(|x* =3x|+[x -2
vi) 1im|x 2X|+|X |:H°(,| p [+ |)=3=2
=0 X" 4+x+1 lxl_r)r(}(x +X+1)

vif) im3(x+2) = flim(x+2)’ =3 =3.
Xt -2 lim(\/x2+x+2—2)

viii) lim—; =2
x>l X" +4X+3 1m}(x +4x+3)

2o,
8

2.'Eyovpe:
i) linzl g(x)= lir121[3»(f(x))2 —5]=3-4*-5=43.

- im2/()-11] |3 3
i) lim g(x) === 5 = =—.
¥2 11rr21(f(x)) +1 16+1 17
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iii) ling g(x)= linzl(f(x) +2) lin}(f(x) -3)=(4+2)(4-3)=6.
3. DTwx=2 unésvigovrou Kot ot 0o dpot tov kKAdopatog. o X # 2 éyovpe:

“16 (P-4 +4)  (x+2)(x+4)

S =7 X -8 (x=2)(x*+2x+4) x’+2x+4

Emopévac,

(x+2)(x*+4) 4.8 8
hm X)=lm——-=—=—.
J@) =2 x* 4+ 2x+4 12 3

i) Opoimg Yo X # 1 éyovpe:

3x+1 (2x D(x— l) 2x—1
-1 (x-D(x+1) x+1

f=22"
X

omote

2x-1 1
hm x) =lim =—.
S ) ol x+1 2

iil) Opoimg yio X # 1€yovpe:

- - 1 x
S =—== e =
1-— (1—1)(”1) 14 ¥l
X X X X
Enopévac,
1
llmf(x) lxlg}xﬂ_z'

iv) Opoimg yio X # 0 €yovpe:

x+3)' =27  (x+3-3)[(x+3)*+(x+3)-3+9
o G227 ( (x+3) + (x+3):3+9]
X X

=(x+3)" +3(x+3)+9.
Enopévac,

lingf(x) = lirr(}[(x+3)2 +3(x+3)+9]=27.

4."Eyovpe:

Lo 3= 34X 3-x 1
i) lim =lim =lim =lim

1
x99 —x X—>932_(\/§)2 X*9(3+I)< \/7)_X”3+\/;_6
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e (1—J1—x2)(1+J1—x2)

ii) lim — 1im _fim 1= (=X)
U S x2(1+\/1—x2) 0 2(1+\/1 x)

lim— -1

04 1-x 2

iii) lim Vx+2-2 lim (m_z)( X+2+2)(\/ﬁ+3)
x»2\/m-3 HZ(\/x +5+3)(\/x +5- 3)( x+2+2)

(x—2)(\/x2 +5 +3)
=lim
22 (¢ -4 (Vx+2+2)

(V)]

lim VX*+5+3 EZE
“Z(X+2)(\/x+ +2) 16 8

Ix-2 _

iv) lim x-2 =lim ( " ) i x-2

=lim
x4 X2 —5x+4 x4 (X=1)(x—4) H“(X_l)[(\&z—zz}

= lim x-2
x4 (x—1)(\/§+2)(\/§—2)

=1lim ! _ 1

5. i) T x < 1 givon f(x) = x°, omdte }g? f(x)=1.
Ta x> 1 givon f(X) = 5x, omote li_IE f(x)=5.
Emopévac dev vmdpyet 6p1o g Xf oto 1.
it) Ma x <—1 givon f(x) =—-2x, omodte r15111 f(x)=2.
Tax>—1 givar f(x) =x>+1, ondte Xlgr: f(x)=2.

Emopévog 1im1 f(x)=2.

[133]



6. Exovpe:
i) Tim WX 3 MH3X 35
x—0 X x->0  3x

i) lim &% = im (T]HX.;) fim 1% lim;zl-lz

X—=0 ¥ x—=0 X oLvVX Xx=>0 ¥ x>0 gLVX
np4x
iii) lim £ o famax 1 S boax b, 1,
=0 u2X 20\ nu2X cuv4x x>0l MUZX  Guv4X 11
2X
iv) llm( _"“ijnm(l—“—WJ:l imI 1129
X—0 X x—0 X x—=0 ¥
V) lim 2 i W i L gy

np.SX(\/SX+4 +2)
vi) lim =1lim
) x—0 /5X+4_2 X—0 S5Xx+4—-4

:limnusx-lim(\/5x+4+2):1~4:4.

x=>0  §X x>0

7. 1)'Eyovpe,
. ’ _l-ouovix . (1- 1 ,
Jim —H X = lim— 2%V X :hm( SUVX)( + SLVX) =lim(l - ocvvx) =2.
-r]4+GUVX 27 [+oLVVX X7 (1+ovvx) xom
i) 'Exovple,
2 2
lim 1OV X iy X X,

=0 Mu2x *20 2NUXCLVX  *20 26V VX
iii) Exovpe,
X . X . 1 1
X iy — _

lim .
-0 MU2X 20 2NUXGLVX  X20 2guvX 2

8. i) Evay, lim(1 - x*) =1k lim(1+ x*) = 1, omdte 0md T Oedpn o TG TapeuPoAnic

gtvon lin(} f(x) =1

i) Opoiwmg, hm(l —x*) =1 xa lim

=1, omote lim f(x)=1.
x=>0 gV X x—0
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9. Eivou:
1in}1f(x) =10 < lim f(x)=lim f(x)=10
X x—3" x—3"

< limQax+ f) = lim(ax+3p)=10
x—3" x—3"
S 6a+p=3a+38=10

6o +B=10
3a+38 =10

@a:§ Kot f=2.

1.5 B OMAAAX

1. 1) o x =2 pundevilovtot kat o1 300 6pot Tov KAGoHoToc. Me 10 oy tov Horner
Bpickovpe X* —x* —x—2 = (X—2)(X* + X +1), ondte

x3—x2—x—2_lim (x—2)(x2+x+1)_l. X +x+1 7

lim 5 5 = . =_
X2 X -8 2 (X=2)(X"+2X+4) x=2X" +2x+4 12
v+l v+l _ v o _ _
ii) lim X v +Dx+v lim X VX=X+V lim X(X" =1)—=v(x-1)
x—1 X—1 x—1 X—1 x—1 X—1

i DX X LX) —V]
x—1 X—=1

= linll[x(xv’1 XX+ D) =v]=v-v =0

iii) ®@¢tovpe Vx =1, omorte

J— 2_ —
limx—lzlim 3t ! =lim U 1)2(t+1) (Zynuo Horner)
ey 4fx =2 1P +1=2 =L (=D +1+2)
. t+1 2 1
=lim— =—=—,
oL+t +2 402
2. 1i)’Eyovpe:
Jx? +10x +25 \/(x+5)2 -1, avx<-5
f(x)= = = ,
x+5 x+5 1, av x>-5
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omoTE
lim f(x)=-1xar lim f(x)=1.
x—>-5" x—-5*
Enopévag dev vadpyet 6pto g foto 5.
i) [Na X < 5 givau
x=5[+x"—4x-5 —(x-5)+x*—4x+5 x*-5x
x=5 x=35 x=35
Emopéveg lim f(x) = limx =5.
x5 x5

iii) T X > 5 elvan:

|x—5|+x2—4x—5 _x—5+x2—4x—5 3 x2=3x-10

/()= x-=5 x=5 a x=5

=x+2

Emopéverg lim f(x) = lim(x+2)=7.
x5 x—>5"

iv) @étovpe Jx =1, omorte €youvpe

2 4 2
. \/;:hmt RTINS AS)
x—l \/;_1 -1 t_l t—1 t_l

:lil‘I]lt(tz+t+1)=3,
t—

kot B =g = Ko
cuvo GLV

1 npb hml—np@
cuvvl GUVO gﬁ% cuvvl

3. 1) Eivar ¢ =

, OTOTE

hm(a p)= hm(

0%
2

_ lim 1-np’o _ lim cuvl
07 ocuvO(l+nub) 6»714‘1'“19
ii) hm(a -B* = hm(l) =1

0% 0%
2 2

iii) hm B_ = hm(nue) =1.

94 a 0=
2

4. 1) ®érovpe g(x) =4f(x)+2—-4x, ondte f(x)= ig(x) + x—% . Eneidn
linll g2(x)=-10, éyovpe
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lim /(x) = lim| — (x)+x—lj—l(—10)+1—l—_2
x—l1 x—l1 4g 2 4 2 :

i) ®¢tovpe g(x) = / (xl)
x—

,omote f(x)=(x—Dg(x), x#1.

Emeidn lirrll g(x) =1, égovpe
linllf(x) = linll(x—l)-lirrllg(x) =0-1=0.

1.6 A" OMAAAX
. 1) Emewn 11m(X +3x7) =0k X* +3x> > 0 yia X # 0, eivon lxlg(} NI = 400,
Eneidn, emmAéov, lxlg(}(x +5) =35, éyovpe
lxlir<}x +35x2 _lxlirg{(x+5) 13x } e
il) Eneidn hm 4(x—1)* = 0xon 4(x—1)* > 0 xovté 670 1, givan lim I _ =40

x—1 (X 1)
Enreidn, emmAéov, 1i1111(2x -3)=-1<0, éovpe

limzx—_34 =lim (2x—3')-;4 =—00
oL4(x=1)" xl 4(x-1)
ii1) H f 670 medio opiopod e R — {0} ypdoeton

—,avx<0
S(x)=1x ,
0, avx>0

omoTE EYOVLE

hm f(x)=lim % =—o0, gv®d lim f(x)=0.
x—0"

x—=0"

Emopévmg dev vtapyet 6pro g f oto x,=0.

2. i) H f ot0 medio opiopod e R — {—1,1} ypdopetar:

3 4 3x+1 4 3x 1
f=— 4 -
1-x 1—-x

1-x*  1-%
Eneidn x = 1 nepopiiopacte 610 vmoshvoro (0,1) U (1, +00) tov mediov opiopod
g f.

[137]



e Av X € (0,1) épovpe 1-x* >0 xar lim(1—x>) =0, ondte lim T =+
X—=>1" x> | —X

Emudéov eivar lim(3x—1) =2 > 0, ondte égovpe

X—1"

3x—

lim —— = 11m[ } = +00,

x—1" X X
® Av X & (1,+) &ovpe 1-x* <0 ke lim(1-x*) =0, ondte lim —— = —oo.

x—1"

x->1" ] —X
Emudéov ivar lim(3x—1) =2 > 0, ondte
X—17

lim —— 3= = 11m{

kot 1= X2 xor

1
= —00,
=1

Emopévamg, dev vmapyet opio g f oto x, =L
ii) H f oto nedio opiopod mg R — {0} ypaoetar:

X2 +3x-2
2 b

f@=y 7
X2 +3x-2

2 >
X

x<0

x>0

e Av X < 0 érovpe —x> <0, lim(=x*)=0 xot lim(x*+3x-2)=-2<0,
X—0" X—0"

N .
ondte lim — = —oo kot Gpa
x—>0" —X

limf(x):lim{ 12}:+oo.
x—0" x—0" —X
® Av X > 0 &ovpe X° > 0, hmx =0 Ko llm(x +3Xx-2)=-2<0, ondte

X—0 X—0

1
lim — = +o0 ko épa
x—0" X

. . 1
lim f(x)= lim {(x2 +3x—2)-—2} = —o0,
x—0" x—0" X
Emopévmg, dev vmdpyet opo g f oto X,=0.

iii) H f 610 medio opiopod e R — {0} ypdpeton:

3 3
X X X

® AvX <0 éyovpe X <0, hmx 0 xon hm(x +1)=1>0, ondte hml:—oo
Kot Gpa . X
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. . 3 1
lim f(x) = lim {(x +1) ~—} = —o0.
x—0" x—0" X

® Avx> 0 éxoope x>0, lim X =0 kot lim (X’ +1)=1>0, ondte lim — = +0
Kol dpa X—0 X—0 x—=0" X

lim f(x)=lim [(x3 +1)- l} = +00,

x—0" x—0" X

Emopévmg, dev vmapyet 0plo g f oto x,=0.

1.6 B  OMAAAX
1.’Eyovpe:

9 -9

JS(x)= xvx —2x—4/x +8 B x(\/;—2)_(4‘/;_2)

- 1 -9

B 9
- (x-4)(Vx-2) (\/;_2)2 Ix+2°

To nedio opiopod g f gival to ovvoro A =[0,4) U (4, +w0).

2 2
INo X e A givon (&—2) >0 ko lim(\/;—Z) =0, ondte lim; = 400,
X—4 X—4 (\/; _ 2)
. , . — 9 .
EmuAéov givar lim =—=,0motE
x—4 \/;_’_2 4
lim £ (x) = lim L

54 (\/;_2)2 \/;_,,_2

" . T , .
2.1)'Eyovpe lim cuvx =0 kotcovx>0vyio Xe| 0,— |, omdte lim =400,
N 2 «s®_ OLVX
2 2
Emumiéov eivan lim (px) =1, omodte
x>
2
. . 1
lim (epX) = lim | nux- = +00,
X X GLVX
2 2
= —00.

. . T , .
Opoimg, lim (cvvx) =0«kotovvXx<0yww X €| —, 7 |, omote lim
' 2 z* GLVX
2

T
X=>— X—>

2
Emumdéov eivar lim (px) =1, ondte
o

X—>"—
2
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lim (epx) = lim {nux ! } = —o0.
GLVX

x—>7 x—>7
Enopévog, n f(X) = epx dev &gl 6pro oto % .

. . . 1
ii) ' Eyovpe lim(mux) =0 «at nux > 0 yio X € (O,EJ, onote lim —— =+,
X0 2 x=0" N UX
Emumiéov givar lim (cuvx) =1, omote
x—0"

1
lim opx = lim |:GUVX —} +00.
x—0" x—0" nux

. . 1
Opoimg, Iim(Mux)=0 kounux <0y X € [—E,Oj, omote lim —— = —o0 |
X—0" 2 x=0" M UX
Emmiéov givar lim (cvvx) =1, omote

X—0"

X—>0" T“’lx
Enopévag, 1 f(X) = opx dev €yl 6pro oto 0.

11m 1(opX) = lim |:GUVX L} = —00,

3."Eyovpe
lim(x* =1) =0 Kot hm[(/l DX> +x-2]=

x—1

—Avi-2>00miadn av 4> 2,16t lim f(x) =+ Kou 11m f(x)=—00, ondte
dev vmapye 6pro g foro 1. o

—AvA-2<0mhadn av 4 <2,16te lim f(x)=—o0 Kou llm f(x) =400, omote
dev vmapyel 6pro g foto 1. =

X 4x-2 (x 1)(x+2) x+2

—AvA=2,1618 f(x)= -1 (x=D(x+1)  x+1

, pe X =1, omote
. 3
leiq f(x):zeR

Emopévag to lirrll f(x) vrdpyetoto R pdévo av A =2.
Opoimg, éxovpe:
limx=0 xo hm(x +2X+p) = p.

X—0

— Av ;> 0, tote lim g(x) = +o0 Ko hm 2(x) =—o0, ondte dev vIapyeL Oplo
x—0"
™m¢gorto 0.
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— Av u <0, 16te lim g(x) =—o0 Kou 11m 2(x) =+o0, omdTE deV LVILAPYEL OPLO
™m¢ g oto 0. =0

2

2
— AV =0, tote g(x) = X

=x+2 pe x=0, ondte Iing g(x)=2¢R.
Emopévac, to lin(} g(x) vmapyetoto R povo av i =0.

4. 1) @étovpe g(x)= x_—4 Eneion lirrll g(x) =+, givar g(X) # 0 kovtd oto 1.
Emopévag (x) 7

f(x)= ( ) , Kovté oto 1.

Enmeidn liHII(X -4)=-3<0 Kot 111111 2(x) = +oo &yovpe:

11m f(x)= hm g():; = lim{(x —4) ﬁ} =0.

ii) ®¢étovpe g(x) = f( )

, onote f(X) = (X + 2)g(x) kovtd oto 1. Enedn
lirrl1(x +2)=3>0 xo lirr]1 g(x) = —o0, &yovue:

lim /(x) = lim[(x +2)g (x)] = -

iii) @étovpe g(x) = f(X)(3x* - 2), omdte f(x) = 3gz(x)2 Kovtd 670 1.
X

Emedn hm g(x) =+ ko 1111113
X— X

. . 1
lim /(x) = ngl{g(x)'m} = +o0.

2

1
— =1>0, éyovpe:

1.7 A" OMAAAX
1 1) hm( 10X° +2x—5) = hm( 10x*) =—-10 lim X’ =

X—>+00

i) 11131(5x —2x+1) = liI}l(SX )=51ir;1x =-

iii) lim = lim —=0
X—>—00 X +8 X—=>=0 ¥

oo xP=s2x—-1 L X

iv) lim ———————= lim — = lim X =+o0
X—>+00 X _3x+2 X—>+00 X3 X—>+00
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2% +x-1 Co(2xr) 1
V) lim = —— = lim | 25 | ==
x> 433 —x2 42 x| 4X 2

vi) thz— lim%: limig:O
X—>+o0 X + X+ 3 X—+0 Y X—>+00 X
1 X 5 OXPH2Xx=5x1 -5 . —Ax*+2Xx-5
vii) lim | —-——[=lim —————=lim ————
iore\ X741 X4+2) o (XIHD)(X+2) o X +2XT 4+ X+ 2
. —4x? —4
= lim = lim =0
X0 X X400 X
e [ X245 X243 CO2XP42x+10 0 . 2x3
viii) lim - = lim ———=lim —-=2.
X—>+00 X X+2 X—>+00 X +2X X4 ¥

2. i) Emedn A= 4 —4-4-3 <0 1o medio opiopod e f(x) = V4x’ —2x+3 sivarto
R. Tlepropilopaote ato ddotnua (0,+0) omov n fypdoston:

PR e e i B PRETRER TN PRESNEI TN
2 2 2
X X X X

X X

Enopévag

xX—>+00 X—>+00 X

lim f(x)= lim (x 4—2+%J:+oo.
X

ii) Ot pilec Tov TprvORoL X* + 10X + 9 givar —9 kot —1, omdTE TO TESTIO OPIGHOY

me f(x)=+x> +10x+9 givon A = (—o0,—9]U[~1,+00). Ilepropidpoocte 6T0
duaotnpa (—0,—9] émov 1 fypdpetar:

f(x)=vx*+10x+9 |x (1+E+i]
X Xx

10 9 10 9
=X 1+ —+ 5 ==X [l+—+=.
X X X X
11m f(x)— hm [—x f1+9+iJ:+oo.
X x

iii) To medio optopod ™g £ (x) = va® +1+vx* =3x +2 sivar A = (=0, 1]U[2, +00).

IMeproplopaocte oto dibdotnpo [2,+0) démovn f ypaeetat:

Emopévag
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1 3 2 1 3 2
= x| J14+ = =242 = x| Jle =+ 1-2+ 2 |.
f(x) =1« +x2+|x|\/ x+x2 x(\/+x2+\/ x+x2J

Emopévag

lim f(x) = hm{ (\/Hiz +\/1—§+%H:+oo_
X—>+o0 X . x

iv) To medio opiopo?d eivon 1o shvoro A = (-, p,JU[p,,+2), bmov p, p, o1 pileg
g e&lowong (X + a)(X + ) =0, mov givan ot apBpoi —a, — f. Apa, n f opileTan
o€ Ao TNG LopenG (—0,¥) pe y < 0. ITepropildpacte 610 ddotnpa avtd,
OTOTE EYOVLLE:

a+ﬂ aff

X

f(x) =y + (@ +B)x+ap —x=|x| [1+

= ( 1+a+[3 €+1J.
X X
Emopévag

lirﬂcf(x): 1irg}{—x( 1+a+ﬂ 2ﬁ+1J:|:+oo.

X X

v) To medio opiopod g f(x) = 2x — 1 —~/4x* —4x + 3 eivau 10 R. [epropi(dpoocte
010 ddotnua (0,+0), ondte n f(X) ypdoeror:

2x—1) —(4x* —4x+3 -2
= Qxol -G )_ 2
2x—1+4x> —4x+3  2x—1+4x’ —4x+3
B -2 B -2
2x—1—x/4—i+i2 x{z—l— 4—4+32}
X X X X X
Enopévag
. . 1).. -2
lim f(x)= lim (—j lim
X—>+0 X400\ x ) x>+ 1 4 3
2——— J4-——+
X X x
=0- -2 =0



3. 1) To medio opiopod g f(x)=
duaotnpa (0,+0), oroTe

/ 1 1 1
x2(1+j = =
2 _|x| 1+x2 _x 1+x2 ], I
= - — —.
X X X

| ,
eivar To R*. Ilepropilopaocte oto

J(x)=

+
X

Enopévaog lim f(x)=1.

ii) To medio opiopod g f(x) =+vx* +1—x eivor 1o R. Teplopildpacte 610
Sdaotnua (0,+w) , ondte

(\/x2+1—x)(\/x2+l+x) R

VX +1+x
} 1+—
1
1 / 1
X 1+?+x ( —2 + ]

Emopéveg lim f(x)=0.
givar to R*. Iepropilldopacte oto didotn-

JS(x) =

—_

x*+1

iii) To medio optopov g f(x) =
pa (—0,0) , omdte

2 —X, 1+
— 1+_

S(x)=
Emopévarg lim f(x) =-1.

iv) To medio opiopod g f(x) =vx* +1+x sivar to R. [epropiidpacte 610
dibotpa (—o,0), onote

2 1+ x (N +1-x
f(x):< L) 1): 1




Emopévag 11m f (x)=0.

—x?+1

v) To medio opiopovd g f(x)— givar A = (—oo,—1) U (l,+»0).
x* -1

[epropilopaocte oo diaotnpa (1, +oo), omoTE

(= 41) (e 1) (x e V1) D(xenli-1)

S = ( \/_1)(x+\/ﬁ)(x+m) 1.(x+m)
o AN e
_ X+X\/l+12_ x[1+ 1+12]_ l+\/l+12
X X X
Emopévag,

1
1+ /1——
. . 2 1+1
lim f(x)=lim| ———% |=——— =
X—>+0 X—>+0 1 1+1
I+, 1+—
X

vi) To medio optopod ™mc f(x) = xv/x” +2x+2 —x° eivon 1o R . Tlepropilopacte

oto ddotnpa (0,+0), omote
(\/x2 +2x+2 —x)(\/x2 +2x+2 +x)
f(x)= x(\/x2 +2x+2 —x) =X
(\/x2 +2x+2+x)

X 2+g 2+3
2X+2 X X

Jx [2 2
X2 +2X+2 +X x[ 1+2+22+1J 145+ 41
X X x X

Emopévag, lim f(x) = +oo.
X—>+00
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1.7 B OMAAAX

1.1) Ilepropildpacte oto ddotpa (—o,0), ondte

f(x)= |x|4/1+—+ux——x /1+—+ux—_ [ /1+L_u}

Emeion
{ 1 . , ,
11m ( X) =400 kot lim ( I+— - /JJ =1- u, &ovpe TG EENC TEPMTMOGELG:
X—>—00 X
—AvV1—p>0dmhadn x <1, 10T _1i1}1 f(x) =400
— AV 1 —pu<0diadn x> 1, 10T€ lirzl f(x)=-
—Avpu=1,10t¢ f(x)=+x"+1+x, onodte
(\/)Cz +1 +x)(\/x2 +1 —x)

lim £(x) = lim (\/x2 +1 +x) = lim

X—>—00 x2+1_x
= lim \/_12 = lim !
1+x* —x x 1+L2—x
X
= lim ! = lim L; :0%:0.

X—>—00 1 X—>-0| —X 1
(=X) l+—+1 1+?+1

—Dx’ +2x* +3

ii)'Eote f(x) = (u 7 516

2
—Avu=1,101¢ f(x)—x—+3,07t0'ts
-5x+6

2 2
lim £(x) = lim —23 _ jim 2525

X—>+0 X—>+0 xz —5x+6 xot» xz

402
 Avu= 0,16t f(x) = 223 e
—S5x+6
3 2

X +2x*+3 . =X X

lim ——— = lim — = lim — = +o0.
X—>+00 —5X+6 Xo+0 —§X x40 §
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—Avu#0,1, t0te

hm f (x) = lim (= 12) al
X—>+00 ,LLX
i [\ ) 400, av u e (-0,0)u(l,+0)
= lim ——~ .
U —o0, av ue(0,1)

2. ITepropilopacte oto (0,+), ondTe:

f(x)=vx* +5x+10 - Ax = x2[1+§+£j—lx=x[ 1+§+£—AJ.

2
X X

X x
Emeidn 10
lim X = +o0 ko lim[ /1+ +—2—/IJ—1—/1.
X—>+00 X—>+0 X X

"Exovpe 115 €EN¢ TEpTOGELS:
—Av1-2>0dmAradn A <1,1tote lim f(x)=+o0
—Av1-A<0mradnA> 1, tote lim f(x)=—o0

— Av téhog A = 1, to1e:

f(x):\/x2+5x+10—x=&
VX* +5x+10 +x

_ x _ X
A 510
1+= +E+l \/1++2+1
omoTE x X X X
lim f(x)= >0 _ 3R
X—>+00 \/i-l-l 2
Qote to lim f(x) vrdpyetoto R pévo av A= 1.
3. Eivau R i )
f(x):x +l—ax+/3:x +l-ax" +fx—ax+p
x+1 x+1
_(-a)X+(B-a)x+1+p
X+1

—Ava#1,10te

lim £(x)= lim U-ax® (1—a)x :{

+oo, av a <1

X—>+00 X—>+00 X X—>+00

—o0, ava>1
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—Ava=1«kaa#p, 10T

lim ()= lim B=9% _g_ 520,
X—>+0 xX—>+00 X
1+1
—Ava=p=1,16te hm f(x)— lim —=0.
x40 x4 |

Qote
lim f(x)=0a=8=1.

|x —5x|+x

eivarto R— {1, 2}. Ilepropilopoote
—3x+2

4. 1) To medio opropo g f(x) =
010 duotnpa (—oo,0), ondte

X =5x+x x*—4x
x)= = .
/) X =3x+2 x*-3x+2

Enopéveg )
hm f(x)— llmx—zl

\fA)oox

2
. N 1+5—
ii) To medio opiopod g f(x) = voAlEsox eivan 1o R. Ilepropildpacte 610

(—0,0), omdte X+N4+3x7

|x| /1+L2+5—x -X /1+i2+5—x
X _ X
4 4
x+|x|\/2+3 x—x\/2+3
X x
/ 1 5 1 5
—X| 41+ —=+1 =
{ 2 X J '{sz X+1

4
—x( :2+3—1J ?+3—1

S(x) =

v 2 2(3)
:\/5_12\/5_1: 3 :\/§+1.
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iii) [Tepropilopaote oto ddotnpa (1,4+0), ondte

¥ -x x(x-1
f=EE XD
x—1 x—1
Enopévag
lim f(x) = lim x = 4o,
1.8 A" OMAAAX

1. i) Hf dev eivar cvveyng oto X, =1, apov
2=1lim f(x) # lim f(x) =1
Zta voAoma onpeia Tov Tediov opIooD TG, OTWS PaiveTal amd TO GYN L0,
n feivon cvveyngs.
ii) H f dev givar cuveyng oto 1, apod lxl_I}’ll f(x)=2= f(1)=3. Xta vroroma

onpeio Tov Tediov opiopod e, dnmg eaivetal amd o oy, n T eivar cuveync.
2. i) Eivow: lim f(x) = lim (x* +4) =8, lim f(x) = lim x* =8 ka1 f(2) =8, ondte
x—>2" x—>2" x—2" x—2"
lim /(x) = /(2).
Emopévagn f eivar cuveyng ato X,=2.
i) Etvou:
lim £(x) = lim(x* +1) =2, lim f(x) = lim 3+ x =2 kou f (1) =2, ondte
x—>1" x>0 x—1" x—-1*
lim /(x) = /(1.
Emopévag n f eivon cuveyng oto 1.
X +x-2 _(x=D(x+2)
x+2 x+2

(x - 1)5

iii) Mo X #— 2 woyver f(x) =

onote
111{12 f(x)= lir{lz(x -)=-3=f(-2).

Emopévaen f eivar cvveyng oto X, =—2.

E’ x<-—1
X
3. i) Hf(X) ypapetar £(x) =4 2x*, —1<x<1.
2, x>1
X
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Y10 duwotnua (—1,1) n feivar cvveyfg wg molvmvopkn cuvaptnon eved oto
dwotiuata (—oo,—1) kot (1,4+0) 1 feivar cuveync og pnt cuvaptnon.
o x =—1€yovpe:
. .2 . .
lim f(x)= lim ==-2, lim f(x)= lim 2x> =2 xou f(-1)=2.
x—>-1" x—>-1" x x—>-1" x—>-1"
Emopévacn f dev givat cuveyng oto
—1.2to x=1 éyovpe:

lim £(x) = lim 2x* =2,
x—1" x—->1"

lim f(x) = limZ =2 ko f(1)=2.
x—1" x>t x

Emopevog 1 fdev efvar cuveync oto 1.
H ypaopum mopdotacn g f eaivera
670 SuAavo oyNuoL.

ii) [ X # 2 éyovpe
2_ — J—
f(x)=x 5x+6:(x 2)(x 3):x—3,
x-2 x-2

omote 1 f givar cuveyng og kabéva and ta
draotipata (—0,2) Kot (2,+0), og ToAv-
MVLUIKT] GLVAPTNOT).

INo x =2 1oy0et

lin}f(x) = lin;(x—3) =-1# f(2) =5,

omote N f dev givon cvveyng oto X = 2. H
ypoa@ikn mapdctaon g f gaivetor oto
duthavd oynua.

iil) Zto ddotua (—o,1) n f sivar cvveyng wg
nolvovopkn. 1o didotnua (1,+0) n f eivon
oLVEYNG WG LOYOPLOLUIKT.

o x =1 &yovpe:

lim f(x)=limx=1,
x—1" x—1"
1iI¥ f(x)= 1iI¥ (ln x) =0« f(1)=0.

Enopévagn f Sev eivan cuvexfig oto X = 1.
H ypaoum napdotaon g f @aiverol 6to Sumhovd oy
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iv) Zto dudotmuo (—0,0) 1 f éxsrtomo f(X) = € kat givor cuveynic.
210 Stopa (0,+0) 1 f éyet omo f(x) = —x” +1 Kou eivar cuveyic o
TOADOVULLKT.
X0 X =0 &qovpe:
lim f(x)=lime" =1,
x—0" x—0"
lim f(x)= lim(-x* +1) =1
x>0 x—0"
karf(0)=1.
Emopévac 1 f eivar cvveyng oto x,=0.

H ypoewn mapdotaon g f eaiveton
010 Surhavd Gy

4. 1) Zro didotnpa (—oo,1) 1 feivat cuveync og moAv@vopkn. Xto didotnua (1,+0)
n f eivar cvveync wg mnAiko cuveydv cuvapTNoE®V.
Zto X =1 &qovpe:

lim £ (x) = lim(2x* —3) = -1,

x—1" x—1

| a1 GeD(Va)

lim 0 =l = lim = = lim (V1) =2
kou f(1)=-1.

Emopévmgn f dev eivar cvveyng oto X, =1

i) Xto didomua (—0,0) n f eivor cuveyng og TAiko GUVEXDY GUVOPTHCE®V.
10 Suotnpa (0,+00) N f glvan cuveyne.

X0 X =0 &qovpe:
. o Mux . e _ _
lim f(x)=1lim — =1, lim f(x)= lim cvvx =1 karf(0)=1.
x>0 =00 X x—0" x—0"
Emopévacn f eivar cuveyng kot oto X,=0.

5. 1) H f givar suveynig og oc0vBson Tov cuveydV GUVOPTHGEDV Y = NUU KL U = GOVX.

il) H f eivatl ouveyfic wg o0vbeon tov cuveydv cuvoptioemy Y = Inu Kot u =
2
X+ X+1.
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i) H f eivon ovveyng g obhvbeon tov cuveydv cuvaptioemy Y = nuu Kat
1
X +1
iv) H f givon cuveync og ohvBeomn tov cuveydv cuvaptioemy Y = " kat U = nuX.

u=

v) H f elvan ovveync og odvbeon tmv cuveydv cuvaptioeny y = Inu kot U = InX.

6.H ocvvdaptnon f(x)=nuw—x+1 eivar coveyng oto [0,7] xatr toydet
f()f(r)=10-7) <0, dnradn TAnpei T cLVONKEG TOL BewPNHOTOG TOV
Bolzano. Enopévag, n e&icwon f(X) = 0, dniadn n e€icwon nux —x + 1 =0, £xel
pia, tovAdytotov, piCa oto (0,7).
7. 1) Hopatnpovpe 6t f(0) =—1 ko f(1) =1,
ométe n f(X) = X* + X — 1 670 [0,1] TAnpei T1¢ GLVONKES TOL BEPHULOTOS TOV
Bolzano. Enopévag, 0 eéicwon f(X) = 0, Sniadn n séicoon X +x—1=0, éxst
pia, TovAdytotov, pifa ato (0,1). Apa, £vag ammd Toug (TOOIEVOLS AKEPAIOVS
glvaro o =0.
i) Opoimg, évog amd Toug (NTovIEVOVG aKEPALOVS EivaL 0 o =— 1
iii) Opoimwg, o a=—1

iv) Opoiwg, 0 o= 1.
8. @swpovpe T cuVApPTNON
Jx)=al(x—p)(x=v)+Bx—-A)(x=v)+y(x=A)(x—p).
H f eivar ovveyng oto [4, u] xan woyver f (L) f(u) <0, apod
f(A)=a(A—p)(A-v)>0 kv f(u) = pu—2)(u—-v)<0.
Enopévac, oopomva pe 1o Bedpnpo tov Bolzano vrdpyet éva, TovAdyiotov,
X, € (4, u) téror0, dote f(x ) = 0.
Avéroya Ppickovpe 6TL VIAPYEL EVE, TOVAAYIOTOV, X, € (U,V) TETO10 OOTE f(XZ) =0.
Enednn f givon devtepoPdaduio tpudvopo, dev éxet Ghleg piles.
9. 1i)’Eyovpe:
f)=x"+2x" —x-2=x"(x+2)-(x+2) = (x +2)(x* —1)
=(X+2)(x+1)(x-1),
omoTE

f(X)=0x=-2 fAx=—1fx=1.
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O mapaxdto nivakag deiyvel To Tpdonuo g f oe kdbe ddopa.

Aldotnpo (—0,-2) (-2,-1) (-L1) (1, +00)
Em)»syp’tévog 3 3 0 2
apOuoc X D
f(x) -8 3 2 12
8
Mpdonpo g f - + - +
ii) Eyovpe f(x)=x" (x> =9) = x*(x —3)(x +3), omd1e
f(x)=0=x=0 dum)Mx=3Xx=-3.
O napakdTo wivakag deiyvel to tpdonpo g f o kabe didotua.
AdoTpa (—o0,-3) (-3,0) (0,3) (3,+)
Emkay;}svog 4 1 1 4
ap1Bpog X,
f(x,) 112 -8 -8 112
Mpoonuo g f + - - +
iii) ‘Exovpe:

2
S(PX:\/§<:>X:—T7T ﬁ XZ%, (l(pO'l:) XE(—ﬂ',ﬂ').

O nopokdTo wivakog divel To Tpdonpo g f og kabe didotnpa.

, 2r 2r w T T T
Alotnuo -, —— - = == == by
3 352 2°3 32 2
Emiheypévog I T 0 57 3z
apOpog X, 4 T I T
f(x) 1=\ 2 A > |
Tpoonuo mg f + +




iv) YroAoyilovpe tig pileg tng f(X) =0 o710 [0,27] £xovpe

NUX + cLVX = 0 < NUX = —GLVX

S epx=-1
3r Tr
SX="—7—1N X=—.
4 4
O mopaxdatm wivokag divel To Tpdonpo g f(X) = nux + cvvx oe kGbe ddotnuo:
7
Avdotnpa 0,3—7r 3—”,7—ﬂ (—ﬂ , 27‘[:]
4 4 4 4
E .
mkay;’wvog 0 . o
apOpoG X
f(x,) 1 -1 1

Ipdonpo g f + - +

10.1) H cvvépnon f(x) = Inx — 1 givan yvnoimg avéovoa kot cuveyng oto [1,e].
Emopévmg 1o obhvoro Tiudv g eivan to ddotnpa [f(1), f(e)] =[-1,0].

i) H ocvvaptnon f(x) = — x + 2 givar yvnoing edivovoa kot cuveyng oto (0,2).
Emopévac, To obvoro Tipdv g givat to dtdotnpa (0,2), apov Im; f(x)=0
ot lim £(x) = 2. H

iii) H ovuvéptnon f(X) = 2nux + 1 givor yvnoing avéovoa kot cuveyng oto [0,%}.

(A@ov n ovvaptnon tov g(X) = nux gival yvnoing avéovca 610 TpMTO
teTopUopLo). Emopévac, to shvoro tidv g eivar o dtdotnpa [1,2), apod
f(0)=1 ko lin} f(x)=2.
6
iv) H cuvaptnon f(x) =€+ 1 givar yvnoing avovoa kot cuveyng oto (—o,0].
Emopévac, to chvoro tinmv g givar to didotua (1,2], agov lim f(x) =1
xau £(0) =2. o
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1.8 B OMAAAX

1. H f eivan suveync oto X , = 2, Qv Kot povo ov

lim f(x) = lim f(x) = f(2)  lim(x* —k*) = lim (kx+5) =4«
x—27 x—2" x—27 x—2"

S 4-Kk=2k+5
SK +2K+1=0
oSk =-1.
2. H f givan cuveync oto X, =1, av kot povo av
lim £(x) = lim /() = /(1) & lim(@’x + Bx—12) = lim(@x+ ) = 5
sa’+pf-12=a+p=5.
Amd v eniloon Tov TELELTAIOV GVGTHLOTOG BpicKovLLE
(a=4,=1) | (a=-3,8=23).
3. 1) H ouvaptnon f eivon soveyng oto X = 0. Zovenac,
covx—1 . oovix-1 .  —nmu’x

£(0) =lim f(x) = lim =lim =lim
x—0 x—0 X

=0 x(ocuovx+1) 0 x(1+ cvvx)

= hm[( np,x)(nw(];} = 0-1% =0.

X J1+ovvx

i) Ene1dn n g eivan cvveyng oto 0 Oa 1oyvel g(0) = lim g(x)=lim g(x).
—0" x>0~

Enopévamg, apkei vo vroloyicovpe To hm g(x).
T x> 0 éyovpe dradoyikd:

|xg(x) —np| < x°
—x* < xg(x)—nux < x°
—x> +nux < xg(x) < x* +nux

It

g Sxka
X

AdAG
lim( X+nij—l Ko lim(x+n—uxj:1,

x—0" X x—0" X
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omote, and o Oedpnpo wapepPoing, eivar lim g(x) =1. Emopévaog g(0)=1.
x—0"
4. @empovue T GLVAPTNON
9(x) = f(x) —g(x).
H ¢ eivaw ovveyng oto [0,1] kot woyvet p(0)p(1) <0, apod
@(0) = 7(0)-g(0) <O xan o(1) = f(1)-g(1) >0

Enopévag, copemvoa pe 1o Bedpnpuo tov Bolzano, o vrdpyet éva, Tovddyiotov,
£ €(0,1) tétoro, wote ¢(&) = 0, omote (&) =g(d).

5. a) 1o avoiktd ddotnua (1,2) n e&icwon ypaeetotl tl6odvvapo
(x* +D(x=2)+(x* +)(x=1)=0.
Emopévac, éxovpe va deifovpe 6TL 1) cuvaptnon
F) = +D(x=2)+(x* +D(x-1)
€yel [o., TovAdytotov, piCa oto (1,2). Ilpdypatt
* H f givan suveyng oto [1,2] ko
o Ioyoel f(1) f(2) = (-2)(65) < 0.

Emopévmg, ovppmva pe to @sdpnpo tov Bolzano, 1 f éxet pia, tovddyiotov,
pilo oto (1,2).

B) Zto avouytd dbotua (1,2) n e&icwon ypdeetot tlcodvvapa
(x=2)e" +(x—1)Inx=0
Emopévac, égovpe va deiéovpie 6TL 1 cuvaptnon
f(x)=(x-2)e" +(x—1Inx
€xel o, TovAdytotov, pifa oto (1,2). Ipdypatt
o H f givar ovveyng oto [1,2] kan
o Ioyvel (1) f(2)=(—e) In2 <0.

Enopévag, chpuomva pe 1o @sdpnpo tov Bolzano, ) f éyel pio, tovddyiotov,
pila oto (1,2).

6. i) Avalntovpe Avomn g e&icwong f(X) = g(X) oto cvvoro (—,0) U (0,+0).
Enedn opowg f(X) =€ > 0 yuo k60e X e R* xar g(x) = 1 >0 ue x>0, evd
X
gx)= 1 <0 pe x <0, negiooon, f(X)=g(x), av &xel kamolo Ao, avth Ba
x

aviket oto (0,+c0).
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Yuvenmg, avalntovpe Avon g f(X) = g(X) oto (0,+%) 1, 160dVVaua, TNG
e€iowong f(X) —g(x) =0 o010 (0,+0).

1
Oewpodpe ) cvvaptnon @(x) = f(x)—g(x)=e" ——, x € (0,+0). H cvvap-
Tnon autr etvat: *
® cuveyng oto (0,+0).
® yvnoing avgovsa 6to (0,+). Iipdypott, £6t0 X, X, € (0,+0)pe X, <x,. Tote:

e <e” e <e” | |

1 1 ,omdte 1 1, konapa e’ ——<e” ——,3nkadn p(x ) <p(X,).
—> ST X X,

XX X X,

Emopévag, 1o 6hvolo TudV g ¢ givar 1o Stdotnue (—o0,+0) =R, apov
lim @(X) = —oo ko lim @(X) = +o0. Apan @ €xel pia, TovAdyoTOV, pilo 6TO

x—0"
(0,+00). Emedn, opwe, n ¢ yvnoing avcovca oto (0,+00), 1 pila avtn eivan
LoV,

Apa, n e&icwon f(X) =g(X) oto (0,+0) éxel akpiBog o pida.
i) Avantoope Ao g e&icwong f(X) = g(x) oto (0,+) 1, 1woddvapua, g
g&lomong Inx = 1 oto (0,+).
X

1
Oempovpe ) cuvaptnon @(X) =Inx——, x € (0,+). H cuvaptnon avty:
X

e Eivan suveyng oto (0,+00).
e Eivai yvnoing avéovca oto (0,+w).

Ipbypatt
‘Eoto X, X, € (0,+0) pe X, <X,. Tote:
Inx, <Inx, Inx, <Inx, . .
1 1 , onote 1 1, xépo Inx, —— <Inx, ——, dniadn
Nk ST, X X
Xl X2 Xl XZ
P(X) <o(X,).

Emopévog, to ohvolo Tiu@v g ¢ givat to ddotnpa (—o,+0) =R, apov
lim @(X) = —oc0 ko lim @(X) = +0. Apa 1 ¢ €xet o, TovAdyotov, pila oto
x—0" X—>+0

(0,40). Eme1on, emmAéov, 1 ¢ etvon yvnoimg avcovoa, 1 pile avt sivat Lovadiki.

Apan e&iowon f(X) = g(X) oto (0,+%) éxet axpBdg pa pica.
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7.1) I kabe X e[—1,1] €&yovpe
) =1-x (1)

o) H e&iocmon f(x) =0 oto [-1,1] yphpeton icodOvoua:

)
=0 f7(x)=0=1-x =0 x=-19x=1.
Emopévag, Aaoeig g f(x) =0 oto [-1,1] givor povo ot —1 ko 1.

B) H f oto (—1,1) givar cuveyng kau dev pundevileton ¢ avtd. Erouévac, oto
(=1,1) n f Swotnpei Tpdonuo.
e Av f(X)> 0 10 (—1,1), 161 06 TN OYéom (1) TpokvmTEL 6TL f(X) =1 — X"
ko gnewdn f(—=1)= f(1) =0, &ovue

f(x)=~1-x*, xe[-11]

o Av f(X) <0 oto (-1,1), t61€ a6 ™) oyéon (1) mpoxvmter 6t f(x) = —1—x
ko gnedn f(—=1)= f(1) =0, &ovue

f(x) =—J1-x% X e[-1L1]

2

H ypagkn napdotaon g f og kabe
nepinTmon Qaivetal 6To SmAovo YL,

ii) o) Eyovpe f(x)=0< A (x)=0=x" =0 x=0.
Emopévamg, n e&icmon f(X) = 0 éyet oto R povadwn piCa tnv X =0.

B) H ouvéaptnon f oto (—w,0) eivar cvveyng kot de pundevileton o’ avtd. Eno-
uévogn f doutnpel otabepd npdonuo oto (—0,0). Etot:
—av f(X) <0 oto (—=©,0), 10T€ 670 ddoTNUA CVTO Efvar

() =x" & f(x)=x, agod X <0, eved

—av f(X) >0 oto (—,0), to1€ 670 drdoTNUA AVTO Elvan
() =x" < f(x)=-x, apov X <0.

Enedn, emmhéov f(0) = 0, éyovpe
f(X) =X, yio kdBe X € (—0,0] 7

f(X) =—X, y1o k@b X € (—0,0] .
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Opolwg, éyovpe
f(X) =X, y1o. k4Be X € [0,+0) N
f(X) =—X, yua k66g X €[0,+00).
Yuvdvalovtag ta Topandvm, 1 f el Evay amd TOLS TOPAKAT®O TOTOVS:
a) f(X)=x, xeR,
B) /00 =~ xR

Y)f(X)={

-x, x<0 | 26, £(x) ||
, o amAd, f(x)=|x
X, xZOn

s =

x, x<0 | .
d) f(x)= 230 1M, To amAdL, f(x):—|x|.

H ypagwn topdotacn e f eaiveton o k4be mepintmon ot TapakdTm
oynuato (a), (B), (v), (8) avrictoiywg.
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8. 1) H e&icmon g daywviov OB eivoin

1-0
—0=—x-0)=y=x
y 10( )&y

Opoiwg n e&lomon g dwryoviov Al eivarn
y—0=%(x—l) S y=—x+1.

i1) H ouvapmon f eivar cuveync oto [0,1] kot ypaeikn g mapdotaon Ppioketat
oLhOKANpT péca 610 TETPAY®VO. ETopévag, To guvolo Tydv g etvat vtochvoro
tov [0,1]. Eivor dnAadn 0 < f (x) <1y kébe x €[0,1].
® Oa amodeifovpe, mpdta, 6L C Tépver T Swaydvio y = X. Apkei va deiovue
omin eéiowon f(X) = X éxet wa, TovAdyiotov, pila otov [0,1].
Ocwpovpe ™ cuvaptnon ¢(x) =f(X) — X n omoia givor cvveyng oto [-1,1] kan
woyvel p(0) =f(0)>0 ko p(1)=F(1)—1<0.
—Av ¢(0) =0, tote f(0) = 0, omdte ) e&icwon f(X) =X éxet g piloTov X =0
koun C tépver mv OB oto 0(0,0).
—Avp(1)=0,t6te f(1)=1, omdte n e&icwon f(X) =X éyel wg pila Tov X =
1 xaun C téuvermy OB o10 A(L,1).
— Av ¢(0)'¢(1) <0, t61¢, cOpQVa e T0 Bedpnua Tov Bolzano, vrdpyet Eva,
TovAaxieTov, X, € (0,1) tétoto, dote (X ) =0, omote f(X ) =X koun C tépver
mv OB oto onpeio P(X X ).
Enopévog oe kabe nepintwon n C. tépvermy OB.

o ['o v GAAN Sydvio epyaldpacte opoimg.

9. 1) 'Eotw M(X, f(X)) tuyaio onpeio tng Cf. Tote

d=d(x)=/(x=x,)* +(f(x)-¥,)* ne xela,Bl.

il) H ocuvéptnon d eival cuveyng oto [a, B] og pila abpoicpotog cuveymv
cuvaptioemv. Etopéveg, coppwva pe 1o Bedpnuo péylotng Kot eAdytotg
TNG, Oa vIdpyeL kmowo X, € [a, B] Yo To omoio n d o Thpet T péytotn TN
™G Kot KAmowo X, € [o, B] ywa 1o omoio 1 d Ba wépet TV EAGYIOTN TN TNG.
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KE®AAAIO 2

ATA®OPIKOX AOT'TXMOX

2.1 A" OMAAAX

1. 1) Tw x # 0 é&yovpe:
S (x)=f(0) :x2+l—l :x2

_:x’
x—0 X X

omoTE

lim

x—0

Enopévag f'(0)=0.

SE-1O) o
x—=0 '

— x>0
i) Mo x € R * {1} é&yovpe:

O R W e SRt )

x—1 X l_xz(x—l)_ X

1
omoTE

—(x+1) _

2

i L=/ 0

x—l X

lim

x—1 X

-2
Emopévog f'(1)=-2.
iii) ' X # 0 éovpe:
f()=f(0) _np’x _mpx

x—1 X X

NHX,
omoTE

1in(}f(x);{(0) = 11%(71_"“.11”)5) = 1im ™ Jimnue=1.0=0.
x—> x— T

X x>0 x x—0
Emopévag f'(0)=0.
2. 1) Ta x # 0 éyovpe:

S ()= £(0) :x|x|—0:|
x-=0 X

x|,
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onote

f(x) f() 11m|x|

v~>0 x—=0

Emopévamg éxovpe f'(0)= O.

ii) @ [la X > 1 éyovpe:

fE)=f() _x=1-0 _,

x—1 x—1

onote

n IO i

’C~>l+ x—1*
o [ X <1 &yovpe:

S-S D=0,

x-1 x—1
omdte
ML EIUR .
x~>1 xal’
Enedn lim J (X)—lf @ # lim -] (1), n f dev mapaywyiletat 6to
xX— x—1" xX—

;o
onueio X =1.

iii) ' kabe X € (0,1) U (1,3) éyovpe:

SO -fO) -’ +3x-2  —(x-D(x-2) _

-x+2,
x—1 x—1 x—1
omoTE
limM:hm(—x+2) =1.
x—1 x—1 x—1
Emopévac f'(1)=1.
iv) @ T x <0 €yovpe:
2
f(x)—f(0) _X +x+1-1 _ x(x+1) .
x—0 X x
omoTE
f(x) f(o) = lim(x+1)=1.
v—)O x—0"
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e [lo x > 0 €yovpe:

f@)=/(0) _x+1-1

:1,

x-=0 X
ondte
X 0
n L9710 _ )
Y*>0 \'»0

Enedn lim ———— Sx)= f(O) =1=lim /=70 ,M feivan topaywyion oo

x>0~ X — x—0" x—0
Xx=0,pe f'(0)=1.

3. T kG0g X amd o medio opiopov g f e X # 0 éyovpe:

g(x)-g(0) _ x(x)-0/(0) Xf (x)

x-=0 X

=/ (),

onote

EZEQ i 1) - f(0)

r~>0

apov M feivor ovveyng oo onueio x,=0.
Emopévog n g napaywyiCetor oto 0 pe g'(0) = f(0).
4. 1) 'Eyovpe:
Xll_gl f(x)= Xlirg;(xz +1) =1, XILT f(x)= Xlir? x =0 ko f(0)=0.

Enmedn lim f(x) = lim f(x), to 6pio tng foto 0 dev vmdpyet. Emopévarcn
x—0" x—0"
f dev eivar cuveyng oto 0. Apov dpwg n fdev givar cuveyng oto 0, dev gival
00TE TOPAYOYIGIUN G AVTO.
i) Exovpe:
lim £(x) =1in11(|x—1|+1)=1 ko f(1)=1.
Emopévacn f eivan suveyng oto x,= 1L

— T x <1 éyovpe:

JO-fO) _ ~x-D+1-1_

x—1 x—1
onote
1imw =_1.
x> x—1
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— T x> 1 érovpe:

SO-f() _x=1+1-1_,

>

x-1 x—1
ondte
lim PACI VAU =1.
x—1* xX— 1
Enreion lim Sx)= lf(l) # lim S(x)= lf(l) ,n T dev mopaywyiletor oto x, =1
x—1" xX— x—-1" xX—

5. @ Ant6 v doxnon 1 égovpe:
i) f(x)=x"+1, f(0)=1xo f'(0)=0. Enopévecn e&icmon e epamtopévng
mg C, oto onpeio (0,1) eiva:

y-1=0-(x-0) = y=1.
i) f(x) = Lz, f(1)=1xa f'(1)=-2. Enopévog n e&icmon g eQantopuévng
ms C, c)rco onpeio (1,1) givat:
y-1=2(x-1) < y=-2x+3.
iii) f(x) =np?x, f(0)=0xa f'(0) = 0. Emopévog n e£icmon The EQATTOHEVNG TS
C, oo onpueio (0,0) ivon:
y-0=0-(x-0)< y=0.
® Ao v doknon 2 £yovpe:
i) f(x)=x|x[, f(0)=0xo f'(0)=0. Enopévag ekiowon mg epantopévng
oto onpeio (0,0) elvau:

y=-0=0-(x-0)&y=0

i) £ (x)=|x=1],f(1)=0xo lirrll L_lf(l) dev umapyst. Emopévag Sev opiletan
X—> X —
epantopévn g C, oto onpeio (1,0).
i) f(x) = |x2 - 3x|, f(1)=2xa f'(1)= 1. Eropévag 1 e€icmon TG epantopévng
mg C, 610 onpeio (1,2) eivon:
y=—2=lx-N)eoy=x+1
: 1 0
) =" T 0= T f(0) = 1.
x+1, x=0
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Enopévag 1 egicoon g epontopévns g C, oo onpeio (0,1) etva:

y-1=1(x-0)< y=x+1.

2.1 B OMAAAX
1. T k60 X # 0 €xovpe:
- 2- - 1
f@=f© _2-xromuld -2 x(Ctewd)_
x—=0 X X
ondte
i L= 0

x—=0

Emopévag, f’ (0)=— .

=lim (~1+npx]) = -1, agod lim(nu|x|)=

2. ) T =0 &povpe f(1)=2.

il) Mo k60g h e R * éyovpe:

SA+h)=fQ)

I +3h* +3h+2-2  h(h’ +3h+3) _

h
omote

f(1+h) Q)

haO

Emopévag f'(1)=3.

T x <0 éyovpe:

S)-f0) _1—x

h B h

= lim(h* +3h+3) =3.

1—1

—x  1-l+x 1

x—0

onote

e [ x> 0 éyovpe:

onote

Emopévac f'(0)=1.

S()=/(0) _mpr+1-1 _

X x(l X) l—x’

lim D =SO o by

x—0

X x=0]—x

npx

lim¥————~=

x—0

2
x—0 X X

S ()= f(0)

x—=0

hmmux 1.

x>0 x
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Apa, opileton epantopévn g C ot0 onpeio O(0,1) kau éxet suvteheot diedbuvong
A=1"(0)=1, ondte .
cpo=lcon= 2

4. To kéBe X # 0 éyovpe:

l-covx

S(x)=/0) & ~l-ocvvx  l-ocuvvx
x—0 X x’ x* (14 cvvx)

_owx () 1

X (1+ GUVX) X ) l+ocovx’

omoTE
2

i LSO [Mj SR R Y
=0 x=0 =01\ x 1+ ocvvx 2 2

1

Emopévamg, f'(0)= 5

5. T ke x e R yvopilovpue ot
(x+D< f)<x’ +x+1 (1)
1) T x =0, and v (1) €rovpe:
1< f(0) <1, omore f(0)=1.
H (1) ypaopetar icodvovapia:
x< f(X)-1<x* +x < x < f(x)— £(0) < x(x+1) 2)

ii) @ ' X <0, and ) (2) €yovpe:

|5 JG)=1(©)

————>x+l. 3)
x—0
o [lo x>0, amd  (2) égovpe
13M3x+1 4)

X
iii) An6 t oéon (3) enedn lim1=1= lim(X+1), ocOppwva pe to KpLrrpLo
mapeRPOANS Exovpe . =0
i L= 1)
x>0 x—0
Am6 ™ oxéon (4) emedn lim 1= lim(X+1) =1, copewva pe to kprrMpro
mapeRPoAng Exovpe . .
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i SO
x—0" x—=0
Emopévac f'(0)=1.
6. [0 k@B X € R yvopilovpe 0TL oyvet:
n'x—x* <xf(x) <npix+x* )
1) Enedn n f eivan cuveyng oto 0 Ba 1oydet
f(0)=lim 7(x) = lim f(x)
Emopévac, apkei va mto)»oytcsouus T0 11m f (x).
T x>0, and v (1), éxovpe

x x
x x

1, wodvvapa,

nux

A < St s
X

Enedi 1im(”—w(-nux—x3j=1-0—0=o Kot
x—0" X

hm(”“ nux+x3j=1-0+0=0,

X—0"
éyovpe lim f(x)=0. Apa f(0)=0.
x—0"

i1) @ T'la X # 0, and v (1), égovue
2 4 2 4
nwx x'_ /() _mwix x

2 2 - 2 2
X X X X X

1, wodvvapa,

X X

(n_wjz 2 @1 S(n_mjz .y
X

Eneidn

2 2
lim{(n—uxj —Xz}:lz—O:I Kol lim{(n—uxj +X2}:1+0: s
x—0 X x—0 X

S(x)-f(0) _
el )

&yovpe lirr(}
Apa f'(0)=1.
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7. 1) Apov n T eiva cuveyng oto 0 1oyvet

lim /(x) = £(0).
AMNG limf(x):lim[&w} f( ) limx=4-0=0.
x—0 x—0 X

x»O X x—0
Emopévag, f(0)=0.
i1) Eivon
70y = tim L= é‘(O) E)
x—0 xX—

x>0 x

=4, AMoy® g vobeong.

8. 1) Enc1dn 1 f eivan mopaywyiciun oto X, Loy 0EL

f'(xo) =£i£% f(xo +h})l_f(xo).

T/ #0 eivan
SO =M= 1) _ SO+ )= /(%)
h —h )
Enopévag
po SG == f0) O+ ()= ()
h—0 h h—0 —h
_ Jlmo S (x, +(__h;)_f(x0)
iy 0 =T 00) (4
i) ' 2 # 0 givan

f(xo"'h)_f(xo_h) — f(xo+h)_f(xo)_f(xo_h)""f(xo)

h h
_ St = f(x) S =h) = f(x)

omoTE h h
yr%f(xwh);f(xo—h) lim 0f(xo+h) f(x) En(}f(xo—hh)—f(xo)
=/"(x) = (=/"(x))

=2/'(x,).

(ZOppoVo pe T epOTUA 1) £%M —f'(x,)).
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9. 1) Amd v apyn Tov dEova kivnong Eekivnoe To Kivntd B.

i1) Mévo mpog ta de&id ktvinke to kvntod I, apov 1) cvvdptnon Béong tov sivar
yvnoing avovoa.

iii) Tn xpovikn otrypn ¢ = 2 sec 1o kKvnto B dAlate popd kivnong, yati tote N
ouvaptnon Béong and yvnoiong edivovca yivetar yvnoing avovoa.
Tn otiyun ¢ = 4 sec dAlace Popd Kivnong to Kvntd A, apov 1 GLVAPTNOT
0éomg tov and yvnoing edivovoa yivetar yvnoimg avéovoa. TéELog T ypovikn
otiypn ¢ =5 sec dAha&e popd Kivnong to kivnto B, aeov T cuvaptnon 0éomng
ToV amd yvnoing adéovoa yivetal yvnoimng edivovsa.

iv) Z10 ypovikod ddotnua [0,4] To Kivntd A KiviOnie pdvo aplotepd, opov N
cuvaptnon Béong Tov givar yynoing edivovoa.

v) ITo kovtd otV apyn Tev advev tepudrice To Kivnto B.

OMla ta Topamdve eaivovtal KoAOTEPA, 0V TPOPAALOVUE TIG YPAPIKES
TOPUCTAGEIS TOV GLVAPTHGE®Y BEong otov déova kivnong:

vi) To ktvntd A d1dvuce T0 PEYOADTEPO JAGTN O, APOD:
— To A xivnto Swrypaget didompa ico pe M M, + MM,
—To B xkuvnté Swypaget draotnpa ico pe MM, + MM + MM,
—To I"kwvno6 dwrypdget Sibompa ico pe MM,
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2.2 A" OMAAAX

1. i) T xdbe X € R woyver ' (x) = 4%, ondte f'(-1)=—4.
il) I'o k@Be X € (0,+00) 1oyvet

f(x)= ZL’ onote f'(9) =

NP

| =

1
249

o)

1
iii) [a k60e X € R woyder f'(x) = — nux, onodte f’(£j=—nu£=——.

. 1 1
iv) T kdPe X € (0,+00) 1oyder f'(x)=—, onote f'(e)=—.
X

e
v) ' k6e X € R woyder T/ (x) =€, omdte f'(In2) =™ =2.
2. i) @ N kéBe X < 1 woyer ' (X) =2x.
1
o o kaBe X > 1 woyvel f'(x)=——.
2Jx

E&etalovpe av n f mopaywyiletol oto onueio x,=1.

— T x <1 éovpe:

SO -f() _x-1_

x—1 x—1

x+1,
omote

lim

x—1

S(x)-/f1)
x—1

=lim(x+1)=2.
x—1"
— T x> 1 éyovpe:

SO -fM) Jx-1  x-1 1

x=l =l een(Varl) Vxel
onote
lim 2O =/O L1
.| o x4l 2
Emopévamg n f dev mopaywyiletor oto x,=1.
2x, x<l1

A "(x) = )
pa f'(x) 1 .

2Jx’
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i) ® T kaBe X < 0 1oyver f'(X) = cuvx.
e ['a kdBe X > 0 woyver f/(X) = 1.
e Eetalovpe avn f mopaymyiletor 1o onueio x,=0.
—TNa X < 0 éyovpe:
J@)=/(0) _npr—0 _npx

x—0 X X

omote
“mw: lim M _
x—0" X x=00  x

— TN x> 0 éyovpe:

S/ _x=0_,

>

x—0 X
omote
i L= 1) _
x—0" X

Emouévag f'(0)=1.
Apa f(x) ={

cuvx, x<0
, x>0

iii) @ T'to k6B X < 2 1oyvet T/ (X) = 3x2
o T'o k6B X > 2 1090t T/ (X) = 4x°.
e E&etalovpe avn f mopaywyiletor oto onueio X, = 2. Emedn

lim f(x) = lim x’ =8 kot lim f(x) = lim x* =16,
x—>27 x—27 x—2" x—2°

n f dev elvon cuveyng oto X,=2.

Emopévagn T dev mapaywyiletor oto X, =2.

, , 3x?, x<2
Apa [ =1

X, x>2
. , 2 ,
iv) e N Kaeax<§ woyver f'(X)=2x.

2
o T'o kGBe X > 3 woyver f(x) =3x%

2
e E&etdlovpe avn f mapaymyiletar oto onpeio x, = 3
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Hopoatnpovpe otu:

=5 (3w 0= 3505

3

2
Anhadn n f dev eivan cvveyng oto X, = 3

2
Apan f dev mapaywyiletar 6to onpeio X, = 3

2x, x<-—
Emopévace, f'(x)= 3 .

3, x>=

3.’Ecto 6t vmdpyovy ddo onpeia, to M, (X, X’) kon M,(X,,X>) e X # X,, 610

omoio ot epantopéves g C, etvon mapdiindes. Tote, enedn n f mapoaywyiCeton
o0 medio opiopod mg, Ba mpémer f'(x ) = f'(x ), omdte 2X = 2X Kon Gpa X =X,
oV givat ATomo, aPov X, # X,
Apa, dev vmapyovV SlapopeTikés epantopéves g C mov va eivon TapdAinles.
Tt ypagpikh mapdotacn e f(X) =X Sev cvpPaivet to idr0. Mpdypatt, yia vo
VIapovY §V0 ToVAAYIGTOV oNpEin owThg, To. M, (X, X)), M,(X,,X]) oTa omoia
oL €QamTONEVES glval TOPAAANAES, apKel va loYVEL:

{f’(xl) = f'(x,) {3x5 =3x;
=

X, # X, X FX,

S X ==X, #0.

Enopévag, ot onpeia M, (X,X), M,(=X,=X') pe X, # 0 o1 epantopéveg
etvan mapaAnAes.

4. @ 10 dudotnpa (—2,0) n khion g f eivar otabBepn Kot ion pe

2-0 2
0-(-2) 2
e 210 (0,2) n f éyetxhion ion pe _2 _0 -2
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® 210 (2,4) n kAiom g etvon 0.

® X170 (4,6) N KAion ¢ eivar ion pe 4+2 = 6 =
6-4 2
® 3710 (6,9) N kAion ¢ f sivarion pe % = —%.
I, xe(-2,0)
-2, x€(0,2)
Emouévag, f'(x)=4 0, xe(2,4).
3, xe(4,6)
4
——, x€(6,9
3 (6,9)

H ypaoum napdotacn g cuvaptnong f eaivetol 6To TopoKAT® GO0

5. %10 61dotnua [0,2) givor f'(X) = 2. Apa,
070 dtdoTnua avtd N f maploTdvel £va
gvBOypappo tpuqua pe kiion 2, dniadn
Tapalinio oty gvbeia y = 2X. 10 dtdotna
(2,4) givar f'(X) =— 1. Apa,, 670 drdoTnpa 0VTO
n f moapiotdver éva evBOYpappo TuHO e
KAion — 1, nradn mapdAinio otnv evbeia y
=—X. Téhog, 610 d1aotnpoa. (4,8] ivor f7(X) =
1. Apa, oto didotua ovtd 1 f wapiotdvet éva evboypappo Tufqpo pe khion 1,
dNrodn mapdAinio oty vbeia y = X.
Aapfavovtag vroym ta mapomdve, v vrobeon otin C, Eexwaet ano to 0(0,0)
ko ot f eivon cvveync ota onpeia 2 kat 4, Taipvovpe T ypopiky TopdotaoT
TOV SITAAVOD GYNUATOG.
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2.2 B OMAAAX

1. Apykd 6o pémern T va eivar cuveyng oto X,=T.

‘Exovpe:
lim f(x) = lim nux =0,
lim f(x) = lim(ax+pB)=ar+p ko f(r)=anr+p.
Apa Ba mpémet
oar+pB =0 f=—ar €8
‘Etoin f yiverou:
nuwx, x<mw
S(x)= { :
ax—omw, X271
INa va givarn f mopayoyiown oto X, =T, OpKei:
p S-S @)
xon X—T xort X—7

— TN x <7 éyovpe:

S~ f(x) _npx—0

>

X—T7 X—7

onote

lim f(x)_f(ﬂ) = lim nx - lim T]u(ﬂ—x) -1

x> X—7 xonT X — T xor —(77; — x)

— TN x> 7 éyovpe:

f@-f(x) _ax-ax __

X—7 X—T7

>

onodte

lim f(x)—f(n) —a

xont X—T7T

Apa a=-—1, ondte and v (1) éxovpe =
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1
2. T kdBe & € (0,+0) &povue f'(E)=——.
NS
H e&icwon g epantopévng g C, oto onueio A(¢, (<)) etvar:

y-JE=] L2

i—ﬁ()ﬁg)@y:ﬁ )

H gvbeio oot diépyetar amod To onpeio B(—E,0), apod

Vé_ ff
JE(@ )

3. T kée X € R * 1oyver '(x) =3x% omdte f'(a) = 3.

H eiomon g epamtopévng g C, oto onueio M(a,0) gtvo:

y—a’=3a’(x—a) < y=3a’x—20a’.

, , y=x
Avdvovpe 10 choTnHO
y=3a’x-2a’

"Exovpe:

X X =x
y 2 3<:> y3 2 3 < y 2 2 2
y=3a"x-2a x =3a'x+2a =0 x(x*—a”)-20°(x—a)=0

y=X - y =X
(X—a)(X* +ax—2a’)=0 X=a N Xx=-2a

=a’ =-8a’
X=oa X==-2a

Enopévagn epomtopévn mg C, oto onpeio M(a,0) &ys1 ot GARO Koo onueio
uemv C, 0 N (-2a,—8a*). Eivon

f'(2a)=3(2a) =12a° =4-3a’ =4- f'(a).
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4.1) Etvan

1) tim LS ©)

x—& x_é

=1 1
= 1m-—=-—
X—¢& X_é xaiéx 52

Enopévag n e&lomon g epamtopévng € sivar

1 1
Y E_ 5—2(96 ).
INay =0 etvon
_éz_é(x—é)ngx—LS@X:zé.

Apam & tépvel tov x'x oto onueio A(2£,0).

TN x = 0 givon

Yot = (0-E) >y =2,

¢ ¢ ¢
, . 2
Apanetéuvertov y'’y oto B O,E .

Enopévac, o1 cuvtetaypéveg tov pécov tov AB givat

0+§ 1
5 Kot T:g

26+0
2

1
Apa, to péco Tov AB givar o onpeio M [é,gj.

ii) To epPadov tov Tprydvov OAB givar

1 1 2| 1|, 2
E =5(OA)(OB)=EI2§|~‘E‘ :5‘25 E‘ =2t
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2.3 A" OMAAAX

1. i) f'(x)=7x"-4x"+6
i) f’(x):6x2+l
x
iii) f'(x)=x"—x>+x-1
iv) f'(x)=-npx—Bovvx
2. 1) f1(x)=2x(x=3)+x* —1=2x" —6x+x" —1=3x" —6x-1
i) f'(x) = e nux+e‘ouvvx = e (nux + cuvx)

2x(1+x*)=2x(1-x%) _ 2x(1+ x> +1-x7) . —Ax

iif) /() = 1+ 2 (+2°)° (1)

iv) f(x) = (ovvx —nux)(1+ocvvx) + 12 (N + Guvx)
(1+ovvx)

_ CLVX—NUX+GLV X —NUX - GUVX + N X+ NUX - GLVX
(1+ovvx)®

_ 1=mux+ouvx
(1+ovvx)’

V) f(X) = 2XNIXGUVX + X’ GLVXGUVX — X 1 X1 X
= xnu2x + x> (cuv> X —Mu’x)

= XMU2X + X*GLUV2X = X(NU2X + XGLV2X).

. 1
e’ ln)c—e‘l e (IHX—j

3. 9) f'(x) = X = e
A (Inx)’ (Inx)’
o 1 1 2x—ouvix  —oLVv2x 450VVv2x
i) () = - = IO R OO IO
cuvix Mu'x  nuix-ovvix  mulxovvix nu’2x
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cen cvvxe’ —nue” e (cuvx— ) ocvvx-—
iii) f'(x) = ezxmlx _ a nex) _ xmux

e e

iv) ‘Exovpe:

f(x)=(x_1) 2—(x+1) _ —24x
x =1 x =1

>

ondte
—4(x" -1)+8x"  4(x +1)
(x? = 1) x*-1*"

4. i) e I'a k@Oe X < 0 1oydel f'(x) =4x+3

1) =

+6:i+6.

1
2Jx Jx

o E&etalovpe avn f mopoaywyileton oo x,=0.

® [ kGbe X > 0 1oyvel f'(x)=12-

— TN X <0 éyovpe:

J(x)-f(0) 2x% +3x s
x—0 B X B

x+3,
omoTE
Jim 2D =/©) _ lim(2x+3) =3
x—=0" X x—=0"
— T x> 0 éyovpe:
S)=fO) _12x+6x_12

x=0 X Jx

omoTE

8

lim L9 =SO (12 61
x>0 X x—>0" \/;
Emopévagn f dev mapaywyiletar oto X = 0.

4x+3, x<0

Apa /(%) = 6(%“), x>0
X

ii) ® I kGOe x < 0 1oyver f'(X) = 2X + cuvx
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o T'o kdBe X > 0 woyver f/(x)=1.

e E&etalovpe avn fmapayoyiletar oto X, = 0.

— T x <0 éyovpe:

f)-f©) _x*+npx_ npx

X+ )
x—0 X *
omdte
lim 2=/ _ lim(erMj =1
x—0 x—0 x—0 X
— I x > 0 éyovpe:
PACIENAC)] =X 1, omdte
x-=0 X
hmM: liml=1.
x—0" X — 0 x>0

Emopévag f'(0)=1.

, , 2x+ovvx, x<0
Etol f'(x) = .
1, x>0
5. Oa mpémet va Bpovpe exetva ta onpeia (X, f(X)) mg C, yio ta omola wyder f'(x) =0.
i) ' X # 0 éyovpe:
4 x*-4
! X)= 1 —_——_—= .
S it

ondte

fl(x)=0=x"-4=0x=-2 7 Xx=2.

Enopéveg ta intovpeva onpeia etvor (-2, —4) ko (2,4).
i) "Exovpe:

e —xe' e'(l-x) l-x

f')=—F R
e e

x 2

e
onote

f'x)=01-x=0x=1.
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. , Co 1
Emopévag 1o {ntodpevo onueio eivarto | 1,— |.
€
iii) 'Exovpe:
x* -1 _ x* -1

, 2x% -
X) = = ,
/@) x? x°

ondte
f()=0x"-1=0x=-11x=1.
Emopévag ta {ntovpeva onpeio eivor ta (-1, =2) ko (1,2).
6. @ T'lo kGOe X # 1 woydet:

2x-1)-2(x+1) -4
(x-1% (x-1)?

S(x) =
® [0 kéBe X €[0,1) U (1,+0) elvan

(‘/;”Ll)2 +(\/;_1)2 - 2(x+1)’ onote g'(x) = o~ 2
x—1 x—1 (r=1)

Aev ioyvern wwotta tov ', g, 0pod avtég £xovv dtapopetikd Tedio optopov.

g(x)=

7. e e x@Oe X € R woyderl f'(X)=2x, ondte f'(1)=2.
1 1
e "o kdbe X # 0 1oyvel g'(x) =——, omdéte g'(1) =——.
2x 2
1
Enedn f'(1)-g'(1)=2 (_Ej = —1, 01 EPUTTOUEVEG TOV YPAPIKOV TOPACTAGEDY
TV cuvaptioeny f kot g oto kowd tovg onueio (1,1) sivar kéBetec.
8. Iapatnpodpe 6110 onpeio A(0,1), yio kébe a € R*, Bpicketar néve omy C..
lNa kabe x e R —{a} &yovpe:

a(x+a)—(ax+a) o’ -a
(x+a)’ C(x+a)t’

J'(x)=

onote

2_ —_—
0 P

2
o
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Emopévag

toy=te 2l oy gz
2 a 2

9. 1) To onpeia g C. ota omoia 1 epantopevn eivor tapdiinin mpog my evbeioy
=9x + 1 efvan awtd yia o omoia woyde f/(X) =9. AdAa f/(X) =3x? -3, ondte
X -3=9o3 =12 X =4 Xx=-2AX=2.
Emopévac, ta onpeia eivat (—2,3) kot (2,7).

ii) To onpeio g C, ot omoia 1 epontopévn eivan k&Betn mpog v evbeiay
=—X givat owtd Y10 to omoia woyvel: f'(x)-(=1) = -1 1 1woddvaua:

2B, 23
— A x=—.

(—1)(3x2—3)=—1<:>3x2—3=1<:>x2=i<:>x=
3 3 3

Enopévag ta onpeia etvar

(2\6 —10\B+45] Km[—zﬁ 10\B+45].

3 9 3 9
10. H egomtopévn tg C. oo toyaio onpeio M (x , f(X ) avtig éxer eSiowon:
Y= () = f1E) = x) & y—xi = 25,(x—x,)
S y=2xx—X,. (1
T vo mepvdier n € amd to onueio A(0,—1), apkel va woydet
—1=2%,-0-% < X =1 %, =19 X, =-1.

Enopévog ot tnrodueveg epantopeves npokvntovy amd myv (1), av Hécovue X
=l kX =—1.Apa, eivor ot evbeiegy =2x — 1k y =—2x— 1.

11. H ypagikn mapdotacn g f diépyetar and ta onpeio A(1,2) kot O(0,0), ondte

{f(l):z {a+ﬁ+y:2
=

f(0)=0 y=0 )

INa kéBe X eR 1oydel f'(X) =20x + B.
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Eneidn n C_epdmreton e evbeiog y = X oto onueio O(0,0) Ha eivou:
f'0)=1< p=1. 2)
A g (1) ko (2) mpokvmter d0tia =1, f=1 ko y = 0.

12.1)'Eyovpe
F1x)=(Bx* +4x7) ) = =203x" +4x7) - Bx* +4x7)
2
== (12X +12x?
(3x* +4x°)’ ( )
_ =24(x+1)
X' (3x+4)°
it) N x € (1,+0) &yovue
2 2 2
X)) =((x=D)")Y==(x=1)3 (x-1)= .
S =((x=D") 3( ) ( )3-%/ﬁ

iii) Etvon
, 1 1Y
X) = oLV .
/@) (1+x2] (l+x2j
= oLV ! —2X
1+ x> ) (1+x>)’
iv) ‘Eyovpe

X .[_L_IJ_M
C1=x)x?

C—(1+xY)  x*+1

Cx(1-x) x(¢-1)

v) Eivar f'(x) = e’ (=) =e " -(=2x).
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13.1) IN'a k4B X > — 1 1oy0eL

[ =)+ +x2(\/l+x3 ),

3x* 3x*
=2XVI+ X 4+ X ——— = 22X+ X+ ———,
21+ X’ NIEE

onote

, 3.2¢ 48
f'(2)=2-2V1+8+ =12+—=20.
2J1+8 6

ii) o k@B X > 0 1oyveL
1 2 2 L 2 209 L
') ==(2x) *-2+=(2x) *-2==(2x) * +=(2x) 3,
yACY) 3( ) 3( ) 3( ) 3( )
ondte

f4_—83+ 481
(4) 3

uall\)

oxl—i
AN |

iil) I'lo k@B X € R 1oy0et
f'(x) =3x8’ (rx) + X 3np’ (7x) - cov(nx) - 7
=3x’[Mu’ (7 X) + 7 xnp’ (TX)cvv(z X)),
omoTE
f,(lJ_3 Lor13)_1 (1 VB 6+31
6) 36(8 6 4 2 12848 12 48

iv) T kéBe X # 2 woyvet:

2x(2—x)+x" +2 _ dx-2x" +x*+2 B X" +4x+2

=y T e e

E

onote
9+12+2

f’(3)=%:5.
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14.1) Two X > 0 éyovpe f(x) =" =" ondte

f/(x) — elnzx . (1n2 x)/

L -(2lnx~lj
X

1
=x"*.2=Inx
X

=2x""".Inx
ii) Eivon f(x)=e"""* omodte
fl(x) =€ ((5x=3)In2)’
=% .51n2=2""5In2,

xIn(In x)

iii) Mo X > 1 woyvel f(x)=e , omote

f(x) =™ - (xIn(In x))’

=i '[ln(lnx) +x- 1 l]

Inx x

= (In x)* -(ln(ln X) + Lj
In X

iv) Exovpe
f1(x) = (Mpx-e™) = cuvx - e™ + nux(e®™)’
= suvx- €™ + - e
=™ (cuvx —Mu’x).
15. Etvan
£1(x) = (p’x) = 2npr - cuvx =nu2x
Kat

f"(x) =cvv2x-2.
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Apa
f"(x)+41(x)=2c0v2x +4nu’x
= 2(1- 2np2X) + 4npx
= 2—4nu2X+4nu2X
=2.
2.3 B OMAAAX

1. Ovypagiég mapactdoelg Tav f, g xovv £va koo onpeio, av Kot pLovo ov vdpyet
X, TETOL0 OOTE

1
f(x0)=g(x0)<:>—=x§—xo+1<:>x3 —xg +x,-1=0
xO

S (X -DX +D) =0 x, =1.
Enopévag, o onpeio (1,1) eivor to povo kowéd onueio v C, kot Cg.
INo kabe X € R* 1oyvet:
1
S1(x) === xa g'(x) =2x-1,

X

onote
f'H=-1xugD)=1

Ko ETOUEVOG 10YVEL

/' Hg'M)=-1.
Enopévag ot epantopéveg tov C, kot Cg oto onueio (1,1) givar kdBeteg.

2. Abvovpe To cvotnua
y=3x-2 y=3x-2 y=3x-2
=S &
y=x X =3x+2=0 (x=1)*(x+2)=0
y=3x-2 x=1  [x=-2
& & il .
X=1nx=-2 y=1 y=-8
Emopévac, n evbeia y = 3X — 2 téuvel v Cf ota onpeta (1,1) kot (-2, —8).

INo k60e X € R 1woydet:

f'(x) =3x% omdte f'(1)=3 ku f'(=2)=12.
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Apan evbeia y = 3x -2 epanteran g C. oto onueio (1,1).
3. Ovypogikég Tapaotaoelg tov T kot g £xovv kown gpantopévn oto x,=1av ko
povo av f(1)=g(l) xon f'(1)=g'(D).
TlNo kabe X € R* 1oydet:
f'(X)=2ax+ B xo g'(x) = —iz
omoTE ¥
f'(1)=2a+pxoug'()=-1

Enopévag
{f(1)=g(l) {a+/3+2=1 {a+ﬂ:—1
= =
S H=g')  [2a+p=-1 2a+f=-1

a=0
= .
B=-1
4. H e&iowon g epantopévng mg C, oto onpeio 4(0,1) eivon:

y=1=f'"0)(x-0)< y=x+1, apod f'(0)=1.

H gvbeio y = x + 1 O epdntetol 6t ypapikn mapdotacn g g, ov Kot pdvo av
VTAPYEL X , TETOL0, DOTE

< x, =-1.

gfxo):x0+1© —xg—xozx0+1<:> Xg +2x,+1=0
g'(x)) =1 -2x,-1=1 x, =-1
Emouévag, ny =X+ 1 epdmteton ot Cg o1o onueio (—1,0).

5.To {nTovuevo molvdvopo sival g popeng f(x)=ax’ + fx* +yx+35,
a,B,y,0 eRxara+0.

INo k6B X € R woyvet:
f'(x)=3ax’ +2Bx+y, f"(x)=6ax+2B ko [ (x)=6a.
‘Exovpe: f(0)=4 §=4 5=4
f'(-1)=2 3a-2B+y=2 y=-9
) = = .
f"(2)=4 12a+2p =4 p=—4
fPM=6 60 =6 a=1
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Emopévag
f(x)=x"—4x* —9x+4.

6. Ecto 6t vmdapyet molvdvopo P’ Baduod f(x) =ax’ + fx+y mov wovomotel
T1g voBéaoelg g doknomng. Tote Ba etvon

f(0)=1xa f'(0)=1xar f(1)=2 o f'(1)=3.
Opwg, f'(X)=20x + f. Emopévag, Ba 1oydet
y=lxaf=1lxma+pf+y=2xm2a+p=3.
Avtd, Opmg, efvar dtomo apol omd TIg TPEIS TPMTES EELGMTELS TPOKVTTEL OTL 0 =

0, =1xory=1, mov dev enolnBedovy v terevTaioL.

7. 1) Ta X # a givat
() —af(a) _ xf(x)—xf(e)+xf(a)-af(a)
x—a x—a

_X@-f)  flb-a) ()= f(@)
X—o

X—a X—o

+f(@).
Enedn 1 fropaywyiletol oto X, = a , VTApYEL TO

lim f(x) _f(a)

x—a XxX—a

= f'(a).

Apa limM = lim

X—>o XxX—0 X—>a

LW}J’@ P ACRFACH

i) [ X # a etvon

e fx)-e'fla) _ef(x)-efla)+e'f(a)—e"f(a)

X—a X—a

ea

i f@) e
XxX—a

_ S-S (@)
xX—a

Eme1dM 1 ouvapton A(X) = €* givan mapaywyiown oto X, = o 1y0eL

. e —¢é”
lim

XD x—oL

=h(a)=¢".
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Enopévag,
i S SOy € =
x—oa xX—a x—>a e

=e" fl(a)+ f(a)e” = (f'(a)+ f(a)).

8. Ta csnuaux ™mg C, ota onola n gQamTopéVT gtvat TopaAAnAn Tpog Tov dEova TV
X etvan avtd Yo w omnoia woyvel f'(X) =0 ue x €[0,2x].

AMG f'(x) =20Vv2x —4npx - cvvx = 26Vv2x — 2Nu2x, OTOTE
f'(x)=0<200v2x-2nu2x =0 < ep2x =1

KT T
< 2X = m+ S X=—+—.
4 2 8

Eneidn x €[0,27] éyovpe:

0< M T o LS
2 8 8 8

NK

@—ngsgcwczo, 1, 2, 3, 0ol k € Z.

TNo T1g Tpéc avtég Tov Kk Ppiokovpe OTL:

X—E A X—S_ﬂ ’)(—9_7r ,X_B_ﬂ'
g il il s

9. i) @ Tl X # 0 éyovpue

s av x>0

23 (—x)m, avx<0
fe0 = :{ |
X

Enopévag

—Av X <0, t0t¢

@ =2 == (0" -

—AvX >0, 10t¢

3

fv(x) — (x2/3)/ — %x—I/S — %
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e Twx,=0 sivan

f)-f0) _x*

x=0 X

Enopéveg
— Orav x> 0, &xovpe

f@-s0) P«
X o xx Ux

omote

f@-fO) 1
lim S = Jim

— Otav x <0 éyovpe

f(x) /() _ F = Y
v —x  xdx U

omoTE

NAC RO
x—>0 X x—0" {/_x

Emopévacn f(x)= i/x_2 dev mapaywyiletar oto 0. Enedfq n T eivon cvveyng
o010 0, n e&lowon g epontopévng mg C, oto O(0,0) eivoun X =0.

= —o0,

it) Eivon

T

, x>0

Enopévac
—Av x>0, tote
' 4 1/3 4%/’
X)=—x" =—4/x.
S(x) 3 3
—Av X <0, tote

£ =((=x)*%) = ( 0" = _?43—x.
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10.

® 310 X, = 0 &xovpe
f@)=f©0) _Ix* -0 F‘

x-=0 X

Enopévac:
—Av x>0 eivan

S@-7O I x e
X X X

onote

lim =70 v 2o

x—0" X x>0

— Av X <0 givan

S - f(0) _Jx)(=x) _ —x\/; i

X X

omote

lim ——————~= A RNAQ), = lim— \/_ 0.

0 X x50
Enopévag f'(0)=0.
H e&iomwon g epomtopévng g C, oto onueio g O(0,0) eivorny = 0.
Enedn n ovvaptnon f mapoayoyiCetar oto R givar
g'(x)=f'(x* +x+1)-(2x+1), omdte g'(0)= f'(1)=1.

Emniong épovpe g(0)= /(0+0+D)—-1= f(1)-1.
Apa, 1 e&lomon TG EPATTOUEVG TNG Cf oto onpeio g A(1, f(1)) eivoun

y=fM =M= y=x-1+7(), (M
evo M e&lomon TG EPOTTOREVNS TNG Cg oto onpeto g B(0, g(0)) eivaun

y=g(0)=g'(0)(x-0) = y-f+1=1-x

Sy=x+f(1)-1 )

A76 (1) ko (2) mpoxvmret 6tim y =x + (1) — 1 givon kown gpamtopévn Twv
C, Cg ota A, B avtiotoiymg.
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11.1) "Eyovpe Sadoykd
(f ()" = (e*ovvx)’

J'(Mux)-cvvx = e*cuvx + " (—nux)

f'(Mux) -ovvx = e* (cLuvx —Nux).

Enopévag
f'(Mu0)ovvo = e’ (cuv0 —nuo),
ondte
f'(0)=1.
ii) Etvon

f(Mu0) = e’cuv0 omodte f(0)=1.
Apa, 1 eéicwon g epantopévng e g C, oo
onpeio g A(0,1) etvon
ey-l=1(x-0)= y=x+1

H epantopévn e téuvet toug doveg ota omnpeia
A(0,1) xat B(—1,0) kot woyver (OA) = (OB) =
1. Emopévac to tpiywvo O AB eivol tIc0GKEAES.

24 A’ OMAAAX

1. Enedn) E(¢) = 47 () o r(f) = 4 — £ égovpe:
e E'(t)=8nr(t)-r'(2)
=87 -(4—17)-(=2t) = —167mt(4—1%).
Apa
E'(l)=-167(4—1) =—487 cm’/s.
e Encidn
V=20,
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éyovpe
V'(t) = 4nr’(t)-r'(t) = dn(4—1°)" (-21)
=-8rt(4—1")".
Apa
V'(1) =87 -1(4—1*)* =727 cm’/s.
2. Emedn

V(t)= %nﬁ(t) éyovpe
V'(t)=4nr’ (t)r'(t) xouyw t =¢,
V'(t,) = 4rr’ (t,)r'(t,).
Eivar 6pag V'(z)) = 100 cm’/s ko r(z,) =9 cm omo6te £x0VpE
100 = 479 -r'(%,).

Emopévag
100 25

———=—— cm/s.
47 -81 8l-x

r'(t,) =
3."Eyovpe
P'(x)=II'(x)—K'(x)
=420 x> +40x— 600
=—x" +40x—180.

Eivou P'(X) > 0 yia 6Aa o0 X Petaéd Tmv pridv Tov Tpiovopov —x° +40x —180,
dradn X € (20—~/220,20+~/220).

4. 1) 'Ecto X(¢), y(f) ot suvaptioeig bécewv tov mhoiwv I1,, I1, aviictoiyng. Tote
v =x'(t)=15 xou v, =»'(1) =20

ondte X(?) = 15t xan y(¢) = 20¢,
apoV to. mhola 17, 1T, avay®podv cuyypoveg omd T0 AMUAVL.
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ii) Am6 to opBoydvio tptywvo AIL I, £xovpe
d’ () =x>(t)+y*(t) = (15¢)* + (20¢)°
=2251* +4001° = 625¢°.

Apoa d(f) = 25¢, ondte 0 pLOUOS petaPfoing g andotacng d givor otabepog
KoL 1600ToL e
d'(t) =25 Km/h.

5.Ecto M [x(z),%x2 (t)j onueio g mapafoing, T ypovikn otiyun ¢ pe ¢ > 0. Tote:
' 1 2 , ! 1 '
x'(t)= Zx ] <xX0)= ZZx(t)x )
Sl= %x(t) (apov X'(¢) > 0 ya kabe £ > 0).

1
Apa x(t) =2, ondte y(t) = r 2° =1.Etot 10 onpeio sivon 1o M(2,1).

2.4 B OMAAAX

1.’Eoto r = r(¢) n axtivo TG o@aipag, wg cuvaptnon tov ypovov t. Tote givor:

V()= énﬁ(t),

ondte
V'(t) = %n’ 3 -r'() =4 - (1) -7 (). (D)
Etvon 6pog
E(t)=4m -7 (1),
ondte
E'(t)=8n-r(t)r'(t) © r'(t) = = -lr(z) -E'(2).

O tdmog (1) yiveTon

V'(t)=4nr’ (1)

ity=L o). B
Sm(t)-E ()= 70 E'0).
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Emopévag
1
V'(t,) = 5-85-10 =425 cm’/s.
2. 'Eyovpe:

T =T(x)=(0OAB) :%xlnx, apov X > 1.

Eme1dn 1o X givait GuvapTnon Tov xpovou £, £X0VLE

T(t)= %x(t) In x(7), omote

' _ l ' l L 4
T'(t)= 5 X' () Inx(¢) + 5 x(1) 0O x'(2)

= %x’(z)(ln x(1)+1).

Emopévag ) ypovikn otiyuy £, mov eivoi X(z)) = 5, éxovpe
’ 1 ’
T'(t,) = Ex (1) (Inx(z)) +1) =
1 2
= E4(ln5+l) =2(In5+1) cms.
3. Ta tplyewva IAE xor I'BA givar dpota.
Enopévag

VoS D syl
5 2 Y7200 T 7"

Eme1dn toLy ko S givat GuVopTHGELS TOV XPOVOL
t, elvon

1
t)=—s(1).
y(®) 1 Q)
Emopévag

V') = %s’(t) = % m/s.
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4. H yovia 6 givat cuvéptnon tov xpovov . Ao to opboydvio tpiywvo OAIT Exovpe

LIRS (3 Hopoaywyiloviag v 10o6TnTa £XOVUE SLAOOYIKA
h(t)
0(1)) =
(e@b(1)' = (100)
—0't)=—"Hh'(t
cvv?o(r) © 100 ©
1
0'(t) = —Hh'(t)-cuvo(r),
(0 . (1)-cvv7O(r)
omote

1
0'(t,) =—-h'(t,) -covO(t,). 1
() 100 () (%) )
Opwg, T xpovikh otiypr £, mov 10 praAovi Bpicketor og Hyog 100 m oydet:

h'(t,) =50 ko cuvO(t,)) = cLv4S' = % Enopévag

0'(, )— -50- 2 = 1 rad/min.
100 4 4
5. A6 v opodtTo TOV Tprydvev POX kol KITX &xovpe
1,6 s
-2 = . 1
8 x+s o

Ta X, S givatl cuvapTAGELS TOL XPOVOL ¢ Kal Vel X'(£) = 0,8 m/s evd S'(¢) gival
0 puOudS petafoAng Tov ickiov ™G yuvaikog.

Amd v (1) éyovpe:
0,2 = @S—O2(x+s)<:>08s—02x®s(l)——x(l)
x+s
Enopévag
s'()= ix’(t) =0,25x'(¢)
Apa

s'(1)=0,25-0,8 = 0,2 m/s.
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6. O mpoPolréag Tov TEpUTOAMKOL MTICEL KOTA T d1e¥BVVON TG EQATTOUEVNC TNG
C,, xaBog avtod Kiveitar katd pfog g Kapmrong.
Bpiokovpe Ty e&icmon g epantopévng g C, 6to onueio g A(oz,——oz3 j

Eivar f'(x) = (—%)fj =-—x’onote f'(a) =—a’. Enopévog, n epamtopévy AM
éxet e&looon:

y+§o¢3 =—a’(x—a).
Tay =0, éovpe

loc3 =—a’x+a’ <:>ozzx:zoz3 o x:za.
3 3 3

2
Apa, to onpelo M éyet tetunuévn x(¢) = Ea(t). Emopévac,
2 2
X)==a'(t)=—=alt
Q) 3 Q) 3 Q)

KO TN PoViKY ottypn t, mov eivan, aft)) = — 3, &xovpe

, 2 0VAdEC UNKOL
¥(t)) = == (-3) = 2 HOVOOES HIRODS.
3 povada ypdvov

7. To pey€bn X, Y, 0 elvat cuvaptnoetg Tov ypovov t Kot woyvet:
v, =y'(t) xor v, =x(¢)=0,1 m/s.
Tn xpovuc otiypn t, Tov 1 Kopven g oxdAag anéyet and To damedo 2,5 m eivar
Y(t,) = 2,5 ke x(1,) = /32 =12 (,) =+/2,75 m.
i) 'Eyovpe x(¢) = 3cvvO(?), onote x'(¢) = -3nub(r)-0'(¢) xou dpa

J— 1 . x
3INuo()

0'(t) = (7).

Enopévag
1 1
'(t,) =———=—=-0,1=—— rad/s.
(%) 3.2’5 ) 55 radss
3

|
0'(t)=-——.x
O 3nue,)
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ii) A6 To opBoydvio Tpiymvo OAB éxovue x° (1) + y* (1) =9, omdte

22O (1) + 200y (1) = 0 = /(1) = Et; X (0).
Apa,
NG )—% (1),
onote

2 V2
NI L N2 e

rt —_
y() 2,5 10 25

8. Eoto X = X(¢) ko Y = Y(¢) o1 GuvTeETOyHEVEG TOV KIVITOV, TN YPOVIKN oTiyun ¢. Tn
, , o (143,
XPOVIKN oTiypr| £, Tov To Kivntd Bpicketan ot Oéon > | &yovpe
x(t )—l Kot y(z )—ﬁ
o) =5 Yy 5
Eniong éyovpe:
V'(¢,) = =3 povadeg/sec.
Eneidn 1o kivnto kwveiton otov kokho X+ = 1, ivan
X +y(0=1,
omoTe EYovpe SLodoy LK
() + (2 (1) =0 & 2x(0)x' (1) + 2y(0)y'(1) = 0
At x(to)x,(to )+ (i, )y'(to) =0.

Emopévag

) (NB2

:3\/5 ovddec/sec.
(1) 1/2 HOVAOES

x,(to) =
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2.5 A’ OMAAAX

1. i)H f(x)=x>—2x+1 givan
® cuveyng oto [0,2] w¢ ToAv®VLLUKT,
o topaywyicun oto (0,2) pe f'(x) =2x—2 kot
e wyvelf(0)=1(2)=1.
Enopévac, wydovv ot tpodmobéceis tov ©. Rolle, ondte vdpyet Eva tovrdyiotov
¢ €(0,2) térolo, dote

f'§)=0=26-2=0¢&=1.
i) H f(x) = nu3x eivou:

2
® GLVEYNG OTO [O,TE} ®¢ oHVOEST] CLVEYDV GLVAPTNCEMV,
, 2r
® Topay®YicLun 610 O’T , pe T/ (X) = 3ouv3xX ko

e wyvel f(0)=f (ZT”) =0.

Enopévag, woyvovv ot tpoiimobéceig tov O. Rolle, omdte vdpyet éva tovAdyiotov
2 ,
EelO, T T£1010, MOTE

f'(é)=0<30uvv3E=0

< ovv3E=0
@3§=% M 35:37”, apod 0 < 3¢< 27

ee=rhe=2
iii) Hf(X) = 1 + ovv2X givon
® cuveyng oto [0, 7],
e apayoyiown oto (0, 7) pe f'(X) =—2nu2x ko
e wyvet f(0)= f(x)=2.
Enopévag, woyvovv ot tpoiimobéoeig tov O. Rolle, omote vdpyet éva tovAdyiotov
£ €(0,7) tétol0, doTE
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F1(€)=0o -2mu2E =0

S nu2é =0
&2 =m, apoh 0<2¢<27

T
SE==.
s 2
iv) H ouvépton f(x) = |x| glvat ouveyng oto [—1,1], ®g amdALTN TN GLVEXOLS

oLVapTNONG.
H f, 6pog, dev eivan tapayoyioym oto X, = 0, apov

i L= 1(0)

. X
Iim — =1 ot

x—0" X — x—=0" x
hmw — lim X =1
x—0" x—0 x=0" X

Emopévagn f dev mopaywyiCetar oto (—1,1).
Apa dev 1oy00ovV ot Tpodmodécelg tov O. Rolle.

2. i) Hf(x) =X + 2x givan
® cuveyng oto [0,4], g TOAV®VLLIKT
e tapayoyiocwn oto (0,4) ue f'(x) = -2x+2.
Enopévac, woydovv ot vrobéceig tov ®.M.T., ondte vILApyEL £Va TOLAGYIGTOV
£ €(0,4) térolo, dote

f'(§)=—f(4):f(0)@zg+z=%
&284+2=06
SE=2

i) H f(x) = 3nu2x givon
® GLVEYNG OTO [0,%}, ®¢ oVLVOEST) CLVEXDV CLVAPTNCEDY,

® apaywyicwyun oto [0,%) e f'(X) = 6ovv2X.

Enopévog, tkavomotovvtat ot vrobéacelg tov ®.M.T., ondte vHdpyet Eva

. T . ,
TOVAdyLoTOY, & € O,E 141010, OOCTE
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T
f (2)— f(0)

7o
2

(&) =

& 60LV2E =0

< ovv2é =0

<26 :%, apov 2& €(0,7)

iii) ® E&etalovpe t ovvéyea g f oto [-3,2]

—Tw xe[-3,-1) n f sivar cvveync, g TOAv@VLIKT.
—Tw xe(-1,2] n f givan cuveync, mg ToALOVLIKT.
— Zt0 X, =— 1 &xovpue

lim f(x)= lim 2x+2)=0
x—>-1" x—>-1"

l_1>n} f(x)= 1_i)1r11+(x3 —x)=0xat f(=1)=0,
omoten f eiv;t GUVEYNG csxro - 1.
Emopévamg, 1 f eivon cuveyng oto [-3,2].
e E&etalovpe todpa v mapayoyioyoémra mg f oto (=3,2).

—H f eivar mapoywyioyn oto (-3,-1), pe f'(X) =2.
—H f eivon mopayoyiown oto (-1,2), pe £7(x) =3x" - 1.

— Eyovpe
lim 2D =/CED o 2x+2 ot
X1 x+1 x> x+1
— J— 3 —
lim LO=SCD i XX ve-1y =2,
x—>-1" x+1 x—=-1" x+1 x—-1*
Apa, f'(-1)=2.

Emopévamg, 1 f eivar mopaymyioyn oto (-3,2) ue
2, xe(-3,-1]

S0= {3)& 1, xe(-12)
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Apa wavorotovvtat ot vrodéselg tov O.M.T., ondte vrdpyet & € (—3,2)1éT010,
moTE
f(2)-f(-3 , 6—(—4
D=1 ey 6
2-(-3) 2-(-3)

£ = o f&)=2.

H tehevtaio woyvet yio kébe & € (—3,—-1], evod yia & € (—1,2) égovpe:
3P -1=23¢" =38 =1aE=1.

3. e Houvapton f(X)=¢" eivar cuveyic oto [a, ] kan mapaywyiciun oo (a, f) pe
Sf'(X) = €". Enopévag cOppovo, pe o Osdpnue Méong Tipig vrdpyet X, € (a, B)
T£T010, DOTE
_ B _ o
VLB S@) & 0
B-a B-a
Enedn o <X, <f xoin covépmony = & sivan yvnoiong avéovoa oydst e < e < e’ .
Apa, Adyo g (1), elvon

S(x,

ef —e”
p-a

e H cuvdptnon g(X) = Inx givor cuveyng oto [a, B] ne 0 < a < B kot mapoayoyioyn

a

e* < <e’f,

oto (a, ) pe f'(x) = l Emopéveg, cbupmva pe to ©.M.T. vidpyer X, € (a, )

T£1010, MDOTE x
, —f(a) Inf-Ina 1 Inf-Ina

iy LB f@) _nptna 1 _f-ina 0

B-a B-a X,  B-a

1 1 1
Emedn 0 <a <X, <p, eivol — < — < —, ondte, Aoyw g (1), £xovpue
X, a

I Inf-lna 1
<——<—.
B B-a a
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2.5 B OMAAAX

1. i) @ H ovvapton f givar cvveyng oto didotpo [-1,0] og molvevopkn. Eiva
f(-1)=14+20-25+1+1=-2«u f(0)=1
Anhadn
f(-1)f(0)=-2<0.
Enopévac, ooppovo pe to Oedpnua Bolzano vrdpyet éva tovAdytotov
X, € (~1,0) tétot0, dote f(x)=0.

e H cuvdptnon f eivon cuveyng oto [0,1] kan f(0)=1, f(1)=1-20-25-1
+ 1=—44.
Anhodn,

f(0)f(1)=—44 <0.

Emnopévag, cdppmva pe to Oedpnpa Bolzano, vrdpyet éva tovddyiotov X, € (1,0)
této10, wote f(X,)=0.

ii) H ovvaptnon f ikavonoiei tic vrobéoeic tov Hewpnipatog Rolle 610
[X,X,]<[-L1], pe X, € (=L0) xou X, €(0,1), apod

e civau cuveyfig oTo [X|, X,] og ToAvOVL LK
e civou mopayoyicym oto (X, X,) pe

f'(x) =4x* —60x* —50x —1 ko1
o wyvel f(x,)=0= f(x,).
Apa vmapyet € € (X,X,) < (—1,1), tétoro, dote f'(E) =0 1, 1wodvvapa,
4% —60E* —50& —1=0.

Emopévag, n eéicwon 4x° —60x> —50x —1=0 &yet po tovAdyietov pilo 6To
(_1: 1)

2. 1) H ouvapton f wcavomnotei tig vmoféoeig tov Oewpnpatog Rolle oto [0,1], apod
® civai cuveyng oto [0,1] og yvopevo cuveydv
o civan Tapaywyiown oto (0,1) pe f'(x) = nux + (x — ovvx ko
e f(0)=(0—-1)nuo=0, f(1)=0nul =0.
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Apa, vapyet € € (0,1), tétoro, mote '(E) = 0, dnradn n e&icwon f'(X) =0
€xel o tovAdytotov pila oto (0,1).

ii) H e&iowon epx = 1 — X oto (0,1) yphopetat icodvvapio

nux
GLVX

=l-xonux=>0-x)cvovx ©nu+(1-x)ocovx=0< f'(x)=0
KOt GOHE®VA LLE TO EpOTNHLA 1) el TOLAGytoTOV pia pila oto (0,1). Emopévac,
n e&lowon epx = 1 — X €yet i tovAdyotov pila oto (0,1).

Xnp.: To ii) propel va amodetyfel ko pe o ©. Bolzano ave&aptnrta and 1o

1) epOTNHLO.

3. H e&iowon f(X) =X ypapetar icodvvapa f(X)—x= 0. @étovue g(x) = f(X)—X,

X € Rxarvmobérovpe 611 m eicwon g(X) = 0 &yer dvo nporypotiég pileg X , X, oto R.

H cvvaptnon g wavomotel tig vroBéceig tov Bempnpatog Rolle 6to didotnpa
[x,, X,] agov

e &ivai cuveyng oto [X, X,] o dBpotspa cuveydv. (H f eivar suvexig oto R wg
napayoyiown oto R).

e civar mapayoyiown 6to (X, X,) pe g'(x) = ' (x) — 1 xon
® g(x)=0=g(x,).
Emopévamg, vrapyet & € (X, X, ), T€T010, OOTE

g)=0=f"(6)-1=0= [ =1,

nov givar dromo, apov f'(X) £ 1 yio kébe X € R. Apan e&icwon g(x) =0, 1
16odvvopa N eicmon f(X) =X éyet to TOAD o mparyportiky pica.

. X 0
i) Kat’” apydg n e&icmon n uE = X éyet pia 10 0, apov N HE =0.

Eoto f(x)= np%. Tote

f'(x) =%cov§ # 1 y1a k4Be X € R (apov covg #2).

Apa cdppova pe 1o 1) epdtnua n eionon f(X) =X, dniadn n eicwon nug =X,

£xe1 1o TOAD o Tpary otk pilo. Apov, ouwg, £xet pita to 0,  pilo avt Oa
glvat povadik).
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4. 1)'Exovpe

s%<:>2|x|$|1+x2|<:>2|x|sl+x2

1+x°
o X =2x+120< (|X|—l)2 >0, mov 1GYvEL.

ii) @ ' a = S 1oy0eL 1 106N TA
o [ a# f,Mm f oto Sidonua e AKpa Ta a, f 1Kavorotel TIg VToBEGELS TOV
O.M.T. Apa vrapyet & € (a, B) 1€1010, DOTE

P@=ﬂ%i¥9@fwrum:WWﬂw)
@fwrwwrnizw—w.
e
Emopévac,
[f(B)-f(a)= 1+§§2 |ﬁ_a|S%|ﬁ—a|, Moy tov i).

5.H f woavonotei 11c ouvOnikeg Tov ©.M.T. oto didotnua [0,4], ondte vVIApPYEL
£ €(0,4) tétowo, wote

' f(4)-f0O) _ f@4)-1

f = = .

() 4-0 4

AMNG, 0md vdOeon éyovpe 2 < f(x) <5 yiokdBe X € (0,4), ondte
2S$£5<:>8£ f(4)-1<20=9< f(4)<21.

6. ® H cuvaptnon f wcavomotei tig vmoéseig tov @.M.T. oto didotnpa [-1,0], apod
gtvan ovveyng oto [—1,0] ko Tapaywyion oto (—1,0) pe f'(x) <1.

Emopévag, vrapyet éva tovddyiotov & € (=1,0), t€to10 dote

fO-1CD_TO-CD (o
0+1 1

e H cuvépmon f wavonotel 1 vrobBéceig tov ®.M.T. oto ddotnpa [0,1], apod

etvan ovveyng oto [0,1] ko mapaywyicwn oto (0,1).

Emopévag, vmépyet éva tovhdyiotov &, € (0,1) tétoto, dote

(&)= ()
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1- £(0). )

e fai:;(O) 1= I(O) _

Enedn f'(x) <1 yuakébe X € (—=1,1) o 1oydet

{f'(gl)g {f(0)+131 {f(O)SO
= =
fE)<1 |1-fO)<1 | f(0)>0

Apa f(0)=0.

7. Kat’ apyég f(0) = g(0) = 1 ko (1) = g(l) = 2. Emopévag ot ypopikéc napactdosig
tov f, g éovv kowd to onueia A kat B. Ag vrofécovpe OTL OVTEG YOV Ko
Tpito KO0 onpeio /" Kar ag OVOUAGOVE p, < p, < p, TIG TETUNUEVEG TOV TPLOV
onpeiwv. Tote, Oa 1oyvet:

S(p)=g(p), f(py)=2g(p,) xar f(p;)=g(p;).

Oempoipe, TP, TN CLVAPTNON

P(x)=f()-g(x)=2"+x* —2x-1.

"ot cvvdptnon ¢ oxdovy ot vrobécelg Tov @. Rolle ota Swuctpora [p,, p,]
Kot [p,, p,], 0900 eivar mapaywyicyun oto R pe @'(X) =2 In2+2X -2 kot 1oyvet
o(p) = p(py) = ¢(p;) =0.

Apo, vrapyovv & € (p;, p,) Ko &, € (p,, py) tét010, DoTE P'(E) = 0 KON 9'(E) = 0.
Eneidn, emmAéov, ) ¢’ eivar mopaywyioym oto [£), &, ], yio T cuvaptnon ¢’ ioydovv
otvmobéaeig tov O. Rolle. Apo vrapyet & € (&,,€,) tétoto, dote ¢"(€) =0. Avtd
opog eivar dromo, agod @"(X) =2*In*2+2 >0 yio ke X.

Apa, n e&iowon p(X) = 0 &xet akpiPdg 600 pileg, Tovg aptBuovg 0 ko 1.

2.6 A" OMAAAX

1. Tw ke X € R éyovpe
0'(x)=21(x)f"(x)+2g(x)g"(x)

=2/ (x)g(x)-2g(x)f(x) =0.
Emopévmg, ¢(X) = C.

2. 1) T kdBe X € R givan
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f(x)=3x>+3=3(x>+1)> 0.
Apan f eivonyvnoiog avéovoa oto R.
ii) o k60e X € R eivan: f'(x) = 6x° —6x—12 = 6(x* —x—2).

O1 pilec Tov TpIVOHHOL X* — X — 2 givon 2 kat —1, omdTe 0 TPdHoNHO TG T’
ko M povotovia tng f eaivovtal otov mapakdto Tivaka.

X —00 -1 2 +00

f1(X) + 0 - 0 +

0 | 7 | N |

Apan feivor:

— ywnoing avcovoa 6to (—o0,—1], apod etvar cuveyng oto (—oo, —1] Kot wyvet
f'(x)>0, ot0 (—00,—1).

— yvnoing eBivovca oto [—1,2], oo eivatl cuveyng oto [—1,2] kot woyvet
f'(x)<0, oo (-1,2), xou

— yvnoing avéovoa 610 [2,40), apov glval cuvexN 6To [2,+0) Kol 1oYVEL
f'(x)>0, o0 (2,40).
iil) I'lo kGO X € R 1oy0et

x2+1—2x2_ 1-x°
x*+1)°  (1+x)*

f'(x)=

OupiCegng f'(x) =0 givor—1 kot 1, to Tpdonuo g f' karn povotovia g
f paivovton 6tov Topaxdto Tivoka.

X —00 -1 1 +00

x| - o + 0 -

LS R Il B

Apan f sivor yvnoing edivovsa ota daotipata (—o,—1], [I,+0) xat
yvnoing avéovoa oto didotnpa [—1,1].
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3. 1) — TN kéBe x < 1 1 f givan cuveync, ®C TOAVOVLLIKT
— Opoimg yio kabe X > 1
— T x=1 éyovpe:
lim f(x) = 1in11(4—x2) =3, lim f(x) = linll(x+ 2)=3«xon f(1)=3,
x>0 x—> x-1* x—

ondten f eivon cuveyng oto 1.

Apan f cuveyngotoR.

H ovvdapton f napaywyiletor oto R—{1} pe

—2x, x<1
L, x>1

J'(x)= {

H 1'(x) =0 &eraxpimg pa pito v X = 0. To tpdonuo g ' koin povotovia
™S f @aivovtal 6ToV TaPaKAT® TIVOKOL.

X —00 0 1 +00
S (%) + 0 - +

o] 7 I N |

Ankadnqn f eivau

® yvnoing avgovoa ota dreotipata (—oo,0] kot [1,+00) Kot
® yvnoing edivovca oo [0,1].
ii) H cuvaptnon f ypaeetar:
x> =1, xe(-0,—1]
f(x)={1-x*, xe(-L1)
x* =1, xe[l,+o)
e H f eivar cuveyng oto R, mg amdrvtn Tipn cvveyodg cuvaptnong.
e [0 X # +1 éyovpue
2x, x € (—mw,—-1)
f'(x)=2-2x, xe(=L1).
2x, xe(l,+o)

H f'(x) =0 &gt akpipog pa pio v X = 0. To Tpécnpo g f* ko1 povotovia
NG PAivVOVTOL GTOV TOPOKAT® TIVOKOL.
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X —o0 -1 0 1 +00

10 - + 0 - +

L I i B R

Anhadnn f eivar:

® yvnoing pbivovoa ota dtouotnpata (—o,—1], [0,1] ko
® yvnoing avéovoa ota dStootnuata [-1,0], [1,+0).

: “_xe' 1-
4. 1) Tw kG0e X € R givan f’(x):e X =2

2x x

H 7 (x) = 0 éyet puo povo pilo v X = 1. To Tpdonuo g [ Ko 1 povotovia
™¢ f eaivovtol 6ToV ToPoKAT® TIVKa.

X —o0 1 +00
(% + 0 —
f(x) / \

Anhadnn f eivon
® yvnoing avéovoa oto (—o,1] Kot
® ywnoing pbivovoa o1o [1,+0).

1-—x

i) T k60 X > 0 givan f'(x) :l—l =—.
x x

Eyovpe f'(x) =0 < x =1.Tonpdonpo g f’ kaun povotovia g f paivovian
GTOV TOPAKATO TivaKa.

X |0 1 o
() + 0 -
f(x) / \

Anhadn n f eivor

® yvnoing avéovoa 6to (0,1] kot
® ywnoing pbivovoa oto [1,+00).
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iii) H cuvéptnon f ypdeetan
f(x):{%wx, OSxSﬂ.
0, n<x<2m
Enopévag éyovpe va peletioovpe t povotovia g f oto [0,7].
e H f givaw cuveync oto [0,7]
o [No kaBe X € (0,7) givan f'(x) =2c0Lvx

H ' undeviletat oto (0,7) yioo X = % To mpdonpo g /' oto [0,7] paivetal
GTOV TTOPUKAT® TIVAKO.

X 0

=H YR

') +

00 | 7 | S\

Anhadnn f eivan

, , T
® yvnoing avéovsa 6To {0,5}

e yvnoing efivovca oto [% , n} Kot
o otafepn| pe Ty undév oto [r,2x].

5. i) @ Mo kdbe X € R givon f'(x) =5x* +5=5(x" +1)> 0.
Emopévmgn feivar yvnoimg avéovoa oto R.

o H cuvdaptnon g etvan cuveync oto [0, +00) kot mapaywyioin oto (0,+0), ue

g'(x)=2- \/, \/_+1>0 v KaBe X € (0,+00).
Emopévag n g etvan yvnoiog avovoa oto [0, +0).
ii) ‘Eyovpe:
° Xlirrlo f(x)= Xlin’gc (x*) = —o0 Kon XIHEO f(x)= rlirg x° =+,
Enopévagn f, og ouveyng kot yvneing avéovsa oto R, Ba £xet 6hvoro Tipudv
70 dtdotnuo (—oo,+0), dnAiadn to R.
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e Eyoupe:
9(0) =— 3 kot lim g(x)= lim (2\/} + x—3) ——y

Apa 10 GOVOAO TIHAV TNG g, Y10 TOV 1810 AdY0 OT®G TPLV, £ivol TO dSLAoTN O
[-3,+0).

iii) Ot e&iodoerg ypapovror f(X) =0 ko g(x) = 0 avtictoiywg Ko Exovv Tpoeavy
piCo v X = 1. Ene1d1 ot ovvaptioeig f kot g givon yvnoiog povotoveg,

X = 1 etvan povadikn kowvn pifa tovg.

. co 1
6. i) T kéOe x> — 1 1oyvel f'(x)=e" + i > 0. Enopévagn f sivar yvnoing
avéovoa 610 (—1,+00). T

i) H e€icwon e* =1—In(x+1) ypdpeton icodvvopa:
e -1+In(x+1)=0< f(x)=0.

Ipopavag f(0) =0. Enedn n f givan yvnoing avéovoa oto medio optopod
™mg Kot woydet £(0) =0, n T X = 0 givorn povn pio g e&icmong f(x)=0.

2.6 B OMAAAX

1.’Eotw X, € R. Tote, Moym g vmdBeong, yio kdbe X # X, Exovpe

S ()= 7 (%)

X=X,

S|x—x0|

|/ ()= f (x| € x—x,[ =

<:>—|x—x0|S' S|x—x0|.

/)~ f(x)
X=X,

AMG

lim (=[x —X,|) = lim |x—,| = 0.

X=X, X=Xy
Enmopévag, chpomva e to kprtiptlo mapepfoing Oa ivar:

o L0/
X,

X=X, xX—

=01 f’(xo):0~

0

Apa f'(x,) =0, Yo kdbe X; € R mov onpaiver 6t f otabepn oto R.
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2. i) H f eivar ovveyng oto [—1,1] og moAvwvopky Kat 1oy
f'(x)=3x>=3=3(x" 1) < 0 yio.xd0e X € (—1,1).
Apan feivar yymoiong ebivovsa oto [-1,1].

ii) Enedn n f givon ovveyng kat yvnoimg ebivovoa oto [-1,1], 1o 6vvoro Tipdv
g eivan o [f(1), f(-1)]=[a—2,a +2].

iii) H cuvéptnon f(x) =x’ —3x+a sivar cuveynig oto [—1,1] kat To cHvoro
TWAV ™G [a — 2,0+ 2] mepiéxet 1o 0, apov — 2 < a < 2. Emopévmg, vdpyet Eva
TovAdyLoTOV X, € (—1,1) Tétot0, dote f(X)) = 0. Avtd 6uwg eivar povadiko,
apov 1 f eivan yvnoing pdivovoa oto (—1,1).

3. H taydtmrta tov ktvntoo givoe
v(t) = x'(t) = 4> — 24+ + 361 - 16,
eVA M eMTdyLVOT| TOL glvan
a(t)=x"(1) =126 — 48t +36 =12(+* — 4t +3).
1) H taydmra tov kivntov pe ) Pondeta tov oynpotog Horner yphoetat
L(1) = 4(t —1)* (¢ — 4) kou pmdeviletar Tic yPoVIKEG oTIyuéG £ = 1 xan £ = 4.

[N vo amavTicoVLE OTO EPMTNALOTO TG ACKNONG OPKEL VO LEAETIGOVLLE TO
pdonuo g tovTToG L(F) = X'(¢) oto ddoTnua [0,5].

Ot pileg e x'(r) = 0 givan 1 kou 4, evéd To TpOGN RO NG X'(7) QaiveTal oTov
mivoka

—

t 0
x'(1) =
i) Apa oto dtdotnpa (0,4) To KivnTd KIVELTOL TPOG T OPLoTEPT, EVG GTO JIAGTNLLOL

(4,5) xwveiton Tpog ta de€Ld.

+

_o_
Lo &

iii) To mpdonuo g cvvaptnong a(z) = x"(¢) eaivetor otov Tivako

t 0 1 3 5
a(f) + 0 - 0

Enopévag ota dtaotipata [0,1] ko [3,5] 1) togdtnTd Tov anvédvetat, eved 6Tto Stdotnpio
[1,3] newwveton.
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4. H ocvvapton V mapayoyiCetar yio ¢ > 0 pe

V'(t):[so- 25t22j __toor
(t+2) (t+2)

Apa n ovvéptnon V elvar yvnolog eBivovca oto [0,+00), mov onuaivet 6t T0
TPOidV cuveydG vrtoTdTol. Emetdn

. . 25¢°
V(0) =50 xon lim V' (¢) = lim | 50 ————
1+ t—+o0 (l + 2)
2
=50- lim B 50-25=25,

10 2 4 4t 42
70 oUvVoLo TI®V TG V givar to Sdotnpa (25,50].
Apa, 1 TY TOV TPOTOVTOG dEV UIOPEL VAL YIVEL PIKPOTEPT OO TO LUGO TNG OPYIKNG
TOV TIUNG.
5.1) H cuvaptnon f éyel nedio opiopov to
A = (—oo,-1)U(=11)u(l,+o),
glval cuveync, g pnen, Kot Topaymyiciun oto A pe
(x> =9x)' (x> =)= (x> =1)'(x* =9x)
(x> -1
_ (3x* —=9)(x* = 1) —2x(x" —9x)
(x* =1)°
o xP+exP+9 (X1 +3)°
(x> =1)° (x> =1)°

J'(x)=

H povotovia g f eaivetar otov nivaxa

X —0 -1 1 +00
f'(x) + + +
~+00 ~+00 ~+00
f(x) / / /
—00 —0 —00

Anadn, n f eivan yvnoing avéovoa og kabéva and ta Soothpata (—o,—1),
(—L1) ko (1,+). Eivon

X —9x X
= lim — =+

e lim f(x)= lim 5

X—>+0 T i | x40y
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3

o lim /(x)= lim 25 = —oo

X—>—0 x
. . x —9x
e lim f(x)=lim ——— =+
x—>-1" x—>—1" (x — 1)(x + 1)

e lim f(x)=—o0, lim f(x) =+ kot lim f(x)=—o0.
x>0 x-1*

x—>-1"
Enopévmg 1o ovoro Tiudv g f og kabéve and ta Stactipota Tov 7 0piopuo
g elvar o R.

ii) Ot apBpoi —1 ko 1 Tpopavag dev etvon pile e eicmone X* —ax> —=9x+a = 0.
Emopévag, 8o avalnmoovpe pilec avtig ota dtuotipata (—o,—1), (—1,1) kot
(1, 400). Z10 StoaoTHOTO QVTA EYOVUE

X —ax*-9x+a=0=x -9x=ax’—a

X —9x
X' -1
S f(x)=a.

Enedn n ovvapnon f oe kabéva tov draotnpudtov (—wo,—1), (=1,1) kot
(1,+00) givou yymoimg avéovoa kot £yt Guvoro Tinmv 1o R, 1 e&icwon f(x) =
a, £xel aKpPMG TPELG TPAYUATIKES Piles, 0o Lo o8 KaBEVO 0o To SLOCTHLOTOL
ToL 1ediov opiopov g f.

6. T ké0e X € R givan f7(x) = 3ax” +6x+1.
H f' givou dgvtepofddo tprovopo pe 4 =36 — 12a=12(3 — ).

1
elwwa=3,n f' el dumhn pila v 3

1 1
Eneidn n f eivon cuveyng o X = -3 ko woyovet f(X) > 0y k4be X = 3 nf
etvat yvnoiong avgovoa yio kabe X € R.

o ['lo o < 3 ' et 600 pileg mpaypatikég kat Gviceg kot dpa oALG el TpdoN 1O
oto R. Emopévag, yioa <3 1 f dev givon yvnoing advéovoa oto R.

e[l a>3n f’ dev éxer pileg oto R xon eme1dn] o > 0 Ba woyvet ' (X) > 0 yo kabe
X € R. Enopévac, yia a >3 1 f eivar yvnoimg avéovoa oto R.
Apan feivar yvnoing avéovoa oto R povo dtav o > 3.
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7. 1)'Eyovue
1'(x) = (Mux — xoLVX)' = GLVX — GUVX + XX = XTLLX.

lNo xe [O,%j givan f'(X) >0 ko agov n T eivor cvveyng oto [0,%} Oa

glvat yynoing avéovoa 610 Lot aVTo.
it) Ereidon n f elvar yynoiog avéovca oto [0,%} , Yo ke X, pe 0 < X < % Oa
givon f(0) < f(X), dnradf nux — Xovvx > 0.

iil) ' k@Oe X € (O,%j feyital)

1) =2 <0 oy mg i),
X

. ; ; ; . T
ondten f eivan yvnoing pdivovoa oto didotnuoe (O,Ej.
8. 1) H f eivar cuveyng oto [0,%], ®¢ aBpotopa GuveydY Kot Yo kGbe X € [0,%)

woyLEL:

B 2cuvix —3cuvix+1

1
f'(x)=2cvvx + —=3 >
GLV X GLV X

_ 200v’X—20Vv’X—cLV'X+1 2oLV X(cLVX—1)—(cLV’X—1)

ouviX oLuvX

_ (ouvx—1)(2ovv’x—covvx—1)  (cvvx—1)*(2cVVX+1) -0

LV’ X GLV’X
Emopévarcn f eivar yvnoiong abéovoa oto {O,%j.
ii) Ereidn n f elvon yvnoiog avéovoa 1o [0,%), v kaOe 0 < X <% LoYVEL

f(0) < f(X). AAAG f(0) =0, ondte yio k6Oe X € {0,%) oy 0et:

0 <2npX+e@X —3X < 2nuX+eeX > 3X.
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2.7 A" OMAAAX

1. Eneidq n f eivar mapayoyicyun oto R, ta tomkd axpdtata 0o avalntmbodv
peta&y Tav piov g eicwong f'(X) =0, dntadn tov 1, 2 ko 3. To npdonpo
g f’, n povotovia kot To axpodtata g f eaivovral otov TopokdTe Tivaka.

X —00 1 2 3 +00

f'(x) + 0 - 0 - 0 +
f(x) /T'M' \ /
T.E.
Ankodin f,

® 670 X = 1 mapovo1alet Tomkd PEYIGTO Kot
® 670 X = 3 mapovolalel TOMIKO EAGYLOTO.

2. a) i) o xébe X € R givar f7(x) =3x" —6x+3 =3(x—1)". H f(X) =0 éyet oxpr-
Baoc pia piCa v X = L. To mpdéonuo g f', n povotovia g f xat o 6p1é
NG GTO —0 KOl +00 POIVOVTOL GTOV TOPOKAT® TIVOKOL.

X —0 1 +00

/(%) +0 +

o | /*w

Apan feivaryvwmoiong adéovoa oto R.

ii) o ké0e X € R givar g'(x) =3x” - 3.

O pilec g g'(X) = 0 givon —1 ko 1. To Tpdonuo g g, 1 povotovie, e g,
T 0KPOTATO Kot ToL OPLA TNG OTO —00, +00 PAIVOVTOL GTOV TUPAKATE TIVOKO.

X |—o0 -1 1 +00
9'(x) + o - 0 +
4 +00
X / M. \ 0 /
90 |oo T.E.
Aniodn M g mapovoralet:
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® 670 X =— 1 Tomd péyioro 1o g(—1) =4 ko
® 670 X = 1 tomwd ehdyroto 1o g(1) = 0.

iii) T k60e X € R eivon A2'(x) = 6x” —6x = 6x(x —1).
Ot pileg g etvan 0 ko 1. To wpdonpo g /', n LovoTovia Ko To 0KpOTATA
™G A KaBdS KoL Ta OP16 TNG GTO —00 KOt +90 PAIVOVTOL GTOV TOPUKAT® TIVOKOL.

X |- 0 1 +00

h'(X) + 0 — 0 +
-1

| / T.M. \ / +00

X

| P

T.E.
Aniadn n & Tapovoralet:

® 670 X = 0 tomwd péyioto, to A(0) =—1 kot
® 670 X = 1 tomkd ehdyioto, oto A(l) =—2.

B)i) Enedn n f(x) = x* —3x” +3x+1 eivar cuveyng kat yvnoing adEovco 6To
R kot

lim f(x)= lim (x’)=—o0, lim f(x)= lim (x’) = +oo,
10 chvoro Tumv g feivar to Sidotnua (—oo, +0), dnhadh to R. Emopévag Ho
vmdpyet X € R této10, dote f(X) =0, Snhadi n eéicoon X* —3x> +3x+1=0

Ba £xet pio TovAdyiotov Tpaypatikn pifa. Avth eivorl povadkn agov i f
glvat yynoing avéovoa 610 R.

ii) H cuvépmon g(x) = x° —3x+2.

® Xt0 (—oo,—1] eival ocvveyng Kol yvnoiog avgovco Kol €mELdN
lim g(x) = lim (x*) = —oo kon (1) = 4, T0 GHVOLO TGOV TG GTO SLAGTNHLAL

avté givar 1o (—o0,4]. Apa 610 (—0,—1] N e€icwon X* —3x+2=0 &yst

axpBac pa pico.

® 310 [-1,1] elvou cuveyng kat yvnoimg Oivouso. Apo T0 GOVOAO TILDV TNG

o710 dtdotnua avto givat to [g(1), g(-1)] =[0,4], ondte oro didotnuo [—1,1]

N eélowon X° —3x+2 = 0 éyst axptBodg pa pie v X = 1.

® X710 [l,+0) eival cvveyng kol yvnoiog avéovca Kol €meldn
lim g(x) = lim (x*) = +o0 ka1 g(1) = 0, To GHVOLO TILMY THC GTO SBoTNUA
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ot givan o [0, +90). Apo 610 [1, +00) 1 eéiomon X —3x +2 = 0 &yel axpiPhdg
pa pifo v X = 1 mov PprKape Kot wpwv.
Emopévac, n eicmon €xet oto R 300 dviceg pilec.

iii) Av epyactodue yio ™ ovvaptnon A(x) = 2x° —3x” — 1, 6nwg Ko yia T1¢
cvvaptioeic fxon g, Bpickovps 611 1 eéicoon 2x° —3x* —1=0 éyet o
axpiBdc Mon oto R mov PBpioketatl 610 ddotnua [1,+0).

3. )T x < 1n f etvor cuveyng ®g TOAOVLULKY.
T x> 11 f eivar cuveyng g chHVOESN GLVEXDY GUVOPTICEDV.
Tax=1 éyovpe

lim f(x) = linll)c2 =1, lim f(x)= lirrlleH =1 ko f(1)=1.
x>l x—> x—1t x>

Emopévacgn f eivar cuveyng oto R.
"Exovpe:
, 2x, x<l1
=9 :
—e ", x>1
H f' undeviletar oto 0. To pdonuo g ', 1 povotovia kot to okpOTATA TNG
f gaivovtat 6tov mapoakdto Tivaka.

X — 0 1 +00

f(x) -0 + -

f(x) \ TOE / TM. \

Anhadn n f napovoidlet
® 670 X = 0 Tomikd gAdyioto To f(0) =0 ko
® 670 X = 1 tomko péysro to f(1)=1.

il) — o X < 1 m g elvot cuveyNS OG TOAV®VLLKY|
— TN X > 1 n g eivau emiong cuveyng.
— TN x=1 éovpe:

lim g(x) = lim(x* —2x+3) =0
x—1" x—1"

lim g(x) = lim(x* +4x+1) =0 xarg(1)=0.
x—1" x-1"
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Emopévag n g etvar suveyng 6’ 6do 10 R.
"Exovpe:
, 2x-2, x<1
gx)= {2x—4, X1

H g’ uimdeviletan oto 2. To mpdonpo g g’, ) povotovia Kot To akpdTaTa Tng
g @aivovTtol GTOV TOPUKAT® TIVOKAL.

X —o0 1 2 +00
g'(x) - -0 -

9(x) \ -1 /'
min

Anlodn n g mapovcidlet otov X = 2 gldyioto to g(2) =— 1.

4. )Twkdbe x € R givon f'(x)=¢" —1.
"Exovpe

f'(x)=0e =1 x=0.

To mpdonpo g f', n povotovia kot o axpdtata g f eaivovror otov
TOPUKATO TIVOKOL.

X —00 0 +00

f(x) - 0 +

0 \ mlin /

Aniadn n f mapovoidlet oto X =0 gldyioto To f(0) = 1.

xInx

i) e X > 0 épovpe f(x)=x" =e""".
Emopévag
fl(x)=e"™ (xInx) = x"(Inx +1).
"Exovpe:
ff)=0x"(Inx+)=0hx=-1< x=l.
e

To mpdonuo g ', n povotovia kot ta akpotote ™mg f eaivovion otov ma-
paxdTm Tivoka.
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1
X 0 g +00
f'(x) - 0 +
1)
10 \ [Ej /
min

1
1 1 1\e
Anrodiqn f mopovcidlel oto x = = ghdyoto to f [—j = (—j .
e e e
. H ouvépmon f napoyoyiletaroto R pe f'(x) = 3ox® +2Bx — 3. T va mopov-
otaCetn foxpotara ota X, =— 1 ko X, = 1, mpémnet:

{f’(—l):o {3a—2ﬂ—3:0 {605—6:0 {azl
= = =
f'(1)=0 3a+28-3=0  |4B=0 B=0

(ITpocbéoaype kot aparpécope KOTA LEA T1G EEIGMOELS).

o T1g Tpég autée Tov a, 1 fypaeston f(x) = x° —3x+1 kou éxst Tapdywyo
f'(x) =3x* =3. Tompdonuo g f’,n povotovia kot ta axpdtate ™ f paivoviar
GTOV TOPOKAT® TIVOKOL.

X —0 -1 1 +00
f'(x) + 0 - 0 +

f(x) / T.%V[. \ T_é /

Anhadn yio o = 1 kot = 0 1 f rapovcidlel 1o X, = —1 tomikd puéyioto o f(—1)
=3 ka1 670 X, = 1 Tomkd erdyioto to f(1) =—1.

.’'Eoto X, m ot d106tdoelg o€ m Tov opHoy@viov owonédov pe epfadov E =400

400

m’. Tote Xy =400, ondte y =—. 400 m? y
X

X
Emopévac, n mepipetpog P = 2X + 2y, mg cuvaptnomn Tov X, Sivetal amd Tov TOmo

P(x):2x+2ﬂ:2[x+ﬂj, X>0.
X X

INo k6B x > 0 €yovpe:

P'(x)= 2[1—@) = 2[’62_—2400)
X

X
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onote
P'(x)=0& x> —400=0 < x =20.

To mpdonpo g P’, n povotovia kot ta axpdtata g P eaivovionl 6Tov TapoKato
mivoa.

X 0 20 +00

P'(X) - 0 +

PO | N 80
min

Anhadn n P mapovoialet oto X = 20 eAdyioto to P(2) = 80.
Emopévag to owdnedo yperaletar m pikpdtepn nepiopaln 6tav X = 20. Amo v
, 400 . fo .
wotTa ¥y = —— Yo X = 20 €yovpe kot y = 20, wov onpaivel 4Tt To 0KOTEIO
X

etvo TeTpayvo.

7.’Eoto X, Y 01 8106TdcELg 6€ M TOV okonédov e tepiperpo 80 m. Tote glvon 2x +
2y =80, onote y =40 —X.

To epPadov E = xy, og cuvaptnon tov X, divetar and tov tomo E(X) = X(40 —X)
pe 0 <x <40.

I'o ké0e X € (0,40) eivar E'(X) = 40 —2X omdte y
E'(x) =0 < x=20. X

To mpdomnpo g E', n povotovia Ko ta akpdtata g £ gaivovial 6Tov mopokdto
mivoka.

x |0 20 40
E'(X) + 0 -

400
E (X) / max \
Anaodn, To epPaddv yivetar péytoto otav X = 20.

Ao ™ oyéon Y = 40 — X v X = 20 éyovpe Y = 20, ond1e TO 01KOMEDO Elval
TETPAYOVO.

8. O puOpudg petafoing g petwong g Oeppokpaciog og Tpog T 6661 TOL PAPHEAKOV
sivar h(x) =T'(x) =2x —%xz.

6
T k&de X € (0,3) givor A'(x) =2 _Tx’ onoTE
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H)=0e2-2 o=t
4 3

To mpdonpo g A', 1| povoTtovia Kot To akpOTOTO TG /2 PAIVOVTOL GTOV TOPUKATM
TivoKoL.

4
X 0 5 3
h'(X) + 0 -
4
h(x) 3
7/ max \

Anradn, o pubpog petafoing e peimong g Beppokpaciog g Tpog tn ddomn

. , . , 4
X TOVL QAPUAKOL YIVETAL UEYIOTOC OTAV X = 3 mer.

9. 1) To opBoymvia tpiywve BEZ, I'ZH, AHO ka1 AOF eivan ica. Emopévac I'Z =
X, omote BZ =2 —X.
And o opBoydvio tpiyovo EBZ éxovyle:

(EZ) =x"+(2-x)" =2x" —4x+4
i1) To eupadov E(X) tov teypaydvov EZHO diveton amd tny 160TNnTa
E(X)=(EZ)’ =2X* —4x+4, x€(0,2).
Mehetdpe T cvvdptnon £ og Tpog T aKpOTATO.
INa kade x € (0,2) givaw E'(X) =4x—4 =4(x—1), ondte
E'x)=0< x=1.

To mpdonpo ™ E', | povotovia Kot to akpoTato. TG £ Qoivovtot 6Tov Topakite

TVaKa.
X 0 1 2
E'(x) - 0 +
E(X) \ 2 /
min

Anadn m E mapovcidlet oto X = 1 ehdyioto to E£(1) = 2. Emopévag to eppadov
tov EZHO yiveton eldyioto 6tav X = 1, dnradn otav ta E, Z, H, O glvat péoa
TV TAEVP®V TOV ABIA.

10. To képdog Tov gpyoctaciov givatl:
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P(x) = E(x)— K (x) = 420x - 2x" —%x3 +20x” —600x —1000

= —%x3 +18x> —180x—1000, pe x €[0,105].

Ia ka0 X €[0,105] wyder P'(x) = —x* +36x—180, ondte P'(x) =0 x=6
1 x = 30.

To mpdompo g P',  povotovia kot ta akpoTata g P @aivovtol 6Tov Topakdtd
VoK.

x |0 6 30 105
P'(x) - 0 -

—1000 800
") A\\\x Y///, M. A\\\\’RE

Enopévog to epyootdotlo mapovotdlet péyioto KEPOOS, OTOV EXEL ULEPTOL
mapayoyn 30 povades.

2.7 B OMAAAX

1.1) Eivar f'(x) =2cvvx—1.H e€icwon g f'(X) =0 o1o0 didotua [0,7] £xet pila

T0 § H HOVOTOVIO KOl TO AKPOTOTA TNG f @O1vOovTOal 6TOV TTIVOKO.

X 0 7l3 T
f'(x) + 0 -
3J3+9-7
f(X) / 3 _\

Ankadn,n f eivor yvnoiog ad&ovoa oto [0, %} , Yvnoing edivovca oto [% , 71':|
Ko Topovctdlet:

33+9-7
3

A T T
® TOMIKO PEYIGTO Y10, X = 3 1o f (gj =

® To7KO Adyioto yio X = 0,10 f(0)=3

® sAdyoto Y X =, 10 f(x) = 3—=.
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. 1 3
i) H e&iocowon nux = 5 X— 5 YPApeTOL 1IGOSVVOLLL

NMu=x-3&2nux—x+3=0< f(x)=0.

Amo 1oV Topandve Tivaka eoaiveTot ot

— T XGI:O,E
3 3

TO GUVOAO TIL®V TG f glvat To StdoTna {3,

3\B+9—n}

670 0omoio dgv mepiéyetal to 0.

—To XEI:ZJT
3 3

oo onoio mepéyetor 1o 0. Apa n e&icwon f(X)= 0 &xet pua pila oto didotpa

3\/§+9—n}

,70 6OvoAo Tipdv g f eivan o didotnpa {3 -,

T roo , , ; , ;
(? , ﬂj < (0, 7)1 omoia givan kar 1 povadiky, apov 1 T eivon yynoiog pdivovoa

T
oto | —,7 |.
{3 }

. 1
2. i) Eivar f'(x) =—+1> 0, yuo kB¢ X € (0,+%). Eropévag, n f eivar yvnoiog
X

av&ovoa 610 tEdio opiopon ™g. Mo Tpopavig pile g feivarto X =1, ) onoia
givon ko povadikm, oto dtdotnua (0,+0), apov n f eivar yvnoimg avéovoa.
Enewon f(1)=0, Adyo g povotoviag g f, £xovue
f(x) <0,y x € (0,1) ko F(X) >0, y100 X € (1,+00).
i) Etvan
P'(x)=2Inx+2+2x—-4=2(Inx+x-1)=2/(x), Xe(0,+0).

To mpdono g ¢’ (0T®G TPOKVTTEL 07O 1)), 1) LOVOTOVIEL KoL TO KPATOTO TNG
@ QOIvVOVTOL GTOV TOPAKATM TIVOIKA.

X 0 1 +00

9'(X)

~ 0 4+
S
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Apa, 1 ¢ Tapovstalet eddyioto Yo X = 1, 10 p(1) = 0.

iii) [ va. Bpodpe ta kowvd onueio tov C, kot Cg Movovpe v g&icoon g(x) =

h(x). Exyovue

g(x) :h(X)<:> xlnx:—%xz +2x_%

< 2xInx+ x> —4x+3=0

< o(x)=0.

H televtaio 6mwg npokvmtel amd o ii) £xet povadikn pifa to X = 1. Apa ot
C,, Cg &yovv €va pdvo kowvo onueio to A(1,0).

Enedf g'(X) = Inx + 1 kot h'(X) = — x + 2, eivar g'(1) = 1 ko h'(1) = 1. Apa ot
C;, C, &xovv kown eomtopév 6To Kowo Toug onpeio A.

3.1) a) Apkei va deifovpe 6t1e" — X —1> 0, yio. kGO X.
Ocswpovpe T cvvépmon f(X) = —x -1, x e R.
Eivar f'(x) =€"— 1, onote

f(x)=0&e" =1 x=0.

H povotovia kot ta axpotata tng f paivovrot otov mivaka.

X —00 0 +00
f'(x) - 0 +
(00 | Ny 7

Y10 ddotnpo [0,+0) n f givarl yvnoiog avéovoa. Apa, yio X > 0 1oydel

f(x)>1(0), omote € —x —1> 0.

1
B) Apkei va deifovpe 6TL €* — Exz -x-1>0.

1
Bempovpe ) cvvaptnon g(x)=¢e* —Exz —-x—1, Xxe R, n onola eivor

cvveyng 610 [0,+0) ko mapoyyicym oto (0,+0) pe g'(x) =" —x—1>0,
vy X € (0,4+00) ((0) epdTNUA). Apam g etvor yvnoing avgovoa oto [0,+0)

Kot EMOPEVMG Yo X > 0 1oy0et
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1
g(x) > g(0) omdte e* —Exz -x—1>0.
- . . , 1,
ii) o) Apkei va dgi&ovpe 6TL GLVX + 5 X" =1>0.

1
Ocwpovpe 1 cvvdptnon f(x)=ocvvx+ Exz -1, Xe Rn onoila eivon
napayoyiowrn oto R pe f'(X) = —nux + X.
Emewdn ywo X # 0 eivan [nux| <|X|, &xovpe —|x| < nux <|x|, ondte yra x>0
woydEL UX < X KoL dpo —nux + x> 0.

Enopévac,
f'(x) > 0 yio kGBe X > 0,

ondte 1 f givan yvnoimg avéovoa oto [0,+00).
Emopéveg, yio X > 0 wyvel f(x) > £(0)=0.
Apa

GUVX+%X2—1>0 Yo k66g X > 0.
. , , L, , ,
kel va dgi&ovpie 0Tt —X - . @gpovye ™ GUVEPTNG
p) Ap deicovp MHX+ X x> 0. @empodpe ™ pTnon
[
g(x):nwc+gx -x, XeR.

1
‘Eyovpe g'(x) = ocvvx +5xz —1=f(x) (epOTNHRHO Q).

Opwg f(X) > 0y kdbe X > 0, ondte g'(X) > 0 yia k6Oe X > 0. Emopévog n
g eivat yvnoiong avéovoa, oto [0,+0), omdte yia X > 0 woyvet g(X) > g(0)
1, 1603VVapaL,

1
nux+gx3—x>0.

iil) a) Apxei va dgi€ovpe (1+X)" —1—vXx > 0. Oewpodue tn cuvaptnon,

f)=1+x)" —1-vx, x=0.
‘Exovpe

F'(x)=v(1+x)" =v=v[(l+x)"" =1]>0, apod 1 +x> 1, yiax > 0.
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Emopévag, n f eivat yvnoing avéovca oto [0,+0), apov n f eivar kot
ouveyns oto 0.

Apa, y1o.X > 0 1oyver f(x)>f(0) 7, wodovoua, (1+X)" —1-vXx >0, apod
f(0)=(1+0)"—1—-v0=0.

B) Apxet va dei&ovpe otu:

1+x)" Cmvx =YD e .
( 2
BOewpovye TN cLVAPTNON
g0 =) —1-va- Y, o
"Exovpe
g'(x) :v(]+x)"’1 —v _V(V——l).zx

=v(l+X)"" —v-v(v-1)X
=v[A+x)"" =1=(v =1)x] >0, Loy ¢ 0.

Emopévog etvar g'(X) > 0, yia X € (0,+90) kot eneldn 1 g lvat Guveyns oto
0, 1 g Ba eivon yvneing avovoa oto [0,+0). Apa yio X > 0 woyvet g(x) >
9(0) 1, woodvvoua,

x* > 0.

v 1, vv-D)
(1+x)" =1-vx 5

4. Eneion n f mapoaywyiletor 6° 6A0 10 R, T axpdTato avtg 0o avalntnbovv povo
petaéd tov priov mg f/(X) =0. INa kédbe X € R éyovpe:

6(f (X)) f'(x)+61"(x)=6x"+6 < f(X)[(f(x)) +1]=x"+1>0.

Emopévagn egicmon f'(X) =0 givon adovarn oto R. Apan T dev £xel axpodtora.

5."Eoto a, f ov teTunpéveg tov kowvav onpeiov tov C, ka C .
Oczopoiue ) cuvaptnon A(x) = f(X) — g(x) pe x € [a, 81, N omoia mapioTdvel TV
KatakopLEn omdctaon twv C, Kat Cg.
To onpeio & givor esmtepkd onpeio tov [a,f]. £’ awtd ) - mapayoyiletor Kot Eyet
péyoro. Emopévag, soppova pe to Bedpnua tov Fermat Oa eivar:
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W) =0 f1(6)-g'E) =0 f'(E)=g'(&).

Apa ota onueia A(E, f(9)), B(E, 9(£)) orepomtopéveg tav C, kot C, avriotoiymg
etvan mapaAinies.

6. H cuvaptnon f sivar mapaywyioyn oto R pe

[0 =20x—a)(x =) (x =) +(x=a)" - 2(x = )x—y)" +(x=a) (x= B)"2(x~7).
IIpopavag

f'la)=1'(B)=1f'(y)=0. ey
H ocvvapmon f wavornoiei t1g vrobéoeic tov Oswpnpatog Rolle ota dtoothpata
[a,B] ko [B,7], apoD
® cival CUVEYNGC O AVTA G TOAVOVULLLKY,
e napayoyioyn ota (a,f) ko (B,y) Kot
o fla)="1(B)="F()=0.
Enopévag, vapyovv & € (o, B) kan &, € (B,y) tétown, dote f'(£)=0 Kot
f'(&,)=0. Ao (1) kot (2) mpoxvmret 6t n f' €xer mévte Tovhdyiotov pileg Tig
a <& <p<E <y Emednn ovvépmon f eivor molvovounm éxtov Babuod, n
TopAy®yog g eivar TéumTov Pabpov. Apa n e&icwon f'(X) =0 dev €xel dddeg,
extog and g a, &, B, &, y pilec oo R.

To mpdonpo g ', n povotovia ko ta axpdTata tng T paivovior otov wivaka.

X | ™® o ¢ B ¢ y +00
| |
PO - 0+ 0 - 0 + 0 - 0 +
T.M. T.M.
) \T.E. | g | e
Apan féyertpio tomkd eldyota ta f(a), () ko f(y) ko d0o Tomkd péyiota

o (&) xau £(&).

7.1)'Exovpe 3x + 4y = 4, omote




"Etot éyovpe:

E(x)=E, +E, =

xzﬁ+ ,
2t

x*\3 +(4—3x)2

4 4

_ X3 16-24x49¢
4 16

=%[(9+4\/§)x2—24x+16}

i) o kabe X € (0,%) oyvel E'(X) = %[2(9+ 4\/§)X—24:|, omoTE

2 12(9-443) 4(9-443)
orad3  si—as 11 v

To mpdonpo g E', n povotovia kot o akpdtata e £ gaivovtal otov

E'(X)=0< X =

TOPUKATO TIVOKOL.

4
X X -
0 3

1

E'(X) - 0 +
EX) \ Ex) /

Anhadn, 10 epPfaddv Tov oyfUATOG YiveTol EAGYIGTO OTAV 1| TAEVPE TOV

4
1GOTAEHPOL TPLYDVOUL Eival X = H(9 —43 ) =0,75m.

8. 1)'Ectw M(X, f(x)) to {ntoduevo onueio g C -
"Exovpe

9Y 9Y
(MA)* = (X_E) +(f(x) = [X_Ej +X.
H amdctaon MA yiveton eddytotn, 6tav yivel
EAAYIOTO TO TETPAYOVO TNE, SNAadT| OTOV ThPEL
™V EAGYIGTN TYWH TG 1] SLVAPTNON
2
g(x)= (x —%j +x, Xe[0,+0).
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INa kabe x €[0,+0) woyvel g'(x) = 2[x —%j +1=2x-8, omote

gx)=0x=4.

To mpdompo ¢ g', N LovoTovia Kot ToL aKpOTOTA TNG g (POVOVTOL GTOV TOPOKATM
mivoKa.

X 0 4 +00

g'x) - 0 +
g(x) \ 17 /
4

Aniadn n g Tapovctdlet oto X = 4 ghdyioto o g(4) = % Enopéveg n

nocotTa (AMY ko Gporn (AM) yiveton edguotn otav X = 4. Apa 10 {Todpevo
onpeio eivor to M(4,2).
. 1
ii) I k@0e X > 0 woyver f'(x) = F, omoTE 0 GLVTEAEGTNG dtevbuvong g
X

1
gpamtopévng ¢ oto onpeio M(4,2) eivan A, = f'(4) = s O ovvteleotng
devbvvong g AM eiva:

2
— =4,
_1
2
. 1 o . ,
Emopévag, A, -A,,, = Z(_4) =—1, mwov onuaivel 4t N epamTOpéVN € givan

KkéBetn otnv AM.

9.’Eoto (AB) = 2X kot (BI) = Y ot d106TdoELS TOL
opBoywviov ABIA. Tote ) mepiperpog Tov otiffov
Oa eivar ion pe 27x + 2y ko emopévag Ba 1oydet

2rx+2y =400 < y =200—-rx.

To eppaddv tov opboywviov ABIA givar
E(x)=2x-y=2x(200—7x) = —27x* +400x.
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2
INo ke X € (O, ﬂ] gtval E'(X) = — 4mx + 400, ondte
T

E’(x)=0<:>x:@.
T

To mpdonpo g £', n povotovia kot ta akpdtoTa TG £ @aivovol 6Tov Topakato
wivoko.

100
X 0 —_— ~+00
T
E'(X) + 0 -
max
Aniodn n E mapovoidlel oto X = 100 péyworo 1o E [@j = 20.000 .
T T T

Emopévac, o opBoydvio tunpa tov otifov yivetat péyioto, dtav ot SlooTUoES

ToUL glvat:
100 200 100
(AB)=2-—=—mxo (BI')=200-7-— =100 m.
T T T
10.’Eoto X(X > 100) 0 apiBpog tov atoépov mov Oa dnkdoovy cuppetoyn. Tote, To
1066 Tov Ba TANpmGEL KABe dTopo TpokvmTet o and To. 1000 evpd apapécovyie
T0 OG0 NG EKTTOONG, TO 01010 avépyetal o€ (X — 100) 5 evpd, dnrodn kabe
dropo Bo mMAnpmost:

1000 —(Xx—100)5 =1000—5x+500 =1500 —5X evpad.
Emopévamg, o £00d0 TG TOLPEING OO TN CLUUETOYN TOV X 0TON®V B givat:
E(x) = x(1500—5%) = 5% +1500x.

TINo k6O X > 100 éxovpe E'(X) =—10x+1500, onote E'(X) =0 < x =150. To
npoon Lo S E' paivetat 6tov mapakdtm mivaka, and tov onoio tpocdiopilovpe
To SlooTHROTA LOVOTOVIiOG TG E Kot T 0KpATOTA QLTNG.

X 100 150 o0
E'(X) + 0o -

o | A
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Anhodn, n E mapovcialet oto X, = 150 péyiomn tipn v £(150) = 112.500.
Emopévag, npémetl va dnidcovv 150 dropo cuppetoyn otny kpovollépa yio va
£€YOVLE TO TEPLOGOTEPO, £5000.

11.'Eyovpe 7 (¢) = 0,05, omdte 7 () = (0,05¢)" xan &pa. 7 (f) = 0,05 +¢,. Opog
r.(0)= 3, omodte #(¢) = 0,057 +3. Opoing r,(r) = 0,047 +5.
1) To epPaddv daktvriiov Ba pndevictel Otav
n()=r()<=3+0,05¢=5+0,04t < 0,017 =2 < = 200.

Apa, votepa omd 200 S To epPaddv tov doktvriov Ba undeviorel.

i1) To gpPadov Tov KuKAMKOD daKTVAIOD, WG GLVAPTNON TOL XPOVOL 1, eival
E(t)=nr (t)—nr (1)
=7(5+0,04t)* —(3+0,05t)".

"Exovpe
E'(t) =27(5+0,04t)-0,04—27(3+0,05t)-0,05
=27(0,20+0,0016t —0,15—-0,0025t)
=2m(0,05-0,0000t).
Eivon

E'(t)=0<t~556s.

To mpdompo g £', n povotovia Kot o axkpotatao g E eaivovtol otov Tivaka.

t 0 55,6

E'(t) + 0 -

E(t) / mex \

Apa, ) gpovikn ottypn t =~ 55,6 s To euPfaddv Tov kukAikov daktvAiov Ba

peytotomomOei.

12. 1) H k&0etn Srotopr; ABIA givon oyfpotog tpameliov.
And 1o tplymvo HBI éyovue
HB =2np6 kow HI'=2c0vv0.

Ene1dn 1o tpamélio ival 1cookeléc, 1oyvet
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A0 =TH=2cuv0 xan AI'=2 + 2 cuvf + 2cvvl = 2 + 4 cuvh.
To eppadov tov Tpaneliov ABIA givan

_AB+TA _ 2+2+4cvvo

E HB 2nué

=(4+4ocvvO)Muo
=4nub(1+covvo).

i) @gwpolile TN cVVAPTNON

E(6) = 4muo(1+cuv0), 0c (oﬂ

Eivon
E'(6) = 4ouvO(1+ovvh) +4nuo(-npb)
=40VVv’0 —4np’0 + 4ovvo
=4cvv°0 — 4(1-cvv0) + dovvh
=8cuv’0 +4cvvH — 4
=4(26vVv*0 + cuve —1).
"Exovpe

E'(0)=0< 2c0v’0+cvv0-1=0
< ovvl :% N oovl =-1

<0 :Z, eneldn 0 E[O,£j|.
3 2

To mpdonpo ¢ £’ kabdc 1 povotovia Kot To akpdToTo e £ @aivoviol 6tov
mivoa.

0 0 /3 T
E'(0)

+ 0
E(H) / max \

Emopévacg, 6tav 0 = 3 10 ePPaddV yivetar péyioto, Tov onpaivel 6Tt TOTE TO

KavOA Oa LeTaQEPEL TN LEYIOTN TOGOTNTA VEPOD.

|232]



13.1)'Eotw t, 0 ypdvog mov ypetdletat o KoAvpuBnTng Yo vo, KOAUTHGEL ard TO
K 610 M xart, o xpovog mov yperdletal yio va meprotnoet and 1o M oto X\

"Eyxovpe
/o (KM) Vx* +100° Lt = (MX) 300-x
] L, 3 ? L, 5

Emopévag, o cuvolkdg xpovog yo va dtavocet T dtadpoun KM tvan

VX2 +100°  300-x
3 + .

5

T(X)=

i) @gwpolue TN cvvaptnon

Vx*+100°  300-—x

T(X)= + , xe(0,300).
(X) 3 5 ( )

Eivan

O pileg g 77(X) = 0 givar To 75.
To mpdompo ™g 7' 1 povotovia kot ta axpdtata ™G 7 paivoviol 6Tov TapoKdTd

VoK.
X 0 75 300
T'(x) - 0 +
T(x) \ 1(75) /
min

Aniadn, n ovvapton T Tapovotdlel Eldyioto yo X = 75 ft.
Apa, 0tav X = 75ft, t0T€ 0 KOALUPN TS YpELGleTaL TO AlydTEPO dLVOITO ¥POVO
v vo 04l 6TO GTiTL TOL.

14."Ectm p, M TOKVOTNTA TOV KATVOD OV EKMEUTEL TO £PYOCTAGI0 £, Kot p, M
TUKVOTNTO TOV KOTVOD OV EKTEUTEL TO EPYOCTAGIO £,
"Eyxovpe

p,(x) = k Kt p,(x) = kg—Pz, keR
(12-x)
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H mokvdtra tov kamvov ot Béon 2 eivan
pP(X) = p,(X)+ p,(X)
P 8P
k—+k——
X (12-x)

L8 )
x> (12-x)
H ovvapmon
1 8
=kP| —+——— |, xe(0,12
p(x) (xz (lz_x)zj €(0.12)

glvon Topaywyiown pe

, 2x 16(12-x)
xX)=kP| ——+—--
P ( xt 12-x)* ]
208 )

x (12—x)

"Exovpe
-2 16

'X)=0& —+——=

P X (12-x)

S 16x° —2(12-%)° =0
(2% -12-%x)° =0
& 2x—(12-x)=0
S 3x=12< x=4.

To mpdonpo g p’, N LOVOTOVia Kot ToL KPOTATO TNG P POIVOVTOL GTOV TAPOKAT®
mivaKo.

X 0 4 12

p'(X) - 0 &
P \ min /

Anladn, 1 ToKVOTNTA P YiveTon EAGYLOTY, OTaV X = 4.
Apa, 0 epYOLGPog Yl Vo £xEL TN AMYOTEPT| POTTOVGT) TTPETEL VO, (TICEL TO GTITL TOV GE
andotacn 4 km ond to epyoctacio £,
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2.8 A" OMAAAX

1. i) T kdbe X eR 1oydel

f'(x)=15x* =20x° xar £"(x) = 60x° —60x* = 60x>(x —1),
omotTE
f"(x)=0=x=0 ) nx=1.

To mpdonpo g [ eaivetal 6ToV TaPUKAT® TIVOKAL.

X —00 0 1 400
£7(X) -0 - 0 +
o | N N AN

Anradn m fetvar koikn 670 (—o0,0] kan oo [0,1] ko kvpth 670 [1,+0).
e To omnpeio 1 elvar Béon onpeiov kapmc. Eropévmg to onpeio A(1,0) eivor
onpeio koumng g C -

ii) [ ka0e X € R * 1oyvet:
_ 6x* =3x*(3x* =2) 6 -3x’
= - =

g'(x) 3
Ko

” —6x° —4x*(6-3x") 6(x* -4
omoTE

g'x)=0x=-2 Ax=2.

To mpdonpo g g” paiveTol 6TOV TOPUKAT® VKA.

X —0 -2 0 2 +00
g9"(x) - 0 + 0 +
O NI VN

Anhodn, n g oTpéeet Ta Kolha Tpog ta dve ota dStuotipatd [-2,0) kot [2,+0),
EV( TPOG TaL KATo ot Staothipate (—oo,—2] kot (0,2]. Exedn n g” undevileton

ota onueia —2, 2 kot ekatépobev aALdlel Tpdon o Ta onpueio A (—2, _TS Ko
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B (2,%) givor onpeio Kapmng mg Cg.
2. i) o xéde X eR woyder
fl(x)=e™ —xe™ ka f"(x)=e""(x-2),

omote
f"x)=0=x=2.

To mpdonpo g f " paivetal oTov Tapakdte mivoka.

X —00 2 +00
') - 0+
2
o | 7 N\
z.K.

Anrodn, 1 f otpéeet ta koila mpog to KaT® 610 (—00,2] Kot TPOG TO, AVED
010 [2,+00).
Enedn n f" undeviletor oto onpeio 2 kot ekatépmbev alAalel tpdonpo, 1o

onpeio A 2,% elvat onpelo Kopmng g C -
ii) ' k@6e X € (0, +00) 1oyvet:
g'(x)=2x2Inx-5)+2x =4x(Inx-2)
Ko
g"(x)=4(nx-2)+4=4(Inx-1),
ondte
g'x)=0chx=1cx=c

To mpdonpo g g” paiveTol 6TOV TOPUKAT® TIVOKA.

X 0 e +00

g"(x) - 0 +
2 | NGRS
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Anhodn, 1 g oTpépet Ta Koiho Tpog Ta KaTm 6to dtdotnua (0,e] kot Tpog To. v
670 [e,+0) . Enedn n g” undeviletat 6to onueio € kot ekatépmbev aAlalet
TpdoNLo, To onueio A(e,~3e?) eivon onpeio kopmig TS Cg.

iii) — TN k@0g X < 0 1oydel h'(X) = — 6x.
— T k6B X > 0 1oyveL h'(X) = — 3X° + 6x
— 210 X = 0 éyovpe:

— — 2 —
i BOO=h(O) 3 411

=0 won
x—0" X x—0" X
_ 43 2 _
lim 2Oy I () =0,
x—0" X x—0" X x—0"

Emopévme, n h mapaywyiletor oto X = 0 pe h'(0) = 0. Apa

) —6x, x<0
X) = .
—3x*+6x, x>0

-0, x<0

T X # 0 éyovpe A"(x) = ,
X0 syovpe #(x) {—6x+6, x>0

omoTE
h"(x)=0<x=1.

To mpodonuo e h” paiveral otov mapakdtm Tivaka.

X — 0 1 +00

h"(x) - + 0 _
o | N sk L sk )

Anhadny, n h otpépet Ta koido Tpog Ta KaTm oTa Staotipato. (—oo, 0] kot [1,+00)
Kot Tpog ta. ave oto [0,1].

Enedn 1o 0 givar ecotepixd onpeio tov mediov opiopod e h ko h'(0) = 0,1
C, éxerepantopévn oto onueio (0,1) ko enedn n h” exarépwbdey Tov 0 arralel
npoonpo, to onpeio A(0,1) eivar onpeio kopmig g C,.

Enedn n h” undeviCeton oto 1 ko ekatépmbev avtod odldlet Tpoonpo, 10
onueio B(1,3) eivon onueio kapmg mg C,.
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i) T kdBe x e R 1oyder f'(x) = —2xe" Ko
F(x) =2 —2x(e™ ) =2¢ (2x* —1), ondre

B —h

f'(x) = 0<:>x——n X=—- 2

To mpodonpo g f” paivetor 6Tov TOPAKATO TIVOK.

V2 V2
X —00 - — +00

2 2
/") -0+

(%) U N, U
>.K. > K.
Anhadny, n T otpéeet Ta koika Tpog Ta dve ce Kabéva amd Ta SlooTHHATA

V2

2
[—oo, - 7} Kol {7 , +oo], EVAD OTPEPEL TOL KOTA TPOG TOL KAT® GTO SIAGTN A

44

>

22

2 2
Eneon n /" undevileton ota onpeio — PRI KoL ekatépmbev autdv aAAACEL

2 L 2 L
npooNpo, To. oNpEia A[—%,e ZJ, B[%,e 2J8ivou onueio KopUmg g Cf.

i) o k4be X € [—% %j oyvel g'(x) = Kot

cuvix

" 2cvvx(— 2
2"(x) = — (=nux) _ 2np

7 ——, omote
GLVX GLV’X
g'xX)=0onqu=0<x=0.
To mpdonpo ¢ 9" poaiveror 6ToV TOPAKATO TIVOKA.
X —7/2 0 /2
9"() -0
O A T N




AnAodn, N g oTPEPEL TO, KOIAQ TTPOG TO, KAT® OTO (—%,O}, EVO OTPEQEL TOL

KotAo TPOG T AVD GTO [0,%). Enedn n 9" undeviletor oto onpueio 0 kot

ekatépwbev ovtov aAralel Tpoon o, To onpeio O(0,0) eivor onpeio Kapmg
mg Cg.
- x’, x20
ii1) Etvan A(x) = s .
-x-, x<0

H ovvépnon £ givor cuveyng 610 R @¢ yivopevo cuveydv.

‘Eyovpe:
, 2x, x>0 , 2, x>0
h'(x)= ko A"(x) = .
—2x, x<0 -2, x<0

TN x, = 0 givan

— 2 —
1imM= hmx_():o’
x—0" X =00 x

_ _ 2
limM: lim = - 0.

x—0" X x—=0" X

Apa h'(0)=0.

Amd 10 Tpdon o TG A" mporvmTel 6t A givon kupt 610 [0,+0), KOiAN 6TO
(—0,0] ot to onpeio O(0,0) eivor onpeio Kapmng.

iv) H ouvaptnon ¢ givatl cuveyng 610 R g ohvBeon cuveymv.

"Exovpe 1
—_—, x>0
X, x=0 , 2Jx
P(X) = ; P'(X)=
J-x, x<0 1 X <0
2-x’
-1
——, x>0
] 4xy/x
Ko o"(x)= .
1
Xx<0

X

H mapdywyoc g ¢ oto onpeio 0 B avalntndet pe ) forBeta Tov opiopo?.
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T x>0, sivor lim 230700 _ T
x—0" X—0 x=0" X x—0" \/;

— T x<0, eivor lim 900 =#(0) = lim X lim - =
X—0" X— x—0" X Xx=>0" \/—X

Apa, 1 ¢ dev mapayoyiletar oto 0. Opwgn C«J déyeTal EQUMTOUEVT OTO
0(0,p(0)), Tnv Kataxdpven X = 0.
To npdonpo ™G ¢”, KaBdS T KoTA Kot T0, KOPTE TG @ PAiVOVTOL GTOV TIVOKO.

X —o0 0 +00
9" (X) - -

o0 | (N o N

Apa to onpeio O(0,0) dev efvar onpeio kapmng g Cw, oV eKaTEPOEY TOV
0mn @" dev oAralet mpdom 0.

v) H suvapton v yio X < 0 kot yio X > 0 givar cuveyng og ohvheon coveydv.
Toyber

lim w(x) = lim (—\/—x) =0,
X—0" X—0"
lim y (X) = lim v/X = 0 ka1 y(0) = 0.
x—>0" x—0"
Apan y etvan cuveyng Kot oto 0.
"Exovpe
! Xx<0 1
NE " 4xaJ-x"
) kot (X)) = )

x>0 - x>0

2%’ 4xIx°

Y10 X, =0 éyovpe

x<0
w'(x)=

fim YOV O o X L
x—0" X x—0" X x—0" \/;
hmwz lim =X _ lim 1 —
X—0" X X—0" X X—=0" [_X

+00.

|240|



Emopévagn y dev mapayoyiletar oto 0.

Enredn n v eivan cuveyng oto 0, n CW déxetal EQATTONEVT] 6TO ONUELD TNG
0(0,0) v kataxdpven gvbeio X = 0.

To mpdonpo ™ " eaiverol otov Tivaka.

X —00
y"(X) +

0
woo | \ S 22(. N

Anhadn, n v etvan kopt 610 (—0,0] Kot kKoiAn oto [0,+00).
Eneidn exatépmbev tov 0 1 w" aAdaler mpdomn o kot CW d€xeTOL EQOTTOUEVT|
oto onpeio O(0,0), To onpeio avTo givor onpeio KOUmG TG CW.

400

4. e H f oto [-1,1] eivon cvveyng og mopayoyion ¢’ avtd kot woydet f'(x) >0

v kade X € (1,1). Emopévog, n f eivan yynoing adéovoa oto [-1,1]. Opoing

n f givan yynoiog pBivovoa oto [1,4], yvnoing avéovoa oto [4,8] kot yvnoing
¢Bivovca oto [8,10].

e H f o10 [-1,0] givar ovveyng ko n ' elvar yvnoiong adéovsa oto (—1,0).

Enopévagn f otpépet ta koida mpog ta ave oto [—1,0]. Opoingn f otpipet

— ta Koihdo Tpog ta Katw oto [0,2]

— 10, KotAo TPOG T, v 670 [2,5]

— 70, KOtAO TPOG T, KAT® 670 [5,6]

— 10 KofAo TPOg Ta Aved 670 [6,7] Kot

— 10 kofha TPog Ta Katw oto [7,10].

[Mbavég Béoelg Tomkmv axpotdtmv givat to onpeio 1, 4, 6, 8 wov gival eomtepikd
onueio tov mediov opopod e f ko oto omoio undeviCetarn ', kabdg Ko
to onpeia —1, 10 Tov givar dxpo tov Tediov opiopod g f.

Ot apBpoi 1, 8 eivar Béoeig Tomkdv peyictmv, eved ot apBuoi —1, 4, 10 glvon

0écei1g Tomikmv ehayiotov. O apBuog 6 dev eivar BEomn Tomikod aKpoTdTOL
apov 1 ' dev aAdaler mpdonpo exatépmOEY avToD.
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® Téhog, To onuein 0, 2, 5, 6, 7 eivar B€oeig onueiov Kopmng.

5. 1) Emedn n ocvvapmon S eivar yvnoiog bivovsa oto [0,z,], T0 x1vnto 1o
t €[0,¢,] xwvetrar katd v apvntikny eopd. Enedn 1 S eivar yvneing avéovca
670 [t,,+00), TO KtvnTd Y10 £ > £, Kiveiton kot Tn BeTikn Qopd.

i) Eivar yvootd 6tim topdtnto Tov kivntov givat v(¢) = S'(¢) ko 6t Tig Ypovikeg
otypég h' n C mapovordlet kapm.
Ao 10 oo TpokvmTEL OTL:
— X0 Sidompa [0,¢,] M S oTpépet To koika kétm kar dpan S'(r) = v(7) ivol
yvnoiong ebivovoa 6 awtd. Andadn 1 taydtnta oto [0, ] peidverol.
— X0 Sidompa [£,£,] N S oTpépet To koiha mhve kot dpan S’(7) = () givor
yvnoing adgovco o’ avtd. Anhadh n toxdnTa 670 [£,,4,] avtlverol.

— Opolmg mpoxdmtel Ot M) TOXOTNTO GTO [£,,+00) HELDVETOL.

t |0 t L +00
o(?) \ / \

Anhodny, 1 TaxdTNTe TOV KIvnTod avgdvetal 6To Sidotnua [£,,4,] Kot oto
dactipata [0, ] ko [£;,+0) peidverol.

2.8 B’ OMAAAX
1. T kB X € R oyvet:
, x*+1-2x" 1-x*
= = Ko
="y Tarey
_ 22 _ 2 A 42 2 _
L) = 2x(1+x7)" =2(x" +1)-2x(1-x")  2x(x"-3) ombTe

(> +1)° P+
F'(x)=0x=01 x=—/3 {1 x=13.

To mpdonpo g " paivetal 6Tov Tapakdto mivoka.
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X —0 —\/5 0 \/5 400
"X — 0 + 0 — 0

+

LA SUPE YAt SN

Enednqn f " undeviletat ota -3 , 0 kot V3 kar eKoTEPOEY ATV aAAGCEL

TPOOTLLO, TO. OTHETD A(—\f , —ﬁj ,B(0,0) xon I” [\/5 ,QJ etvon onueio kapmg
mg C - 4 4

Ene1dn ta onpeio A ko I” éxovv avtibeteg ocvvietoypéveg Oa givatl GUPUETPIKA
®G TPOG TNV 0Py TOV 0EGVEOVY oL etvar To onpeio B.

2. o xaBe X € R woydet:
f,(x) = 2ex—a — 2.x Kot f"(x) = 2@”5_0‘ _ 2 — 2(ex—a _ 1)’
omote
=0 =lcx=a.

To mpdonpo g " paiveral 6Tov TapaKkaTe Tivaka.

X —00 o +00

) -0+

f(x) mz(xzv

K.

Enredn n f" undevileton 610 onpeio a kot ekatépmbev avtov aAlialel Tpdonpo,
10 onpueio A(a,2—a’), & € R givar onpeio kapmig ™g C,. To onpeio avtod
Bpioketar oty mapaBorn y =—x +2, apod 2—a’ =—a’ +2.

3. To kdBe x € R woydet:
f(x)=4x" —60x* +12x+2 xou

F7(x) =12x" —12ax +12 = 12(x> —ax +1).

Hapotnpodpe 6t n £ eivar devtepoPadiio Tprdvopo pe 4 =a’—4 <0, apod
a € (-2,2). Enopévac, f"(X)> 0 yio kdbe X eR.
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Apan f otpéeet ta koiha mpog ta ave 6° 6A0 T0 R.

4. 1) T kdBe X € R oyder
f'(x) =3x —6x =3x(x-2),

ondte

f(x)=0=x=07 x=2
Ko

f'(x)=6x-6=6(x—1),
ondte

"x)=0= x=1.

To poonpo v f' kot £, Ta Tomikd axpdTaTa Ko To oTUEin Kopmng epaivovtol
GTOV TOPOKAT® TTiVOKO.

P 0 1 2 o0
110 + 0 - | - 0 <
S - 0 +

- +
AR ST e

Anadn, n T Topovoralet:

® 70 onpeio 0 Tomd péyioto o f(0) =2 kot

® 10 onpeio 2 Tomkd eldyoto o f(2)=-2.

Enedn n f " undeviletar oto 1 ko ekotépwbev avtod alhalel mpdonpo 1o
onueio 7(1,0) eivor onpeio kopmng mg C -

it) ' va dei&ovpe 6t ta onueio A, B, I” elvan cuvevbetaxd, apkel va dei&ovpe

Otd =4,
"Eyovpe:
-2-2 0-2
Ag=—"="2Ku A, =——=-2.
2.0 -0
Apas,, =4,
5. Eivauw:

2/ " (%) =2/ (x)+2x=0
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omoTe EYovpe SLodoy LK
S ()= f'(x)+x=0
S )+ f)f () - f"(x)+1=0
(') + " ()(f(x) =1 +1=0.

‘Ectw 61170 onpeio X, eivon Oéon onpueiov kapmrg. Tote 1oyvet
f"(x,)) =0, ondte

(') + " )(f (%) =1 +1= 0 7y wodovapa (1'(x,))* +1=0
mov givan dromo.

Apan f dev €xet onpuelo Kopmnc.

2.9 A" OMAAAX

1. i) Eivau
lim f(x)= lim ! =—o0 kot lim f(x) = lim = 400,
x—2 2 x—2 x—2"

=2t x =2
ondte M gvbeio X = 2 givan katakOpLEN acvurTe™ ™ C -
il) Eivaw:

1]

=
7N\

=

=

<

aQov
lim =+ kot lim nux=-1.
‘T OLVX L

X—>——
2 2

, T, . .
Apan X = —3 givat katokopuen acvpnte™ ™G C,.

Opoiwg
lim f(x)= lim gpx = lim [T]px- ! j:+oo,
PN P T cLVX
2 2
QoL
lim =+ kot lim nux=1.
x—% OLVX x>
2

2
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, T, . .
Apamn X= 5 givon katakopoen acvpnte™ MG C,.

iii) Eivow:

= lim(x—2) = 1.

2_ — —
lim /(x) = lim~ 3042 i & 1)()61 2 :
xX—> xX—> — x— xX—>

X l x—l
Emopévag, n evleio X =1 dev eivor katoxopoen acopntm e C, .
iv) Eivan

lim f(x)=limx=0 kot lim f(x)= lim 1 =400,
x>0 x>0 x—0" x>0 x

Emopévamg, n evbeia X = 0 givar katakdpven acopurtot g C -

2. 1i)’Eyovpe:
X +x+1 :

e lim f(x)= lim — = lim — =1, ondte n evleioy = 1 eivar oprlovTia
X—>+0 x40 xC 4] x>0

acvpmtwm g C, 610 +o0.

X +x+1

e lim f(x)= lim ———=1, on6te n gvbeia y = 1 eivai opiiovria acv-
x>0 xome o xT4]

prtot g C, kot oto —oo.
i1) ‘Eyovpe:

e lim f(x)= lim (\/x2 1 —x): Jim — _ lim

1
X—>+00 X—>+00 X400 / 2 X400
¥olx x[,/1+12+1]
X
1 1

=lim| - ——xn—= =0,
X—=>+0| ¥ 1
[/1+X2+1]

omdte M gvleio y = 0 eivor opilovtio acvuntwt g C, oto +oo.

e lim f(x): hm( xz(l-i-izj—xJ: lim [—x(‘ 1+i2+1]]:+w,
X—>—00 X—>—00 X X—>—0 X

ondten C, dev £xel optiovTio AGOUTTMTN GTO —o0.
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3. i) H ovvapmnon f éyermedio opiopod to (—oo,1) U (1,+0).

IMAGyES - 0p1LOVTIEG ACVUTTOTES
® H acvuntetm mg C, ot0 —o givar g popergy = Ax + f, 6mov

2 _ 2
PG TIAC) R TN, st e ) TR I

X—>-0  x xo>-0 ¥ —x X—>—0 x

2 —_— —_— —
B = lim (f(x)—Ax) = lim (¥_Xj ~lim =% —o.
X—>—00 X—>—00 x

x—>—0 xy —]

Anadn, eivarm gubeia y = X.
Oupoing Bpickovpe 6t1M gvbeio y = X eivar acdpntmT g C, 10l 670 +00.

Kotaképoges aocopntoteg

Eivou:
) . oxt-x=2 ) o oxt—x-2
lim f(x) = lim=————= =+o0 kot lim f(x) = lim ————= = —o0,
X1 -l o x—1 ol ot o x—1

omote 1 evBeia X = 1 givar KoTakopven acvurtot) g C =
ii) H f éye1medio opiopol 1o (—0,2) U (2,+0).
o ITAdayies - opriovTIES UOVUTTOTES

H acdprtom mg C, 610 —o givar g popenig Yy = Ax + f, 6mov
/() -

A= 1lim :lim);—S:lKou

x>0 x x>0 xy° —2x

2 —
B = lim (f(x)—2x) = lim[x > —xj: lim 2 23=2.

xX—

Anadn, etvorn gvbeiay = X + 2.
Oupoiwg, n gvleioy = X + 2 givar mAdyio acountet g C, Kot 670 +00.

o Kataképuvpeg aoOpntmteg

Eivau
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2

hm f(x)= lim X =3 = —00 Kot
-2 x—2
x' -3
11m f(x)= lim = = 400,

x—2" x—

omoTe 1 evBeia X = 2 givar KoTakOpLET acvurtoT) T C x

iii) H f £xe1 nedio opropod A = (—o0,—1)U[0,+00).
o ITAhayieg - opriovTiES GOVUTTOTES

— H acOuntom mg C, 610 —o eivar tng poperigy = Ax + f, 6mov

1

R -

P T L

= lim = lim

X—)*OO X xX—>—00 X xX—>—00 X

=-1 ko

B =lim(f(x)—Ax)= lim (\/x +x+x)_ lim jlx =
X—>—0 X—>—0 X—>—0 X +x—x

=lim——7—— X = lim — |

X—>—0 X——0 l
—X- ( 1+— +1J I+—+1
\ X

Anhadn etvoun gvbeio y = —x —%.

. , . , 1 ,
Opoiwg Bpiokovpe 6Tin gubeia y = x+ 5 gtvar acoprtw TG C, 670 +00.
o Kataxépvpes aoOpntmteg
HC, dev &yet xotaxodpuen acduntmh, oo oto —1 kot 610 0 eival cuveyng.

4. 1) Emedn lin(}(n ux) =0, lilr(} In(X+1) =0 ko

(mux)’ lim GLVX
x—0 (]H(X + 1))’ x—=0
X+1

= lin(}(x +1)ovvx =1,

&yovpe
m_ X
x>0 In(X +1)
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if) Eme1dn lim (1 - cvvx’) =0, lim x* = 0ot

2y 2 2
lim(l GLVX") :limnux ZXZHmlan :l

o0 (X IV 00 x> 2
€Yovpe:
. l-cowx’® 1
lim ———=—.
X—0 X 2

iii) Eme1on lirr(}(x —-nux) =0, 1in3(1 —ouLvX) =0 Ko

Jim KR 1m0V 00V TR
x>0 (1— GUVX)’ x>0 X x—0 (nux)' x>0 FUVX
€xovpe:
lim XX
x=0 | — GLVX
2.9 B’ OMAAAX

1. 1) Apxkei va deiéovpe 6L
Xlirgo(f(x)+x+l) =0.
pdypatt £yovpe
lim (/) +x+1)= xng(m Fx+ 1)

_ fim X2 +2x+2-(x+1)? fim 1
X—>—00 2 X—>—0
X +2x+2 - (x+1) i /1+g+%_x_1
X X

= lim i lim !

1

X——0 —¥  X—>—0 2 2 1 2
/1+—+—2+1+—
X X X

Apxel va dei&ovpe 6L

lim (£(x)— (x+1)) =0.

pdypatt £xovpue
lim (£(x)— (x+1)) = lim (\/x2 F2xt2—(x+ 1))
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X H2XH2-(x+D)F 1
= lim = lim
o [ a2+ (x4 2 2 1
X[l =+—F+1+—
X X
:liml~lim ! =O'l=0.
X400 X X—>F0 2 2 1 2
I+—+— +1+—
X X X
i) Exovpe
X4 2X+2> X +2x+1=(x+1)°.
Enopévac:

— Kovtd oto —oo givor

f(x):\/x2+2x+2 >\/(x+1)2 :|x+l|:—x—1 (apov x<—1)

mov onuaivel 6t C, Bpioketar move omd ™y acvunto y =—X - 1
— Kovtd oto +oo givan

) =V +2x+2 > J(x+1)> =[x +1] = x+1 (apod x <—1)

nov onpaiver 6tin C, Ppioketor mévo omd v acOpnto y =X + 1.

2. i) H ovvapmnon f éyel nedio opiopod to R.

o ITAayieg - oprlovTIES UOVUTTMOTES

— Emedn

2
A=1im 29 - fim X~ fim = lim (i-xj=-oo

xo-0  x x——0 x.Q* x>0 ¥ x—>-o| ¥
apov
1 (1Y .
Iim —=lim | — | =+o00 ko1 lim X =—o0,
x—-0 DX x—>-w| D X>—o0
nC ’ dev £xel A0 ACVUTTMTI] GTO —00.

— H acvuntom mg C; 610 +o0 givar g popenigy = Ax + f, 6mov

2 ’
2= 1im 20— gim i = i O]

x>ty x>ty . DF x40 Q¥ X—+0 (2")’ 2*In2

=0 ko



B = hm(f(x) AX) = hm [——OJ
29" _ i =0.

m
X—+0 (2" In 2)' X+ 2" ln 2

. 2x
= lim —
x~>+oc (2 ) x—>+0 2 n 2

Aniodn, eivorn gubeiay = 0.
i) H cuvaptnon f &yer nedio opropod to (0,+0).
o ITLayieg - 0p1lovTIES AOVUNTOTES

H acdpmtot mg C, oto +oo givar g popengy = Ax + B, 6mov

1
A= lim —= S () limln—x: lim (In x) = lim X = th:O Kot

x40y X—>+00 xZ X—>+00 (x2 )' x40 Dy xotw ZX
B = lim (f(x)-2Ax) = lim (m_xJ A )
X—>+0 x|y x>+ (x)' x40 X

Anlodn, eivorn gubeiay =0 .
o Kotoképueeg aoOumtmTeg

Eneidn

Jim X _ 1im(l-lnsz—oo.
X

x—=0" X x—0"

H gvbeia x = 0 givar katakdpoen acdurtm g C =
3. Apykd Oa mpémen f va etvan cuveyfig oto X = 0, dnAadn o mpémet vo 1oydeL:
lim /(x) = lim £(x)= £(0)
"Exovpe
vlggl fx)= }Lrg;(npx+a) =a, 11m f(x)= hm e’ =1 xa f(0)=a.

Emopévmg mpénel va givar a = 1, dnhadn n cvvaptnon f o givon e popeng

1, <0
f@){m“+ * (1)

s x>0
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I a # 1 n cvvaptnon dev eivar cuveyng, dpo dev eival napaywyioun oto X, = 0.
E&etalovpe tdpa, yio moteg Tipég Tov S 1 cuvaptnon (1) eivar mapoywyicyn
oto X, =0.

J@)=/0) _npr+I1-1_ nupx

—TNa X <0 éyovpe , ondte
x—0 X X
“mw: lim M _
x—0" x—=0 x—0" X
_ Bx _
— TN x> 0 éyovpe S =70 =¢ , OmaTE
x—0 X
— Bx _ Bx 1V Bx
lim LSO el D B g
x—0" x—=0 0" X x—0" (x)’ x=0" ]

Enopévag, n f mopaywyiCetar oto X, =0, av kar pévo av f=1 kot a = 1.
4. ) —Tw0<x#1n f elvor cuveyng og TNAiKo GUVEXDV GUVOPTHCEDV.

— T x=1 éyovpue

Jim X0 _ iy OI07 e I iy = 1.
x=>1 1 =X X—1 (1_)()’ x>l —]

Emopévagn f eivarl cuveyng oto nedio opiopov mg.

ii) ' 0 <X # 1 éyovpe:
xlnx+1
SO -fD) 1-x = xhhx+l-x
x—1 x—1 —(x-1)°

>

onote

limf(x)—f(l) :liml—x+xlr21x :lim(l—x+x1121x)
x-1 x—1 x>l —(X—l) x>l (—()C—l) )’

—l+Inx+1 . In X
im =lim
x>l —2(x—1) x>1 —2(x—1)

(Inx)’

1
=lim———— =limX =—
x—1 (_2()(_1))' S )

E.
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Apo f/(l)=—+
p >

5. i) eTax# 1n f givar cuveyng wg ohvBeon ko nhiko cuveydv.
TNa X, = 1 &xovpe

2 0
lim /(x) = Elﬂw (uop(pﬁ 6}

2x -2

2 —
=limx _2X+2:lim 22()( 1) =0.
b 1 =l X7 —2X+2

Enedn f(1)=0= lin} f(x), n f eivor ovveyng oto 1.

e Efvon
In(x* —2x+2) _0
hmf(x)_f(l)zhm x—1
x—1 x—1 x—1 x—1
_ingmx2—2x+2) o .0
m —(x 21y Hopen 0
2X—2
2 —
i X =2X42 g, 265Dy
-l 2(x—1) oL 2(X—1)(X" —2X+2)
Apa f'(0)=1.
Emopévagn T eivon cuveyng ko mapayoyiown oto 1.
i) Etvan
. . . . Inx
limg(x)=limx" =1, limg(x)=lim|l+— |=1+0=1
x—>1" x—>1” x—>1" x—1* X

kong(l)=1°=1.
Apan g etvon cvveyrg oto 1.

— T x <1 éovpe

— 2_
lim 08D _ i X ey =2,

x—1 x—1 ol x—1  xol

— T x> 1 épovpe
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1+ Inx -1
lim X =ED _yy x _y Inx (uop(pﬁ 9)
ot x—1 w1 x—1 w1 x(x—1) 0
1
= lim —% i !

= lim
=l X—1+X o1 X(2X— 1)
Emeidn
lim &®—g® _ . g(x)—g@)
x>l x—1 ol x—1
M cvvaptnon g dev eival tapayoyion oto X, = 1.

>

6. i) — Emedn lirr(}(l —e)=0 ko lirr(} x=0, é&ovue

L l=et e
lim =1lim
x—0 X x—0 1

— Eme1on| llm X =0, kou limIn X = —o0, &yovue

x—0

In 0
11m 1(XInx) = hm n—— (MOP(PH —j

X
1
= imizhm( X) =0.
x—0" 1 x—0
X

ii) ‘Exovope

-Xx

lim £(x) = lim (I—e ) In x = lim ——°— (xInx)
x>0 x>0 x—0"

~lim(xlnx)=1-0=0
x—0"

GULLPOVO LLE TO EPATNLUA 1).

Eneidn f(0)=0=lim f(x), n f eivar cuveymg oto 0.
x—>0"

ii1) Eivon
lim f(x)—-£(0)  lim (1-e")nx-0 lim l-e

x—0" X x—0" X x—0" X x—0"
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2.10

S ()= f(0)

Eme1dn n cuvaptnmon f eivar cuveyng oto 0 kot 11m =-o, nC,

déyetar epantopévn oto O(0,0) tnv gvbeio pe aﬁtcoacn X= 0.

2.10 A" OMAAAX

1. i) @ H féye1nedio opiopod to A=R.
e H f givon cuveyng og moAvwvopikn
e [ kéBe X € R woydet £'(x) =3x> —6x -9 =3(x* —2x—3), ond1e
f'(x)=0=x=31 x=-1.
To npdonuo tng f' diveror and tov mapaxdto wivaka, ond ToV 0moio
TPOGOL0PILOvLE TO OLULGTIHLLOTO LOVOTOVIOG TNG f KO T TOTKG okpOTOTA OVTAG.

X -0 -1 3 +00
/(%) + 0 - 0+
16
f(x) / T.M. \ _16 /
T.E.

E&GAhov yio kO X e R wyvel f"(x) = 6x—6, ondte
"x)=0=x=1.

To wpdonuo g f” paivetol 6TovV TAPAKAT® TivaKa 0wd TOV 07moio
npocdiopilovpe Ta Swactiuota ota omoio 1 C, otpéel ta koilo mpog Ta
Gvo M TPOG T KATM KOL TO OTUELD KOUTNG.

X |- 1 +00
" (x) - 0 +
0 | (7 N 0 4

e Eivau 11m f(x)— llm(x —3x* =9x+11) = lim x’ = +o,

X—>+0

11m f(x)— hm(x =3x> —9x+11) = lim x° =

X—>—0

H C, dev éyel achuntoteg 670 +oo Kot —oo, apov 1 f eivar moAvwvopixn
tpitov Pabuov. Zynpotiovpe tov mivaxa petaformv g f kot yapdocovpe
T YPUPIKY| TNG TAPAGTAGT).
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2.10

X —0 -1 1 3 +00
f(x) + 0 - - 0 +
J"(X) - -0 + +
16 "\ 0 +00
f(x ﬁ TM. -16 J
0| 4 K\

ii) @ H f opiletar 6t0 A = (—o0,1) U (1,+00)
e H 1 eivat cuveyng oto A, og pnti.

o o kGBe X € A woyvel f'(x) = omoTE

(=1
F'(x) #0 yiaxd0e X € A.

To npdonuo ¢ f’ eaiveron otov Topakdto Tivaka, 0md ToV 0moio TPoo-
dropifovpe ta dStouotnpata povotoviog g f .

X |—o0 1 +00
fr(x) - -
£(x) \ \
2x-1) 4

I 7 " _
lNokabe x e A wyder f"(x)=-2 = -
(x-=1) (x-1)

To mpodonuo ¢ 1" eaivetol 6ToV TOPUKAT® TIVOKO, 00 TOV 0T0i0 TPOG-
dopilovpe ta Swotipata ota omoia | f otpépet Ta kKoida mTpog Ta dve M
TPOG T KATM KOl TA OTUEIR KAUTNG.

X —o0 1 +00
f"(x) - +

o | 7 |\
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2.10

e Eiva xlirilo f)= xliﬁrgox—Jri =1, ondte 1 gvbeia y = 1 givar opilovtia
acvuntet g C, ot0 —oz B

Opoimg Xl_ig:c f(x)=1, onoten y =1 eivar oprldvTioL aGHUTTMOTN KO GTO +0.
Emniong 1ir? f(x)= lir? x—+i =—00, lirg f(x) = +o0, omdte 1 gvbeio X = 1 eivar
Kar(m(');;(pn acﬁu;;mtr); ;ng C - v

o YynuatiCovpe tov mivaka petapordv g f kot yapdocovue ™ ypopikn
G TOPAcTACT.

X —0 1 +o0
() - -
ol - *
1 +00
o | % N\

iii) e H f opiletan ot0 A=R.
e H f givar ouveyng oto R w¢ molvmvopux.
o N kée X eR 1oyver f(x) = 4x° —4x = 4x(x* —1), omdte
f(x)=0=x=0Ax=-11 x=1.

To mpdonpo g ' eaivetar otov Tapakdte nivaka, ard ToV 0T0i0
TPocd1opilovpe Ta SLOGTNUOTO LLOVOTOVIOG KOl TOL TOTIKG akpoTata g f.

X —0 -1 0 1 +00
£ () - 0 + 0 - 0 +
0
\ / TM. \ /
(%) 1 .
T.E. T.E.

— TN kéBe X eR oyver f"(x) =12x" —4 = 4(3x” —1), ondte
3 3

"X)=0&x=—nN X=——.
S'(x) 30 3
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2.10

To mpdéonpo g f” eaivetal 6Tov TapaKAT® Tivaka, ard Tov omoio
npocdlopilovpe to Staotipata oto omoia 1 T otpépet Ta koila Tpog ta v

N TPOG T KATW KO TO, GNUEID KOG,

X —o0 \/g

+00

£7(%) + 0o -

NI

> K.

f(x)

® Eivar lim /(x) = lim (x* —2x%) = lim x* = +o0.

X—>—0

lim f(x)= lim x* = +oo.
X—>+00 X—>+0

H C, dev éxe1 aoOUNTMTEG GTO —0, +0, 0OV V0L TOADMVUIKH TETAPTOV

Bobpov.

® Yynpotifovpe Tov Tivako petafordv g f kot xapdocovpe T ypapikn

g TapdoTao.

x |~ -l 3

_N7 0 N 1 +00
3 3
f'(x) - 0 + + 0 - 0o +
S"(X) + + 0 - - 0 +
+00 0 +o0
5 //’* 5
-= T.M. _=
f(x) \\\,,<_1 »ﬂ/f 9 9 '\\\* 1 ,/,f
TE. z.K. z.K.

Xyo6r0
Emedn ya kébe X € R oydet

f(=x)= (0" =2(=x)" =x" -2x" = f (%),
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2.10

n feivar dptio, omdTE N YPAPIKY TNG TOPAGTAGT EIVOL GUUUETPIKN OG TPOG
Tov a&ova TV Y.

2. i) e H fopiletoroto A=R*.
e H 1 eivat cuveyng oto R*, og pnti).

2
X

-1
, * 7 ’ _1_ - _ ’
® [0 kd0e x e R *oyver f'(x) =1-— =———, omote
X X
f'x)=0=x=14x=-1.
To mpdonpo g f' eaivetar otov Tapakdte nivaka, ard ToV 0T0i0
npoocdiopilovpe Ta SraoThpaTa povotoviag Kot Ta akpdtata g f.

X - -1 0 1 +o0

f'(x) + 0 - 0+

f(x) / T_I\2/I \ \ 2 /
T.E.

2x° —2)c(x2 -1 2 ,
———=—, omo1E
x X
f"(X) # 0 vy k6O X e R*,
To mpoonpo g 1 paivetan 6ToV TOPUKATO TivaKa, otd ToV 0Toio TPoGc-
d1opilovpe to Swactiuota ota onoia C. otpéel o koika Tpog Ta v 1
TPOG TOL KAT®.

— TN kGbe X eR* woyver f"(x) =

X —00 0 +00
709 - +

o0 | N |\

o IThdyieg - 0p1lovTiIES AGVUTTOTES

H aodpntom mg C, 610 —oo eivor g popeng y = Ax + f, 6mov

A= limM= lim (1+L2j=1 Kot
X

X—-w X—-0

X X—>—0

B = lim(f(x)—Ax)= lim (x+l—xj= liml=0.

Anadn, etvarm gubeia y = X.
Oupoimg, amodeuvietal 6tLm evbeia Y = X givar acdpmto g C, 610 +o0.
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2.10
o Kataxépogeg aoOpntmteg

Etvon lim f(x) = lim [x + lj = —00 KOl
x—0" X

x—0"
. . 1
lim f(x)=lim| x+— |=+o0.
x—0" x—0" X

Apan gvbeia X = 0 etvar katakdpven acdpntw g C,. Eniong éxovpe:

X—>—0

2
lim f(x)= lim [x ”J = lim x = —0 Kot
X—>—0 X—>—0 X

x2+1

lim f(x)= lim = lim x = +oo.

x—>+o0 X—>+00 X x—>+o0

o TynuatiCovpe tov mivaka petaporov g f kot yapdocovue ) ypopikn
™G TOPAoTACT).

X —00 -1 0 1 +00
f'(x) + 0 - - 0 +
f(x) - - + +
) +0 +00
f(x) T.M. ’_\4 k, 2 ,_/
> —® T.E.

X6 0
Emedn yua kabe X € R* woyvet

(=x)* +1 . X

f(-x)= L
X
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2.10

N f etvol Tepurti], omoTE 1 YPOPIKN TNG TOPACTOGT) EIVOL GUUUETPIKT (OG TPOG
mv opyn O.
ii) @ H f opiletan 610 A = (—0,1) U (1,4+0)
e H f givar cuveyng oto A, g pnri.
e [0 kGOe X € A 1oy0eL
Qx-D(x-1)—(x*—x-2) B x> =2x+3
(x—1)* (x=1)?
onote f'(X) >0y kGbe X € A.
To npdonuo g f’ eaivetal otov TapokdTo wivaka oxd Tov 0moio TPOo-
dropilovpe ta dracTnoto povotoviag Kot o okpotatae g f.

S'(x)=

>

X —o0 1 +00

f(x) + +

e

INo kaBe X € A 1oyvet
(2x-2)(x—1)> =2(x—1)(x* -2x+3) -4
(x=1)° (x=1)°’
0TOTE TO TPOSTO TNG f " POIVETOL GTOV TUPUKAT® TIVOKOL, OO TOV 0TO{0

npoodiopilovpe o Sraotiuata 6ta onoio C, otpépet Ta koika Tpog o Ve
N TPOG Ta KATW.

S =

X —0 1 +00
I -

i | \ 2|7 )

o IThayies - opriovTieg 0OVUTTOTES

H acdpntot mg C, 610 —oo givar tng poperg Y = Ax + 4, 6mov

2
A= ]im&: h.mx2—x2:1 Kot
xX—>—00 X x—o—0  xT —x

2
— lim (f(0) = Ax) = lim | =72y | = im =2 =0,
B X—>—00 X—>—00

x-1 ¥ x —]
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2.10

Anadn, etvorm gubeiay = X.
Oupoimg, n Y = X givar acoprtot g C, oto +oo.

o Kataxépogeg aodpntmteg
2
, . . X —x-2
Etvon lim f(x) = lim ———— =+ kot
x>l x>l x—1

2 — J—
lim £(x) = lim *—*—2 _
x>l x—-1 X —1

Apa, n evleio X = 1 eivol katoxdpven acvurntot g C..

Eniong éyovpe:
¥ —x—-2
lim f(x)= lim 1 =—o0 ko lim f(x)=+oo.
X—>—00 xX—>—0 X— X—>+0

® XynuatiCovpe tov mivaka petapordv g f kot yapdocovue ) ypopikn

¢ TapdoTtac.
X —o0 1 +00
1'% + +
feol -
f ( X) )j +00 /_)+OO
—00 —00

3. e Eivot A= [ —7,7]
e H 1 eivau cuveyng oto A ¢ GOPoIGHO GUVEXDY GLVOPTHCEDV.
o [No kGBe X € A woyvel f'(X) = 1+ovvX, omdte
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f()=0x=-7 M\ X=nm.

To mpdonpo ¢ ' eaivetar otov Tapakdto Tivaka, amd Tov 010io Tpocdiopilovpe
Ta SrootApaTe povotoviag tng f ko ta akpdtoto ovtie.

X — T +
S x| 0 + 0
f(x) /
TNo kabe X € A woydel f"(X) = — nuX, ondte

f"x)=0x=-1 AXx=0Xx=m.

To wpoéonuo g f" eaivetol 6Tov TOPOKAT® TivaKd, ard TOV 0Toio
npoodiopilovpe to Staotipata oto omoia 1 T otpépet Ta koika Tpog ta Gve
N TPOG T KATW KO TO, GNUEID KOG,

X |- 0 T
%) |0 + 0 - 0
0| \_* & 7 N

e Eivar f(—7n)= —7 xou f(m) ==
o Tynuoatiovpe tov wivaxa petaforov g f kol yapdocovpe ™ ypoagikn

™G TOPAcTACT).
X -7 0 T
£'(x) o + | + 0
1"(x) 0 + 0 - 0

f)

m

0 /ﬂ T
in v T K. max

I'ENIKEX AXKHXEIX 20v KEPAAAIOY I'" OMAAAX

1. i) Twkdabe X € (0,+) wydet:

J'(x)=-

2

L kot g'(x) =2x-3,
x
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omoTE
f'(l)= -1k g'() = -1.
To onpeio A(1,1) eivor koo onpeio twv C, ko Cg, apov f(1)=1xarg(l)=1.
Enedn woyoer f'(1)=g'(l), o1 epantopeveg tmv C 1 Cg o710 (1,1) Tovtifovrot.
ii) ' va. Bpodpe ) oyeticn 0éom twv C, kot Cg Bpickovpe to mpdoMo TG

Spopdig

P(x)=g(x)— f(x)=x" _3x+3_1=ﬂ.
X X

"Exovpe: p(x) <0, yio kdbe X € (0,1)
Kot o(X) > 0 yio k60e X € (1,+00).
Emopévoc:

—n C, eivar névo omd Ty Cg, otav

X € (0,1) ko

—nC . givar mave amd mv C,, dtav
X € (I,+90) (oynuo).

2.Qcwpovpe ™ ovvaptnon @(x)= f(x)—g(x). o kadbe xR 1oydeL
o'(x) = f'(x)— g'(x) > 0, ondte N ¢ givon yvnoing adEovoa 610 R. Emopévac:
— TN x> 0 Ba giva:
?(x)>¢(0) = f(x)-g(x)> f(0)-g(0) & f(x)>g(x),

apod f(0)=g(0) kot
— T x <0 0a givor

P(x) <p(0) & f(x)—-gx) < f(0)-g(0) = f(x) <g(x),
agpov f(0)=g(0).
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3. Amo 10 opBoydvio tpitymvo OBM éxovpe:

(BM) =1 nud ka1 (OM) = 1- cuvé.
Eivon opwg (BN = 2(BM) = 2npd kou

(AM) = (OA) + (OM) = 1+ouvvl
onote

E=E@®)= %211“9(1 +ovvl) =nud(+ouvo).
TNo 60 0 € (0,7) 1woydet:
E'(0) = ouvl(1 + cuvl) — nu’o

=ow’l — N’ + ovvl

= ovv26 + cuvl,
omoTE

E'(0) =0 < cvv20 = —cvvl
< ovv20 =cvv(r —0)
& 20=n1-6, apov 6 € (0,7)
=0="

3

To mpdonpo g E' paiveton 6tov mapakdte nivako ( E ’(%j >0k E ’(Zj <0),

amo Tov omoio Tpoodilopifovpe Ta StaoThpaTa Lovotoviag g £ kat ta akpoTata
VNG,

0 0 /3 T

E'(0) + 0 -
33

w0 | 7 Ty \
max

, , , 33 o
Apa, 1 LEYIETN TN TOL eUPadov eivor —— Kot Tapovotaletal otov 6 = —.
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4. I'vopilovpe 611 to puhkog to&ov O rad eivar L =r-0 evd 10 guPfaddv KoKAMKOD
1
topéa O rad eivon E = 3 r’e.
Enopévag, n mepiperpog tov KukAtkov Topéa givat:

2r+r9=20@9=20_2r

,0<r<10

Kot 1o epPaddv Tov givat:

E(r)=%r =10r—r?, re(0,10).

2 20-2r
r

INa kade r e (0,10) woydet E'(r)=10 — 2r,ondéte E'(r)=0< 1 =5.

To mpdonpo g E'(r), n povotovia kat ta axpodtata e E eaivovtal 6tov

TOPAKAT® TIVOIKOL.

r|o 5 10
E'(n

+
25
E(n / max
Anadn 1 E napovordlel oto r =5 péyioto to E(r) = 25. Emopévag o avOoxnmog
&xeL T peyoldtepn duvaTy ETLPAVELD, OTOV 1] OKTIVA TOL KOKAOL gival =5 m.

0 —

5. 1) And ta opBoydvio tpiyave OAL kot O4B éxovue:

(OA) (0A) (OB) (OB)
omoTE
(OA) = — o1 (OB)=—— 0<0<*
cuve nuo 2
ii)(AB)z(OA)+(OB)=L+ !
nué ocovvo

1
i) @gwpovpe 1 cvvaptnon f(O)=——+

o R— 1 omoia glvar opiopévn 610

(0, %) Kot ovveyng oto ddotnua. Emmiéov, yio kdbe X € (0, %j oYOEL:
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, —cuvo 0 ’0 —ouvio
£(6) = AL muz :nu2 —,
npeé ocovl nuod-ocove

omotTe
f'0)=0 < ' —cuv’l =0 < nub =covvh < 0 =%,

T
opov B €| 0,— |.
? (2)

To npoonuo ¢ f' aivetar otov napaxkdte wivoka, ard Tov omoio
npocdiopilovpe ta draotipata povotoviag g f kot ta axpdTota avtig.

o 1o r r
4 2
() -0 +

f(0) \ 22 /
min

Anadn, n foto O = % nmapovctdlet eldyoto f (%j =2\2.

Emopévag, o peyaAdtepo duvatd unkog tg okaias, Tov uropet, av petapepfel

opllovTia va oTpiyel o yovia, eivot 242m = 2,8m.

6.1) @ H cuvaptnon f &yxel nedio opiopod to A = (0,+00)
o H f givat cuveyng oto A.

nx ,
~—, OMOTE
X

o [N kGBe X > 0 woyvet f'(x) =

(=0 hx=lcx=c

To mpoonpo g f' eaivetal 6TovV TAPAKAT®O Tivaka, ard Tov 0moio
Pocd10pilovpEe Ta SIUGTHUOTO LLOVOTOVIOG KO TO TOTKG okpdTata TG f.

X 0 e +00
£/ (x) + 0 -
1
£(%) /' e \
max
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—x—2x(1-lnx) 2lnx-3
- 3

® I'a kdBe X > 0 woyver f"(x) = n
X

, OTOTE
x

3
f'x)=0=hx==—=x=¢"

2
To mpdonpo g f” aiveTol GTOV TOPOKATEO TIVOIKE, 0O TOV 0010 TPOGdLopi-
Covpe ta dactiuata ota omolan C; etvar kupth 1 koikn kot o onueio Kopmmg
mg.

X 0 e’ +00

£7(X) - 0 +
3
f(x) 263/2 u
TK

o ITAGy1eg - 0p1lOVTIES GVUTTOTES

H acdpntom mg C, oto +wo givor g popeng y = Ax + B, 6mov

1
Inx 0 [Oj X

;L_XIEECX_Z_ Xl_)rgoﬂ—xlirgoﬁzo Ko
1
B = lim (f(x)-Ax) = lim 17 = rlirfﬁ 0.
Apa, n gvbeio y = 0 eivar opillovtio acopntw e C, o0 +o0.
Enedn], emmAéov, 11m f(x)= hm InTx = xhr(r)l (i -In x) =—o0, N evbeia x=0

givon katakopoen acvpnte™ ™G C,.

o Yynuotifovpe Tov wivaka petafordv g f kot yapdocovpe ™ ypapikn g

TOPAGTAC.
X 0 e e’ +o0
S0 f0 - -
S0 | - -0+
1
f(x) o T 26% W
0 ™ K. 0
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ii) Etvor a“"' > (a +1)* < Ina“"" > In(a +1)
< (a+D)Ina >aln(a+1)
- Ino . In(a +1)
a a+l

< f(a)> f(a+]).
H televtaia avicdmra (dpa Kot 1 Tpd) ivar oAndng, apod e <a<a+ 1
koun f givon yvnoing pbivovoa oto [e,+x).

iii) ' kGO X > 0 €yovpe:
2=x"< 2" =Inx’ < xIn2=2Inx
In2 2 Inx
S5 /(2= f().
Anhodi 1 e&iomon 2 = X° &1 TOoES kvcmg 010 (0,+0), 60¢g etva ot TIHEG
oL X > 0 Y10 T1g omoieg n cvvaptnon f mwaipvel Ty TN
In2 2

f(2)=—
Emeon 2 =22 kon 2" = 4% n ekiowon 2" =X éxer 610 (0,+0) AMHOEIC TIGX =2
kot X = 4. Oa omodeifovple Tdpa 0Tt avTég sivan povadikég. Ipdypott cOupove
e TO epATNUA 1):
—n f oo (0,e] eivor yvnoing avéovoa. Apa v Tun f(2) Oa v maper o
©opa, yio X = 2.
—n foro [e,+0) &ivor yvnoing edivovoa. Apa tnv tiun f(4) Bo v ndpet
puévo o eopd.
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Enopévac, ot Moeig g 2" = X eivan axpiBdg 500, ot X, =2 Kot X, = 4.

7. 1) O@ewpodue ) cvvaptnon f(x)=a’ + B, n onoia opiletan 610 R Kot givar
mapayoyioyn 6° autd.
Eneidn f(0) =2 &yovus:

F(x)= £(0) yiaxébe X eR,

mov onuaivel 6111 f oo X, = 0 Topovsialel ErdyioTo, 0noTE GOUP®VE LE TO
Bempnuo tov Fermat ioyder f'(0)=0.

Eivar pog f'(x)=a” Ina+ B In B, onodte
f'0)=0cha+nf=0<In(ef)=0< aff =1.

ii) "o kaBe X € R 1oy0el. Oswpodpe, Topa, T cvvaptnon f(x)=a* —x—1,
n omoia opifetal oto R kot givar mapayoyiowun ¢’ avtd. Emedn
f(0)=a’—-0-1=0, &ovue

f(x) > f(0) yia x6be X e R.

Apon foto x; = 0 mapovoiélel Erdyioto, ondTe GOUPOVE LE TO Bedpnpio TOL
Fermat, woybel f'(0) = 0. Eivar dpog:

f(X)=a"lna-1
ondte
f(0)=0=a’lnha-1=0=ha=1<a=e.
8. 1) —Ta kdbe X € R oyveu:
f'(x)=€"xar f"(x)=€">0y10. k40e X €R.

Apan feivor kopt) oto R.

—Ta ke X € (0,+00) 1oyveL:

g'(x)= 1 kot g"(x) = —Lz <0.
X X

Apan f eivar koidn oto (0,+00).

ii) H e&lowon g epantopévng mg C, oto onpueio A(0,1) eiva:
y=1=f'0)(x-0) <= y-l=x< y=x+1,
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EVD TNG Cg oto onpeio (1,0) eivau:

y=-0=g'(D(x-1) <= y=x-1.

i) a) Exe1dnq n f eivor xvptny oto R n
gpantopévn g C, oto onpeio (0,1)
Bpioketon kit amd v C,. Apa oyvet:

e' 21+ x yakébe X eR.
H océm1a oyet povo dtov X = 0.

B) Emedn n g etvan koiAn oto (0,40) 1
EPATTOLEVT TNG Cg oto onueio B(1,0)
Bploketal mavo amd TNV Cg. Apa,
oYVEL:

X—1>InX yw kdbe X € (0,+0).
H o6t woyvet 6tav X = 1.

iv) INa kaBe x € R woyver
X—=1<X+1,

omoTE, AOY® TOV EPMTALOTOG iii), Eyovpe
Inx<x-l<x+l<e", x>0.
Apa
In X <€”, y10. k60g X > 0.
9. i) H ovvépmon f(x)=¢&" — Ax eivon mapayoyicyun ctoR pe f'(x) =e* —A.

Eivan
f'x)=0e"-A=0<x=InA.

To mpdonpo g ', n povotovia kon ta axpotate g f eaivovio otov Tivaka.

X —0 Ind +00

' (x) - (:) +

f(x) \ mlin /

Emopévac, n f mapovoidlel ehdyiotn tiun yio X = In A v
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fnA)=e™ —Alni=2A-2AlnA=A(l-InA).

it) Ioydovv ot iIcoduvapieg

(e"2Ax,xeR)< (¢"-Ax20, xeR)<= (f(x) 20, xeR)
< min f(x) >0
< A1-InA)=0
<1-InA>0
< InA<l

= A<e

Apa, 1 HEYOADTEPT TIUY TOL A, Y10 TNV 0Ttoia Ioyvel e* > Ax yio kdbe X €R,
glvauni=e.

iii) T'ta. v epdmteTan n gvOeio y = eX g ypagikhc mapdotacng e g(x) = €7,
apkel vo vmapyet onpeio X, 161010, MOTE N EPATTOUEVN TNG Cg oto A(X,,9(X,))
va tavtileton pe vy = ex. ['a va ioydet auto, apkel

{g(xo) =e X, o {exo =X

< x, =1

g'(x,)=e e =e

Emopévagn y = ex epdmteton tng Cg oto onpeio A(Le).

g:1y—e" =e"(x—x,). (1
10. 1) ' X # 0 givan
P
x)—f(0 X 1
f-fo M 1
x—=0 X X
. 1 .
Enredn xmpu— S|X| éyovpe
X
1
—[X < xnu—<|x.
X
Ouawg

lim |X| = lim (~|x|) = 0.

x—=0 X—0
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Apa
s
lim| xnu— [=0.
x—0 X
Emopévag f'(0)=0.
Agov f(0)=0wxa f'(0)=0,nevdeioy = 0 eivan epamtopevn g C, oo O(0,0).

ii) Ta xowd onueia g C, kot g gvbeiag y = 0 mpokvmToVY AIO TN AVOM THG
e€iowong f(x)=0.

o [la X # 0 eivar
, 1 1
f)=0=xMu—=0nu—=0
X X

<:>l:1<7r, KEZ*@XZL, KeZ*. €))
X K1

e I'la X =0 givon f(0)=0.

Apa, o kowvd onpelo eivar dmepo to O(0,0) ko T VTOAOUTA £XOVV TETUNHEVES
7oV divovtat, yu Tig d1dpopeg TIHéG Tov Kk € Z* and ) oyxéon (1). (Eivar
TPOPAVES OTL Y10L LEYOAEG KOT’ OTOAVTI TULY TOV K, Ol TIES TOV X ELVOIL TTOAD
pkpég kot TAncialovv to 0).

iil) Apkei va deiovpe 6L
lim (f(x)—x)=0 ko liql(f(x)—x) =0

® 'Exovpe:
lim (f(x)—x)= lim [xznul—xj
X—>+0 X—>+00 X
. (1 1 , 1
= %%(ant - ;j (Gscoms t—;)
. t—t , 0
= lnnmlt2 [uop(pn —j

=0 0

_hmcsovt—l ( 000 0
2 Hopon 0

t—0

—lim T _ g,

=0 2
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e Opoimg, £xovpe
lim (f(x)—x) =0.
11. A. i) H ovvépton v eivan tapaywyioun oto R pe
Y'(X) =29 (X)e"(X) + 20(X)¢'(X)

=2¢'()( 9" () + ¢(x))
=2¢'(x)-0 (amd voOeon)
=0.

Emopévag, n w eivan otabepr) oto R. Enedn

y(0)=(¢'(0)’ +(p(0))* =0+0=0,
glvon

y(x)=0, xeR

ii) Eme1dn w(X) = 0, givan (¢'(X))” + (@(X))> =0 y10. k60 X € R. Apa ¢'(X) =
0 ko1 o(X) = 0 y1a kG0e X € R, omote
p(X) =0, yio kG0 X e R.

B. Eivan
0'(x) = f'(x) —cvvx Kot
@"(x) = f"(x) +npx.
Apa
@"(x)+p(x) = f"(x) +npx + f(x) —npx
=/"(x)+ /(x)
=0 (amd vdbeon)
Eniong
@(0)= f(0)-mpo=0
Ko

0'(0)= £'(0)—cLv0=1-1=0.

Emopévag n ¢ wcavorotel tig vrobéoeig (1) tov epotiuatog (A).
Opoimg, &povpe:

v'(x) = g'(x) +npux
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Kol
v"(x) = g"(x)+ocvvx.
Apa,
v"(x)+w(x)=g"(x)+ovvx+ g(x)—ocvvx
=g"(x)+g(x) =0 (omd vdbeon).
Eniong

w(0)=g(0)—cuv0=1-1=0

v'(0)=g'(0)+nu0=0.
Emopévac, n cuvdptnon y ikavomotei tig vroféoeig (1) Tov epmthipotog A.

ii) Apo¥ 01 GLVAPTHCELS @, ¥ IKAVOTTOLOVV TiG VToBéoelg (1) Tov epmTNNATOG
A, cOupaova pe 1o gpdtnuo (A), wyvet (X) = 0 kot w(X) = 0 yio kdbe X €R,
ondte f(X) = nux kot g(X) = cuvX yia k@b X € R.

12.1) O1 cvvrawyuavag T0v onpeiov M eivan (ocvvOnud). Ta davocpata
PM = (cvvl —x,Mub) ko PN = (1-x,0) &ival cuyypapLuKa.
Emopévac,
ocvovl—XxX nuo
1-x 0

det(PM,PN)=0 < =0

< 0(cuvl —X)—Muo(1-x)=0
< Oovvl —mub = x0 — xnuo
_ 6ovvl —nuob — X(0).
6 —-nmuo
i) Exoope

00 9~>0 0 _nue 0

—lim cvvl —Onub —cove
-0 l1-ocvvl

. —Onuo , 0
=lim————— | po —
0-0]1-cuvl (M pen Oj

_ iy ~NH0 ~ 00V (MOP(Pﬁ gj
00 T”JO 0
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—lim —ouvvl —cvvl +0nub
-0 cuve
_2_

=—=-2
1

13. A. i) —To pnxog s tov 16&ov AlT givan

S= 27rpi =0p =260, ondte
2

o="1.
2
—Av OA L AIl, om6 to tpityevo OAA éxovpe
6_aa_1i2_1
nHZ 2 2 4
onote
0
| =4np—.
nuz

ii) Ene1dn o melomdpog Padiler pe tayvnta o = 4 km/h, m ypovik| otryun ¢

|
Ba £xet davooet Srdotnua S = 47 Apov 0 = > glvat
4t 2t
0 =? =2t ku [ = 4nu? =4nue.

B. Eivau /'(¢) = 4cvvi, omote:

a)Otav 0 = ZTn’ glvan

2

t=—= =" xm I’(Zj:4cov£:4~
2 3 3 3

B) Otav 8 =x, etvon

l =2 km/h.
2

t=" ka1l T | = 400vZ =0 km/h
2 2 2
v) Otav 6 :4%, glvat

t= 2 Ko I'(z—ﬂj = 46\)\/2—” = -2 km/h.
3 3 3
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TENIKEX AXKHZEIS 2°° KEQANAIOY ' OMAAAL

14.’Eoto 671 0 0ypdtng Ot TposAGPel X epyAtes, KoL TOV EMGTATY Kol £6TM OTL
yperalovtat f dpeg Yo va LalevTohy Ot VIOUATES.
Ao kdBe epydng poalevet 125 Khd VIOUATeS TNV BPaL, GE £ DPES OL X EPYOTEG
Bo paléyovv OAeg TG vioudreg.

1
Apa 125xt = 12500 <> xt =100 < £ = 20 (1)
X

Av K gival cuvolikd KOGTOG Yl TV gpyacia, TOTE Egovpe
K =6t-x+10t+10(x+1).

"Etot, Moyo g (1), etvon

K00 =612 %1012 1ok
X X

dnrodn

K(x):600+@+10x+10.
X

H ocvvapmon K eivan mapaywyiown yuo X > 0 pe

2 _ 2 _
K'(X):—IOOO—HO:IOX 2IOOOZIO(X 2100)'
X X

XZ

Eivar K'(X) =0 < x* =100 =0 < x =10, agod X> 0.

To pdonpo g K', kabdg n povotovia kot ta axpdtoto g K gaivoviol 6tov
VoK.

X 0 10 +00

K'(x) - 0 +

Ki K(10
) \ (10

Apa, yio X = 10 n cuvéptnon €xet Eldyioto, To

K(IO):600+%+10-11:810.

Emopévamg, o aypdtng mpénet va tpooidfet 10 epydrec. To pikpdtepo duvatd

100
k0010G givor 810 gvpd, evd yperalovtal t = — =10 dpeg yia vo palentody
01 VTOLATEG, x
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KE®AAAIO 3

OAOKAHPQTIKOX AOT'TEMOX

3.1 A" OMAAAX

1.’Exovpe:
i) j(x3 +NUx + GLVX)dx = _[x3dx + Inuxdx + Icovxdx

4
X
:T—GUVX-FT]HX-FC

ii) j%dx = J.xdx+jldx+jidx
2

x
:—+x+ln|x|+c
2

3
=+1 5

3 2 El
iii) j3x\/}dx=3jx2dx=3;‘—+c=§x2 te
—+1
2

iv) J-i:f dx = Ixzdx+2jxdx+J.4dx
3

=Y i dxte
3
V) I[e" —%+Gov2xjdx = Ie"dx—3j%+!cov2xdx
:je"dx—3j%+%j(nu2x)'dx

=e" —31n|x|+%nu2x+c.

Vi)j[ 12 - 12 ]dx:j 12 dx—.[ 12 dx
cLV'X MUX oLV X nuwx

=gpx+oPx+c
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vii) Iii;dx:jx:f;_ldx:jldx+jx(fz

:x+ln|x+2|+c.
2. Ene1dn j f'(x)dx = f(x)+c, &ovue dadoyikd
1
—dx=f(x)+c
=

jx’%dxzf(x)w

f(x)=2Jx—-c.
Enedn f(9)=1, éovpe 2J9-c=1, ométe c=5. Emopévag
F(x)=24x-5.
3. Ene1on| I f"(x)dx = f'(x)+c, &ovpe d0doyIKa:

j 3dx = f'(x)+c,
f'(x)=3x-c.

Eneidn f'(1)=6 &yovue 3 —c =6, ondte ¢ =— 3. Enopévog
f'(x)=3x+3.
Eneion j f'(x)dx = f(x)+c, éxovue dradoyikd:

j Bx+3)dx = f(x)+c
3,
f(x):Ex +3x—c.
Eneidn f(0) =4 &yovue %~0+3~0—Cl =4, onote ¢, =—4. Enopévaog
’ 3 2
f(x)zzx +3x+4.

4."Eyovpe d1odoyikd.:
[ ") = () +e
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[a2x +2)dx = f'(x)+¢
4x* +2x = f'(x) +c,
fl(x)=4x" +2x-c.
Enedn f'(1) =3, épovue 4 +2—c =3, ondte ¢ = 3. Emopévog
f(x)=4x> +2x-3.
Eniong &ovpe dodoyucd
[£'x)ae = f(x)+¢,
j (4x° +2x=3)dx = f(x)+¢,
¥+ X =3x=f(x)+c,
f(x)=x'+x*-3x—c,.
Emedn to A(1,1) eivan onueio g ypoaeikng mapdotacns g f, Exovpe:
fO=1l1+1-3-¢ =1 =-2.
Emopévag
f(x)=x"+x"-3x+2.

t

5.Eneidq N'(¢) = ZLOe?O’ gyovpe dradoyikd
j N'(t)dt = N (t)+c

fie””dz =N()+c
20

e =N(@)+c
N(Z) — et/20 —c
Emopévag, n avénon tov tAnfucpov oto tpmta 60 Aentd, sivat ion pe:

N(60)-N(0)= (" —c)—(e’ —c) =€’ —1=19 ekatop.

6. Av K(X) 10 k6070, 08 £0p, TG EBSopadiaiag mapaywyhc X, tote K '(X) = X* + 5X,
omoTE EYovpe
jK '(x)dx = K (x)+c¢

J.(xz +5x)dx = K(x)+c,
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ondte
3

x5,
K(x)=—+—=-x"-c.
(x) 373
Amd ta dedopéva tov TpoPAannatog Exovpe K(0) = 100, omdte — € = 100 xon Gpa
¢ =-100. Eropévac, n cuvaptnon k66tovg g efdopadioiog Tapaymyng ivat:
3 2
K0 ="+ 1100,
3 2
7. Eyxovpe drodoykd:
jR'(z)dr =R(t)+c

j(20+10t—%t2jdt = R(f)+c,
R(1) =20t + 5¢* —iﬁ —c.

1
[pogavag R(0) = 0, omdte € = 0 kat dpa R(z) = 20z + 5¢ —Zf.

Emopévag ta fapéiia mov Ba avtinBoldv 6tovg Tpdtovg 8 pives eivo:

R(8):20-8+5~82—i83 =160+5-8% —2-8” = 352 yihadec.

3.1 B OMAAAX

1. Enedy T'(1) = —kae™ éxovpe Sradoyikd:
jT'(t)dt =T(t)+c
_[—ka edt=T(t)+c
aj(e*’" Ydt =T(t)+c,
T(t)=ae™ —c.
Enedn T(0) + a xaw T(0) =ae ™’ —c=a —c, éovpe

Ihta=a-c<c=—T,.

Enopévag
T(t)=ae™ +T,.
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2."Eyovpe Sodoyd
j P'(x)dx = P(x)+¢

IS, Seimdx =P(x)+c

5,8-(~2000) j (e’Wxﬂﬂ)'dx =P(x)+c

x

P(x) =—11.600e 2% —¢.

To cuvolikod k€pdog mov oeeiletal oty adEnon g enévovong and 4.000.000
o€ 6.000.000 gtvau:

6000 4000

P(6000) — P(4000) = —11600e 2% — ¢ +11600e 2% +¢
—11600(e> —e ) =1 1600(ee—_31j

=11600-0,086 =997,6 ylddeg vpd = 997.600 gvpd
3."Eoto P(f) o képdog g etoupeiog otig mpadteg t nuépeg. Tote

P(t) = E(1) - K(1),

omotTe
P'(t)=E'(t)—K'(t) =1000+ 0,3t —800+ 0, 6¢ = 200+ 0, 9z.

"Etot éyovpe Srodoyka:

jP'(t)dt =P(t)+c

j(zoo +0,9/)dt = P(t)+¢
2

P(t):200t+0,9%+cl.

To cvvohikd képdog g etarpeiog and v 3" og T 6" nuépa eiva:

2 2

P(6)—P(2):200-6+0,9%+cl —200-2—0,92?—c]

=1216,2-401,8 =814,4 cvp.
4. 1) And myv wotnta f"(X) = g"(X) xovpe Sradoyikd
J'(x)=g'(x)+¢
f(x)=gx)+cx+c,. €))

|283 ]



Iax =0 eivan f(0) =g(0) + 0 +c,, ondte ¢, = 0, agov f(0) = g(0).
Enopévag

J(x)=g(x)+cx. @)

Mo x =1, and mv (2), &xovpe f(1)=g(1) +c,, ondéte c, = 1, apod f(1)=g(1)
+ 1."Etot and ) (2) mpoxvntet

S(x)=g(x)+x.
ii) H f(x) eivon cuveyng oto [a,f] kot 1oydet
fla)=g(a)+a=0+a=a<0
S(B)=gB)+p=0+p=p>0.

Apa, f(a) f(B) <0, ondte, oOpPOVO pe T0 Bedpnua Bolzano, vrapyet
TovAdytoTov pia pila oto (a,p).

3.2 A" OMAAAX
1."Exovpe

i) sze’xdx = —I x*(e ™) dx

=—x"e" +J‘2xe’xdx =—x"e " - ZJ x(e™) dx
=—x%e ™ —2xe " + ZI etdx=—x’e " —2xe* —2¢ " +c¢
=—e (X +2x+2)+c.
ii) j (3x% = 2x+1)e*dx = % j (3x% = 2x +1)(e* ) dx
= l(3x2 —2x+1)e™ 1 j (6x—2)e*dx
2 2
1 (3x* = 2x+1)e* — 1 j (6x—2)(e") dx
2 4
= 1 (Bx* =2x+1)e™ — 1 (6x—2)e™ + 1 I 6e™" dx
2 4 4
= ie“(@c2 —4x+2—6x+2)+%e“ +c

=iezx(6x2 —10x+7)+c¢
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)
i) [x’ Inxdx = || = | Inxd
)_[x xdx j(4] xdbx
x! x! ,
=Tlnx—.[7(lnx)dx

4
=lx4 lnx—lj)fdlex4 lnx—x—+c
4 4 4 16

iv) Iszm,LZxdx Ixz (ovv2x)'dx

—x’oLv2x + J- 2xoLv2xdx

—x’cuv2x + I x(Mu2x)'dx

—x’GUV2x + xMu2x — jnuZxdx

1
= —x"GUV2x +xNu2x + 3 GLV2X+c

(—xz + %j GLV2X + XNU2X + ¢

V) j4x60v2xdx = ij -(Mu2x)'dx
=2xnu2x — I 2nu2xdx

=2xMu2x +cuvv2x+c

vi) jln xdx = j (x)' In xdx

:xlnx—jldx:xlnx—x+c

Vll) jlnxdx:—-.‘(lj lnxdx:_llnx+.|‘%dx:_m_x_l+c
X b

2 x
viil) [ = _[exGUVZxdx =e'ocuv2x+ ZI e nu2xdx

=e'ouv2x +2e Mu2x — 4J e"ouv2xdx.
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Apa
I =¢e"(ouv2x+2nu2x)—41

51 =e*(cLuv2x +2nu2x)

1
1= ge‘” (ouv2x+2nu2x) +c.
. 1
2. 1) ®étovpe U = 3X, omdte du = 3dX ko Gpa dx = gdu. Emopévac,

1 1 1
3xdx =— udu = ——ocvvu+c=——ocvv3x+c
fnu 3_..11“ 3 3

ii) @étovpue u = 4x* —16x+7, omdte du = (8x —16)dx = 8(x —2)dx. Emopévag

4

1 lu
4x* —16x+7) (x—2)dx = — |’ du = ——+
j(x x+7) (x—2)dx SJM u s a c

= L(4x2 —16x+7)" +c.
32

iii) ®¢tovpe U =X + 6X, omdte du = (2x + 6)dx = 2(x + 3)dx. Enopévac,
-3
I—Zx+3 y =ljd—il:l.l.u4‘du :lu—+c
(x” +6x) 29u” 2 2 -3
11 -1
—3+C = ﬁ+c.
6u 6(x” +6x)

iv) ©®étovps U =2 + X, omdte du = 3x°dx. Emopévac,

: ledu 1p 5, 23 2 3
j al dx:—J—u:— uldu==ur+c==2+x) +c.
NS 39 Ju 3 3 3

v) @¢tovpe U= X+ 1, ondte du = dx ka1 X = U — 1. Emopévac,

Ixﬁdx = I(u —l)ﬁdu = J‘u%du —J‘u%du

3 3
=—u’——u’+c
3




2 3
ZE(x+1)2(3x—2)+c.

3. i) ®étovpe U = €", ondte du = €*dX. Enopévac,
Je’”n pe“dx = Inuudu =—0ULVU + ¢ =—cvve' +c¢

ii) ®@étovpe U =€" + 1, ondte du = e'dx. Enopévag,

Ie +ld J.— ln|u|+c—ln(e +D)+c

o o . 1 .
iii) ®¢tovpe u = In X, ondéte du = —dx. Emopévag,
x
1

j 1 _[ _[u%du=?+c
nx

2

:2x/;+c:2\/1nx+c

X

iv) ®étovpe U = In(e" + 1), omdte du = Xe dx. Emopévac,
e+
EC—— N
(e" +D)In(e* +1) u

=In|In(e* +1)[+c

=In(In(e* +1))+c
a@o® In(e* + 1) > Inl = 0.

1 1
v) ©étovpe u = —, ondte du = —— dx. Enopévag,
x X

o)

1
J. > dx:—jnuudu:GUvu+c:GUV—+c.
X X
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3.2 B OMAAAX

1. i) ®étovpe u =1+ cuvix, omdte du = — 2nuxovvxdx § du = —nu2xdx. Emopévec,

2
J' NHX - ﬂ:—1n|u|+c:—ln(1+o'uv2x)+c
1+ouv’ x u

nux
GLVX

i) ®¢tovpe U = In(cvvx), ondte du = —

dx = —e@xdx. Enopévag,

2

1
.[ gox In(cuvix)dx = —judu = _1,17 tc= —E[In(cn)vx)]2 +c
iii) ®étovpe U = npX, omdte du = cuvxdx. Emopévac,
.[Govxe”“”dx = J.e“du =e"+c=e"+c.

3 3x7 %0 =33 (x +1)

. 1 -3
2.1) ®¢tovpe u :%, onote du = R dx = — dx. Enopévag,
X X x
3
11 1
J. x;L —4dx:——jx/;du:—— u*du
X X 3
L 3 3
u? 1 u? 2(x*+1)
=—— +c:——?+c:—— 5
37+1 33 9\ x
2
2x

ii) @étovpe u = Vx* +1, ondte du = dx. Enopévac,

X =
2x? 41 NI

=Idu=u+c=\/x2+1+c.

=
X +1
iii) ®@étovpe U =X +1, omdte du = 2xdX, omdTe Exovpe
2 _ 1 _ 1 ’
len(x +1)dx = Eflnudu = Ej(u) Inudu
= lu Inu— lJ.a’u
2 2

1 1 1 1
=—ulnu—=u+c=—*+DIn(x*+D)-=(x*+D+ec.
5 5 2( ) In( ) 2( )
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3.1)'Eyovpe: N
Ixz lnxzdxzj[x—j In x*dx
3

3

=% nx —— dx
3 j ( )

3 2

:lxslnxz_%szdx:ﬂ_%
3 3 3 9
3

:X—(lnx2 —£)+c
3 3

i) Exovpe

j (In¢)’dt = j )(Int)*dt = t(Int)’ —jtzlnz(lnz)'dz

=t(Int)’* -2 j Intdt = t(Int)* —2j () Intdt
, 1
=1(Int) —2;1nt+2jt;dt

=t(Int)’ - 2tInt+2t+c¢
iii) ®@étovpe U = €", ondte du = €'dx. Emopévac
jezxcuve"dx = J-excuvex e'dx = Iucovudu
= Iu(nuu)'du =unpu — jnuudu

=unpu +ovvu +c =e'nue’ +cove' +c.

4. 1)'Eyovpe '
[equax = [ 125 = j@’—v")dx
GLVX oLVX
=—In|ovvx|+c
Kot

_[ GU)\C/Z dx = _[x(S(px)'dx = XEQX — Iacpxdx
x

= xe@x + In|ovvx|+ ;.

i) @étovpe U = nuX, ondte du = cuvxdx. Enropévac,

1 1
J-(;:ivid I ;+c=—m+c.

|289 |

X

3

+c



Eniong éovpe

e

1
5 dx+IGUZx dx
nuwx nu x

=—0Qx — € +c.
e nux
iii) Eyovpe
Imﬁxdx = Inuzxnpxdx = I(l — oLV X)Nwrdx.
Otovpe U = ouvX, omdte du = — nuxdx. Emopévag,
jnpﬁxdx = —J(l —u’)du = juzdu —jldu
u’ v
=——u+c=
3

T _uvx+e.
Eniong épovpe

jcov3xdx = Icovzxcuvxa’x = j(l —np’x)cuvxdx.
Oétovpe U = npuX, ondte du = cuvxdx. Enopévacg,

3

np’x
3

3
Jcov3xdx:j(1—u2)du:u—u?+c:m,wc— +c.

5."Eyovpe
1-cvuv2x 1 1

i) jnu2xdx = Idezzx—EIGU\Qxdx

—lx—1 2x+c
2 4nu

1+ ocvv2x 1 1

i1) Icuvzxdx = J'dezzx+znu2x+c

1
2 2 _ L 2
iii) Inu Xouv xdx = 4Inp 2xdx

dx

l'.-l—cuv4x
4 2
:lx—ljcmv4xdx
8 8
1 1
=—x——nudx+c.
g 3
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6. Eyovpue
i) Inpxcovadx = %J[n p(—x) +nu3x]dx

1 1
= —Ej‘npxdx+5.[nu3xdx
1 1
= —Guvx—gcmv3x+ c
i) jcov3x oLVSxdx = %j(cova +ovv8x)dx
1 1
=— I oLV2xdx +— J cLV8xdx
2 2
1 2x+ L 8x+c
1 nu 16 ny
iii) .[n p2xnudxdx = %I(cova —ovvox)dx

1 1
=—nu2x——nuébx +c.
nu 12’1“

4
7. 1)'Eyxovpe:
_ 2 _ ’
22 = [ e —3x+ 2]
X" =3x+2 X" —=3x+2
i) Exovpe:
3x+2 3x+2

X 3x+2  (X-1)(x-2)° xeR-{L2)

Avointodpe mpaypatikods apBpovg 4, B £161 dote:
3x+2 __A N
(x-D(x-2) x-1 x-2
Me amololpr] TOPOVOHACTMV EYOVUE TEMKAL:
(A+B)X—(2A+B)=3x+2,yokabe X eR —{1,2}

, Y k@be x e R —{1,2}.

H (1) wyderyia kdbe x e R —{1,2}, av kot povo av
{A+B =3

< A=-5 ko B=28.
2A-B=2
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Emopévag

dx

—3x+2 x-1 x=2
= —51n|x—1|+81n|x—2|+c.
iii) Amé ) droipeon (X — 2X):(X* + 3x + 2) Bpiokovpe:

X' —2X = (X* +3X+2)(X=3) +5x+6

omote
x> —2x 5X+6
N N R
X +3X+2 X +3X+2
E&dAhov éxovpe:
S5X+6  5X+6

X2 =3X+2  (X+1)(x+2)
Avontodue tpaypatikovg aptbuovg A, B €161, ®ote

5x+6 A N
(X+D(x+2) x+1 x+2

Me amolo1pr TOPOVOLUCTMV, £XOVIE TEAKA

(A+B)X+2A+B =5x+6.

H (2) woyber yio kabe x eR —{=1,-2}, av kot pdvo ov

A+B=5
&S A=1 ko B=4.
2A+B =6
Emopévac Aoym kot g (1) éxovpe:
3_
[ dx:j(x—3)dx+j—dx [
X +3x+2 x+1 Y x+2

2
:%"%x+mh+ﬂ+4mh+ﬂ+a

iv) ‘Eyovpe

B
= + , Y kébs X e R —{1,-1}.
X+1

Me amolo1pr) TOPOVOLUCSTMV EYOVLLE
(A+B)x+A-B=2.
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H (1) woyder yua ke X e R —{1, -1}, av xon povo av
A+B=0
A-B=2

< A=1xaB=-1.

Emopévac, égovue

2 1 1
sz_1a'x—_[x_ldx—fx+ldx—ln|x—1|—1n|x+1|+c.

3.3 A" OMAAAX

1. 1) H e&iomon ypdopetat dradoyikd:

i) H e&lowon ypboetan

y=~c+x*, apody>0(ceR).
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iii) H e&lowon ypapetat dtadoyikd:

1a_,
Xy dx
@:Zxdx
y
Ildy = J.Zxdx
Y

ln|y| =x"+¢

2
X7 +¢;

v]=e
pl=ee”
y=te e”

2

y=ce", omov ¢ =te".
iv) H e&icwon ypaostat Stadoyd:

d .
—y=e Youvx

by
e’ dy = cuvxdx

Iey dy = I couvxdx

e’ =nuw+c
y=In(nux+c), ceR.

2. i) Mio mapdyovoa g a(X) = 2 eivarn A(X) = 2x. [ToAhamhaotdalovpe kot o 500
e e eElomonc pe e kat éyovpe drodoyucd:
yleZX + 262xy — 362x
(yez.x)/ — 362)(

j(yezx ) dx = I3ezxdx
2x

e —3e2x+c
Y 2

|294|



y=%+ce’2x, ceR.

ii) Mia mapéyovoa g a(x) = 2 givar  A(X) = 2x. IToAkomhaoidlovpe pe e
omoTE £YOVUE O100Y LK

y'e* +2ye” =e*
ey =¢
I(yezx)'dx = Iexdx
ye™ =e* +c¢
y=e +ce™, ceR.

iii) Mia mapdyovsa tg a(X) = 1 eivarn A(X) = X. [ToAhamhacidlovpe pe €', ondte
&yovpe d1adoyIKA

y'e' +ye’ =e*-2x
(ye*) =2e"x
I(yex)'dx = ZJe"' - xdx
ye' +c =2xe" —2J‘exdx
ye' =2xe" —2¢" +c
y=2x-2+ce”", ceR.

iv) Mio mopéyovoo tg a(X) = 2X givon 1 A(X) = X°. [ToAkamhaoiélovps e,
omoTE EYovpE SLOdOYLKEL

2 2 2
y'e® +2xe" y=xe
(ve* ) =xe*

ye' +c = J'xexh dx

x? X

¢ =—e" +c
4 2

1 >
=—+ce ", ceR.
7 2
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3. H e&iomwon ypdoetat dStadoykd:

dy 2.2
— =2x
dx Y
d—)::2x2dx
Y
J‘ 2 5. 2
y dy—ZIx dx
1 2,
—— ==X +¢
y 3
_l_2x3+3c1
y 3
3
2% +¢

Emedn y(0) = -3, éyovpe %3 =-3, ondétec=1.Apa

-3
T

4. H e&icwon ypaoeton Y’ + 3y = 2. Mo tapdyovsa g a(X) = 3 givorn A(X) = 3X,
omoTe Eyovpe d1000) UKL
y/e_“ax +3ye3x :263)(

y!e3x +y(e3x)r — 2e3x
(ye3x)/ — 263x

‘[(ye“ ) dx = ZJ- e dx

2
ye't = geh +c

[

e}x :

_2,

Y73
Enedn y(0) _2 £yovpe %:z+£0, ondte c=0.Apa y =%.
3 3 3 e 3
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5. 1) M mapdyovsa g a(X) =

1
-— etvoun A(X) = epX. [ToAhamlooialovpe
X

pe €™, omoTe EYOLE FLABOYIKA:

1 1
1 _epx epx _ EQx
ye +e 5 y= > e
CLV X GLV X
1
EPX\/ __ AEQX
(ye ) =€ 2
oLV X
. o 1
ye'™ +c, = J‘e“” S—dx
GLV X

ye' ™ ¢, = J‘eg‘” (e@x)"dx

&

ye'™ =e"™ +¢

y=1+ce ™™,
Enedn y(0) =-3, éyovpe —3 =1+ ¢, ondte c =—4. Apa
4
y=1- s

i) Ene1om X > 0, eivar X + 1> 0, onote ) e€icmon ypdoetan

1
Mio nopdyovoa g a(X) = ol givarn A(X) = In(x + 1). TToAhomhaciélovpe
X+

pe " = x +1, omdte éyovpe Srodoyid

y-(x+D)+y=Inx
(y(x+1)' =Inx
y(x+1)+c, :J.Inxdx
y(x+)=xlnx—x+c

_xlnx-x+c
x+1

Enredn y(1) = 10, éyovpe °_ 10, ondte ¢ =21. Emopévag

_xlnx-x+21
x+1
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3.3 B OMAAAX

1. Mia topdyovoa g a(f) = 1 givor n A(¢) = ¢. [ToAamlacidlovpe ta péAn g
ekicomong pe &' kot £govpe Sadoyikd:

I'(He' +1()e' =enut

(I(t)e') = emut

I(0)e +¢, = je’nutdt (1)
E&GAAov éxovpe
j e'nuedt = e'nut — '[ e'covidt
=e'nui - [e’cuvt + J.e’mxtdt} ,
omote
ZJ empedt = ' (Nt — cvvi) +¢,.
Apa

1
je’n pedt = 5 e'(mut—ouve) +c,
omote and v (1) TpokimTel 6T
1
I(H)e' = 5 e (nut —ouvve) +c.
TNot =0 éyovpe
1
1(0)e" = Eeo (Muo0—ovv0) +c¢

0=-=+cC
2

1
C=-—.
2
"Etot, telkd sivon

1 1
I(H)e' =—é (nut—ovve) +—
) 3 (mu ) 3

1 1
I(t) =—(nut —ovvt)+—e .
() 2(nu ) 3
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2. H e&iocwon ypaoetor Stadoyucd:

v dy 2x
e’ —=e
4 dx
ye’2 dy = e**dx
Apa
Iyey dy = J.ezxdx
1
Eey =—e" +¢

2
e = +2¢
,2
e =e* +c¢,ceR.
Enedn y(2) =2, égovps €' = e* + ¢, ondte ¢ = 0. Enopévarg ¢@ = e, omdte y’ =

2X Ko apo y =+/2x, a@ob mepvdet and to onueio A(2,2).

1
3. Mia napdyovcso a(x) =—— givar 1 A(X) =—InXx. IHolamlacidlovpe pe
X

lnl

1
M= ¥ =~ omdte éyovpe Sradoyikd
x
11 1
X x
1 ’
(y.—) :1
x
1
y-—=x+c
X

y=x"+cx, ceR.

4. Toyoery'=xy, y > 0, ondte Egovpe Sradoykd:

Q=xdx
Yy
J.%:J‘xdx

2
lny:%+cl’ y>0
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~
©
o
|
%
\
=)

E&dAAov 1oyvely(0) = 1, ondte c= 1. Apa
y=e?.
5. 1) Mia mapdyovooa g a(f) = a givar n A(f) = at, omote Exovpe d030) KA
ylew‘ +aeary — ﬁe—lt
(yeat)l — ﬂe(a—/l)t

ye +¢ :.[,Be(“’”’dt

ye' = a"%ﬂve(“’”' +c
re o [—3 A el %
Apa
y(t) —%%+7, ceR.
i) Emedn a > 0, > 0 woydet tlirg 617 =0 ko ’lirgo ? =0, ondte
lim y(¢) =0.

t—>+0

6. Eneidn 8 — T> 0 n e&icwon ypaeetat dtodoyikd:

ﬂ:—xdt
0-T
do
I—:—Kt+cl,
0-T

In(0-T)=—xt+c
Q_T :e—Kt+('1
0O)=T+ce™, c=e".
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E&dAov
0(0)=0,=0,=T+c-e" <c=0,-T.
Apa
0@)=T+(6,-T)e™.

7. 1)’Ecto P, (1) 0 mAnOvucpudg Tg xdpog, av v vINpYe N UETOVAGTEVCT KoL
P.(#) 0 minBucpog mov £xel petavacTtedoel péxpt  xpoviky otryun ¢ Tote o
TANBvouds TS xdpag ivat

P(1) = R(t) = P, (1)
omoTE

P'(t)=F (1)~ P/ (). (1)
Eivar 6pog
P (t)=k-P(t), k>0,

agov £yovpe puOUO avénong tov P, (f) avaioyo tov P(7).
Eniong etvon PZ' (1) =m, omdten (1) ypdoeton

P'(t) = kP(t)—m,

N wodvvopo
P'—kP =-m.

Mia mapéyovoa g a(f) = — k eivon  A(f) = — kt. TTolamhaociélovpe pe e
Ta PéEAN g Elcmong, omdTe £XOVLLE SLOBOYIKA:

—ki — ki — ki
Pe™ —ke™P=—-me™
(Pefk)‘)!__mefkr

P +¢ = —mje_k'dt
Pett =T e
k
m %
P(t)=—+ce".
(1) :
, o, m , m
Emedn P(0) =P, &xovpe F = n +c, ondte ¢ =F, 5 Apa
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P(f) :%+(PO —%jek’, k>0
iii) Etvon
P'(t) = (kB, — m)e"

— av m <kP, t6te P'() > 0, omdte 0 mAnbuoudg avéavetar.

—av m> kP tote P'(f) <0, ondte 0 minbuopdc petdverat.

— av m = kP, t6te P'(#) > 0, ondte 0 mAnduopog eivar tabepoc.
8. 1) O 6ykoc oV vepoD TG deEQEVIG TN XPOVIKN GTiyun ¢ elvat

V() =rr’y(t) =ay(),
omov I = 1m 1 axtive Tov KVAIVEpOL, 0TTdTE

V'@)=mny'(0).
E&dAhov éyovpe

—a\2gy = -1-0,1°\20y =—0,027./5y.
"Etot 0 vopog tov Torricelli ypapeton
ry' =-0,0274/5Y,
N 160dbvopo N
, 5
y'=-oy (1)
it) [Ipopavdg to y = 0 amotekei Avon g (1). Ty > 0 e&lcwon yphpetan

dy NG

— =——dl,
Jy o 50
omoTe Eyovpe dLodoyLKEL:
I _”zdy =——71t+c
2y"? —£t+c
50
2 _ ~ 5 <
100 2
2
5 ¢
y=|——t+
100 2



2
Ouog wyvet y(0) = 36 dm, ontote 36 = (%j , GLVETMG C = 12. Apa

J5

y(;)z(—ﬁHéJ

iii) H de&apevn aderdlet tedeimg, otav y(f) = 0. Etol £xovpe:

y(t):0<:>—£t+6=0<:>t=@=@\/§=120\/§sec.
100 N

9. H E = 0 anotekel pia mpopavi Avom g d10popikng eElcmong.
TN E > 0 1 e&lomon ypaepetat dtadoyucd.:

d_E = —idt
E RC
1
InE=-——1t+¢
RC
E(@)=e "

t
E(t)=k-e ’, k=c¢".

E&aArov
E(t)=E, & E, = ke 7 e k= Eoei
Apa
E(t)= Eoe%.
10. 1) a) Av avtikatacticovpe Tig Tinég Tov R, L kat E, kavévag tov Kirchhoff
YPApETOL
41"+121 =60,
1N 16030 VoLLO
I"=31+15. €))

Mia napdyovoa tng a(f) = 3 givoun A(f) = 3¢. [ToAomhacialovpe ta pHEAn

(1) pe ¢, omdte éxovpe Sradoyucd:
I'e’ +3e" I =15¢*

(Ie3t)/ — 15@3)‘
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Ie" +¢ = 5!363’dt
Ie" =56 +c.
c
I(t) = 5 + eT
B) Etvon
lim () = lim (5 + %) =5,
e

1>+ 1>+
Amd v ot lim 1(7) =5 coumepaivovpe 0Tt yior UEYAAESY TULEC TOV £ 1)
1>+

évtaon yiveton otabepn ko n ypapikn tapdotacn g Y = I(f) éxel acduntotn
v evbelay =5.

i) Av E = 60nu3t o kavévag tov Kirchhoff ypdoetot dtadoyucd.:
I'+31 =15mp3t

I +3e" 1 =15e"u3t
(Ie) =15¢" nu3t
Ie +c =5 j 3¢ udtdt. ©)
@étovpe J = j3e3’np3ldt, omoTE
J= I(e3’)’nu3tdt =e'nuat —SI e’ cuv3tdt
=e’'mudt - I (") ouv3idt
=e'mu3t— [e3’cov3t + 3j e3’nu3tdt}

=&’ (Mu3t—ovv3r)—3J.

Apa
J= ie3’(nu3t—cov3t)+c], ¢ eR.
Aoym ¢ (2) éyovpe
I = %e” (Mu3t—ocvv3r) +c
Apa.

1) = > (3t — cov3n) =
4 e
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34 A" OMAAAX

1."Eyxovpe
i) [ fde =[] f(dv=-11

i) [*f(odv= [ f@de+ [ f@yde=—[" f@de+ [ f@)de=-9+13=4
iii) [*f(odv= [ f)de+ [ f()de =9~ f(@)dc=9-11=-2
iv) j_f F(x)dx = j: S+ [ )+ [ f (@)

=11 [ f()dr+13=24-9=15.

2.'Eyovpe
11 1 1 €
[ In-dr = [ n1=tno)dr = [ Inedr = [ "insd,

2
-4
al > dx =3 ypapetot SodoyKa:

3. H woétnta J.k x—J.
Fx?+1 kx?+1

2_
[t [ 2 ax=3
I x +1 P x+1

2_
jkx 24+5dx:3
Uox+1

jlkldx=3

(k-1)=3
k=4.
4."Exovpe

) [ 12/ ()~ 6g(0dx =2[ () ~6[ g(x)dx =2:5-6-(-2) = 22
ii) [ [2/(0) - g(@)ldx = 2[ f(x)dx [ g(x)ax

=2 f )+ [ g ()
—2.5-2=-12.
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3.5 A" OMAAAX

1.’Exovpe

i) j02(3x2—2x+1)dx:[x3 XX =20 =27 +2]-[0° —0° +0] =6

, . e 2
it) J'le\/j;] dx=J‘1€ \/;\/tl dx = 1@+J.1 x 2dx
X XNXx X
' e
[In x] =z | Inl {ZT
=[lnx] +|—| =lne-Inl-| —
-t Jx |,

2
:1{1_2}:3_1
Je 1 e
iii) J.OE (ovvx —2nux)dx = JE (npx + 2cvvx) dx =[x + 20‘\)\/x]05

=T]].lg+26l)\/%—1’]p0—26l)\/9=l—2=—l
. 2 1 2 2, 1 2, 2 2
iv) _[1 x+; dx=J.l X +7+2 dx:j1 x ci)c+.[1 x alx+_|‘1 2dx

={X—3} +{X—l} +2(2—l):{x—3} —[l} +2
30 L-1] 30 Lx]

3 3 \2
2.'Eyovpe
3 3
[ o] X ae= [ o[ g
L x"+5 2x°+5 b x"+5 Lx"+5
3 272
:J2x2+5xdx:-[2xdx: x— :i—l:g
L x"+5 ! 2] 2 2 2
3."Eyovpe:
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2[" 0y = [ 270 f ) = [T () Tl
[ O)*L = (S (B ~(f (@)’

4. Eneidn n ypapuwn mapdotoon tng f diépyetor amd to onpeia (0,0) ko (1,1) Exovpe
f(0)=0xo f(1)=1. Eropévog cbupwva pe to Ospuehiddeg Oedpnuo givor:

[ redy =[], = 7= £(©)=1-0=1.

5. 1) ®étovpe U = GuVX, omOTE, £XOVLE:

F'(x)= ( L Ji —tzdt)
=+v1-ovv’X-(cvVvX)' = VI—-cvVv X - (—npx) = —Npx- npXx|.

Jx
if) H F() ypagetor F(x)=—[ oWl g,
"Exovpe
, cov«/; !
Fay=-—r (Vx)
x
_ GUV\/;. I —suvi/x
Ik 2x
6. 1) Eyxovpe:
— 2x VxP+1+x
(x+ x2+1) 1+2\/x2+1 \/x2+1 1
J')= : - :

x+Vx?+1 - x+Vx?+1 - x+Vx?+1 _\/x2+1

i) AV PN CLLOTOIGOVLE TO EPMTNLOL 1) EYOVLLE:

[/ in = [ f@de =L @) = 70~ £0)
+Xx

=In(1+v2)-In(0+V1)=In(1+2).
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3.5 B OMAAAX

1.’Exovpe drodoykd:
i(rtg(t)dt) = i(x“ +x°)
dx \90 dx
xg(x) =4x> +6x°.
Enopévag, y1o X = 1 éovpe 1-g(l) =41+ 6:1°, omdte g(1) = 10.

2. H f(X) ypaoeton:
0 x+1 x .
f(x) :J‘ chVZrndt_"_J‘ ecvafrldt — _J‘ ecuvZﬂ/dt_,’_J' ecuerndt,
OTOTE EXOVYLE:
fr(x) — _ecmv27rx + ecuvZn(.Hl) — _ecsuv2nx + ecuv(an+2n)

GLUV2TX GLUV2TX
=—e =0.

+e

Avto onpaivel 6t n f eivar otabepn.

3."Eyovpe:
, x—2
S (xX)=—3
e
KOLL TOV TTIVOKOL
X —00 2 400
S0 - 0o+
0|, o
min

H f givar yvnoiog pbivovca oto (—=,2], yvnoimg adéovoa 6to [2,+%0) Kot
TapovGtélel EMdyioTo 610 X, = 2, 10 f(2) = 0.

4. Eivau
F'(x)= (x jox f(t)dt),
= [, SO+ ().
5. Eyouyie:

[308 |



1
T2

Fl(x)=——3
I+x 1“‘%

X
1+x* x*+1

AVt onpaivet 6t m cvvaptnon F eivar otabepn.

F(x)=c, x € (0,+0).

=0. Enopévag

Eivar 6pog, F(1) = .[1 o7 dt+ J
F(x)=0, x e (0,+00).

6. Eyovpe:

lim- [ 5+ 2dr = lim
h—>0h 2 h—0

open —
MP(PHO

.[h J5+idi ( 0)

) lim(j "5+ dt)

h—0 (h)'

= llm\/5+(2+h)

h—0

=J9=3.

7. 1) ©étovpe u =x* —4, omdte du = 2xdx. To véa 6pia ohokAnphoeng sivar
U =4*-4=12 ko U, =6° —4 =32. Enopévac,

(xavovog De L Hospital)

32
1

2du 1| u? \/—
j =—|=—| =32-V12=4V2-23
/x _ Ilz \/; 2 l
2

i) Exovpe

J.O;[n p(oovvx + x)nux —nu(covvx + x)Jdx = I 05 nu(cvvx + x)[npx —1]dx.
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Oétovpe U= ouvX + X, omote du = —(mux —1)dx. To véa opia gfvar U, = cuv0

+0=1xo u, AL Enopévac,
2 2 2

jfnu(csovx + x)[Npx —1]dx = —J?np.udu

s
- T
=[ovvu]? =cvv 3 ovvl = —cuvl.

8. 1)'Eyovpe:
J-:(x2 —|x—l|)dx = J: (x* +x—1)dx + Ilz(xz —x+1)dx

i) H f eivon cuveyng oto [—x,7] omdte Epovpe

J-:[ f(x)dx = J-i xdx + J.: nwxdx = {%} —[ovvx];

2 2
= —n——(cowr —ovv0) = I
2 2

iii) To Tprdvopo X* —3x+2 éyet pilec Tovg aptBpode 1 kot 2 kot 1o TpdeHUd Tov
(POiveETOL OTOV TTivaKaL:

X —o0 1 2 +00

X* =3%x+2 + 0 - 0 +

Enopévac éxovpe:

[T =3x+2]dr = [ (=304 2+ [ (-2 +3x-2dx+ [ (x* ~3x+2)c

3 ! 3 2 3 ’
- X_—§x2+2x + —X—+§x2—2x + X——§X2+2X
3 2 0 3 2 1 3 2 2

= l—§+2 + —§+6—4+l—g + 2—2—7+6—§+6—4 :E.
3 3 3 32 3 6



9. 1) Me oAokAp®OT KOTE TOPAYOVTES EXOVLLE:

j lnx —2r In x dx 2_[ ( )lnxdx
= Z[J;lnx]]ez —2"‘162\/;%61)6

=Zelnez—21n1—4rAde

1 2\/;
=4e—4|:\/;:|182 —de—4d(e—1)=4.

i1) Mg 0AOKAp@OT KOTA TTOPAYOVTES EYOVLLE:

Iol xe dx = —Iol x(e ™) dx =—{xe "], + L)l e “dx

iii) ®@étovpe U =9 + X, omdte du = 2xdx, u; =9 ko u, = 10. Emopévag:

1 N _1 10 _1 10 ,
joxln(9+x )dx—EL lnudu—EL (u) Inudu

10
_ ulnu (-1 lodu_101n10_9ln9_1(10 9)
2 29 2 2

= 51n10—21n9—l.
2 2
iv) Me oAokApmon Kot TopayovTes EXOVLLE:

I= .[05 e‘ouv2xdx = %Liex (Mu2x)'dx
LT W
—2[enu x]y 2f0 nu2x-e
=0+ lj‘%ex (ovv2x)'dx

490
= [l e"cov2x}2 —lJEeXGUVZde
4 o 470
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b4

Z 1 1
= —ezGUVﬂ'——eOGUVO—Zl,

omote

S Lea 1oy :—l(& +1).
4 4 4 5

10."Eyovpe:

I+J= J.OE xnp xdx + IOE xovvixdy = LE x(Mu’x + cuvix)dx

Emiong
I-J= J‘ng(npzx—covzx)dx = —J.Ozxcsuv2xdx
L ey = s+ L [
= zfo x(Mu2x)'dx = 2[xnu x]y 210 Nu2xdx
1| = 1 z
=—| —muzr -0 | =—[cvv2X]?
2{2““ } 4[ 15
1 1 1
=——(ovvr —ovvl)=——(-1-1)=—.
4( ) 4( ) 5
2
1+J="
Av MGovle TO GUOTN L Bpiorkovpe
I-J=—
2
2 2
| :7T—+l xat J :ﬂ——l.
4 16 4

11. Ene1dn) 1" cvveyng éxovpe:
J, £ Comuxd+ [ 7" Compuredy = 2.

Opwg eivau:
[ rrComprde =/ Geynun; = [ /(o) (npexy e

[312]



= —jon f'(x)ovvxdx
= L/ )ovwl; + [ f(x)ovvn)'dr
= f(@)+ ()= [ f (ompwrex

=1+ f(0) = f(xymprdx
"Etot, m oxéon (1) ypdoeton
J, fmpxdst 1+ £(0) = [ f (eynprd = 2,
ondte f(0)=1.

12. Enewdn ot f " ka1 g" sivar cuveysic éxovpe
1=[" (/g @)~ f"(0)g@)dx
=" g - [ rrgod
=~/ WY - [ 108 @de L@ + [ (g (x)d
= J(B)E'(B)~ f(e)g' @)~/ (B)g(B) - / (e)g(@)]

= /(B (B)= 1" (B)g(B), (agod f(a)=9g(a)=0)

= f(B)g'(B)-g'(B)g(h), (agov f'(B)=g'(B))
=g'(P)S(B)—-g(P).

3.6 A" OMAAAX

1.’Eyovpe:

0= [/ -V = (e~ ['1dx= [} -1,
omoTE
o7 =1 [ fdi =1 F =1,

2.'Eyovpe:
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0=["(f)-myde=[" oy~ ke = [ f(x)de k(B -0,
oméee
J, S = k(B e ﬁﬁ%ajfﬂx)dx:k@ 7=k

3."Eotw 1 ouvaptmon f(X) =X, x €[a, B]. Tote n péon typfy X tov X oo [a,f] sivar:

2P 2 2
S Lo L[] [
x_f_ﬁ—a-[am’x_ﬁ—a{xl_ﬂ—a{2 2}
1 B*-a’ a+f
B-a 2 2

3.6 B OMAAAX

3_ .3 2 2
7= 1 jpxzdx= 1 B -« _a +aff+p
p—-a’e p-a 3 3

Kot

_ 1 sl 1 | -1 1 1 1
g = I —zd)CZ — = —_——
p—o e x B-al x|, P-ala B
L pa_ 1
B-a o af’
omote
Fgotaprp 1 _a’rap+p’
& 3 afl 3af )
"Etot, €xovpe va dei&ovpe Ot
a’ +op+p’

>lea’+af+ B’ >3a
30 B+B B
Sa’-2af+p> >0 (a—p) >0,

7ov 1oyvel. Emopévaog eivar f-g > 1.

2. o) 'Eyovpe:
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— — P _ 2
——j v(r)dr = JO ™ f( —r?)dr —mj (R* —=r*)dr
3 R
- R*(R-0)- Jr
4Rn! 3 \
__P }23_R_3
4Rn! 3
P 2R PR
4Rnl 3 6nl’
B) EEaArov £xovpe:
U(r)——( 2)— <0 vy ké0e r € (0, R).

Opwgn v =v(r) eivar cvveyng oto [0,R], ondte Ba eivar yvnoing edivovca
o710 [0,R]. Emopévac n péyiom taydmra givo:

PR’
v, =v(0)= .
ey =0(0) 4nt
[Ipopavag woydet v, > 0.
3."Eyovpe
1
[ @Gy = £Q1). (1)

Emumiéov, ooppova pe 1o Oempnpo Méong Tiung vrapyet Eva tovidyiotov
¢ €(0,1) tét010, DOTE

[ fac=r@). @

A6 (1) kor (2) mpoxvnter 6t (&) = f(1), omdte oto drdotnpa [ 1] 1ydovv ot
npoimobiaelg Tov Bempniparog Rolle. Apa, vrdpyet tovAdyiotov éva X, € (&,1)
této10, wote f' (X)) = 0. Emopévagn C, &xet tovrdyiotov pio opiiovia epamtopév.

3.7 A" OMAAAX

1. To tpidvopo f(x) =x" —2x+3 éxel Swokpivovca 4 = — 8 < 0, omd1e 15YVEL
f(x) > 0y k40e X € R. Enopévag to gufaddv mov (ntdpe givor:
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2

8

3
E :Ioz(x2—2x+3)dx:{%—x2+3x} :§—4+6:% TETP. LLOV.

0

2. 1) TwkdOe x €[0,+0) woyvel f(x) = Yx>0. Emopévag to epfaddv mov dytaue

sivat:
4

_ (73 BES _3 %27_33 4
E—J.O Vdx = vy =—[x*]; ——( 27) —Zr.u.

34,

. 1
i) ['o kGbe X € [O,E} woyvel f(x) = -— > 0. Emopévag 1o epPadov mov
tape eivon oLV X
|
E=|?
j" LV x

dx = [a(px]g = e(pg —e00 = NG) T. WL

3. Ot tetunpéveg t@v onpeiov topng mg C, kot tov dgova x'x eivar ot pileg g
e&lomong X’ —3x =0, dnhadn ot aptdpoi 0 kou 3.

Eneidn f(X) <0 y1o xabe x €[0,3], £xovpe:

" y=x"—3X
3 3
E=[|f()de== f(x)ds
3
3 2P 2 R
=—r(x2—3x)dx=— x__3x_ e} 3 X
0 372,
3 3
e X D39 27 00 o
2 3, 2 3 2 e

4. Ot tetpnuéveg Tov onpeioy Topng Tov Ypaeikoy nopoctdoeny C. kot Cg glvan
o1 piCec e e&icmwong f(X) = g(X), mov ypapetar:

f(x)=gx)ex’ =2x-x
S XX +Xx=2)=0

SX=0x=19x=-2.
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To mpdonpo g Sapopdg
F()—g(x)=x"+x" —2x =x(x—-1)(x+2)
QOIVETOL GTOV TOPOUKATO TIVOKOL:

X -0 2 0 1 +00

f(x)—9(x) -0+ 0 -0 +

Emopévag 1o epfadov mov (nrdpe givat:

E={|f(x)-g()|dr
= [* (F) - g + [ ()~ £ (el

= Ji (x° +x° = 2x)dx + J: (2x—x* —x")dx

XX, ’ , X x l
= x| X
4 3 5 34

8 1 1 10 1 37
—=———= 1
34 3 4 12
5. Ot teTunpéves TV onuei®v TOUNG TOV YPAPIKOV
TOPACTAGEDY TV cuvaptioeov f(X) = 4 — X% ko
g(x) =X — 2 givar o1 pilec g e&iowong f(x) =g(x),
OV YPAPETOL
f()=g(x)4-x>=x-2
SX+x-6=0
S X=-31 x=2.

To mpdonpo g dropopdig

f(x)-g(x)=—x*—x+6
QOIVETOL GTOV TAPOUKAT® TIVOKOL.

X o 2 +00

f(x)—ag(x) -0 + 0 -

Emopévag 1o eufadov mov (nrdpe givat:
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E =[]/ ()-g(]dx
= J.i(—x2 —x+6)dx = {—%3—§+ 6)6}3

= _§_i+12 - 2—2—18 :20+§:2 T.U.
3 3 2 6 6

3.7 B OMAAAX

1. i) Enedn f'(X) = 6x épovpe f'(1) =6, ondte n e€icwon g QATTOUEVNC GTO
A(1,3) eivar:

g:y-3=6(x-1)< y=6x-3
i) H & tépvet tov d€ova x'x 610 onueio
B (% , OJ. Enopévag, to eufaddv mov {ntaue
etvau:
E=¢+¢, = J.O%3x2dx+ﬁ(3x2 —6x+3)dx
| 2

=[x*]2 +[x’ =3x* +3x],
2
:l+1—3+3— l—§+é :lr.u.
8 8 4 2) 4
2. Eneidn

lim /(x) = lim £(x) = /(1)

1N ovvdptnon f gival cuvexNc Kot 6To onueio
1, omdte avt elvan cuveyng o€ 6Ao 10 R.
Etvon avepd, emmhéov, 61t f(x) > 0 yio kdBe
x €[—1,2]. Eropévemg to {nrovpevo epfaddv
gtvo:
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E= J:zl f(x)dx = jj] (=x* +3)dx + Lz 2[xdx

2

3. O teTunpéveg TV onueiov TopnS g
C, o tov dEova x'x eivan ot piCeg g
g&iowong f(x) =0, dniadn ot apbpoi 1

5 5 , ,
Ko E.Z’EO 1,5 n f eivon kon cvveyng

Kot woyvel f(x)=>0. Emopévog to
roduevo uPaddv sivat:

E = j? ()

5
_ f (=% +4x=3)dx+ [ (-2x+ 5)dx
x’ ’ >
= {——+2x2 —3x} +[—x2 +5x]2
3 1 2

=—§+8—6—(—l+2—3)+(—§+£J—(—4+10)=E T.JL.
3 3 4 2 12

4. 01 teTunpuéveg TOV
onuelwv toung tov C,
Ko Cg gtvan o1 pileg g
e&lowong f(x) = g(x),
OV YPAPETAL
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f) =g & r-1=21
P (x+1)
9

X =T7x+10=0
& X=2 1 X=5.

E&iALov, yuo X > 1 €xovpe:
2
f)2gx) o x—12 ("T”)

<X =T7x+10<0
< 2<x<L5.

Emopévamg, To intodpuevo eufadodv sivo:
E:JS(\/X—I—X—dex:IS\/X—ldx—lIS(x+l)dx.
2 3 2 342
210 1° ohokApope Oétovpe U =X — 1, omdte du = dX, U, = 1, U, = 4 ko €161 EOVpE:
4
1 2 5 %
E=J‘4ugdu—l LR . 1L 2+5—2—2
! 302 7 |3 32
2

117
2 6

:%(\/?—ﬁ)—l(gﬂj

3 3

5. i)'Exovpe f(e)=1=g(e). Apa 1o
onueio A(e,l) eivan koo onpeio
TOV YPUPIKAOV TOPACTAGEDV
C, ka1 C twv cvvapmoenv f
ko g. Emedn n f eivon yvnoiog
¢Bivovoa, evd 1 g yvnolog
avgovoa, ot C, kat Cg £€yovv
éva povo koo omnueio 1o A.
Enopévag to Gntovpevo epfadov
E(2) woovton pe
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EG) = Inxde+ [ ax.
¢ x

Eivon 6pog
jle In xdbx = jle (x)' In xdx
=[xlnx] I dx
=elne—-(e-1)=1.
Apa

E(2) = Inxdx+ Jj%dx =1+¢[lnx]’

=l+elni—-elne=1+e(lnA-1).

ii) Emopévac,
l1im EA) = l1im [l+e(nA-1)]

=(1-e)+e lim (InA) = +oo.

6. H tetpunuévn tov A eivor n Adomn g
gEicwong 3" = 3, mov &tvon 0 op1dudg 1.
H tetunpévn tov B gival n Avon tov

=X
GULOTNILOTOG {y , TOov glval o apt-
. =3
Opog 3.

To {ntodpevo pPfadov eivar ico pe:

({3 —xde+ [ 3-x)d = j3*dx{’ﬂ {3)6_)6_2]

21
|
=—[3*]g—1+[9—2—3+1}
mn3 2 2 7"
9 2 3
e 2203
L e R
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7. Htetunpévn tov onueiov A givor pia
g e&lomong
X2 =2x+2=x*—1,

. , 3 .
mov fvan 0 apBudG X = 5 Emopévag,

To {nrovpevo epPaddv givar ico pe:

3
E= _j; (=D + [2 (3 =D+ [~ 20+ 2)ax
2

S EH R BRORE]

8. 1) O1 ££16M0EIG TOV EPATTOUEVOV &,
xat g, g C, ota onueio O ko1 A
avTIoToiyMG £lval:

& :y=f(0)=f"(0)(x—0)
xou &, 1y = f(m) = f(7)(x—7)
Enedn f'(X) = cuvx éyouvpe:
f'0)=1xo f'(x)=—1,
ondte
EIY=XKOLE y=—X+T.
ii) H tetumpévn tov onueiov topng B tov g, kat g, eivon n piCa g e€icmong X

=—X+ 7z, nAadn o opBudg X = % Emopévag 1o {ntodpevo eufadov etva:
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E = If(x—npx)dx+.|.§(—x+7r—npx)dx
2

2 % 2 ”
X —X
=|—+0VVX| +|—+7TX+OoLVX
2 2 B

0

2 - oy , R
=—+GUVE—GUV0—7+7T +cov7r+?———csuv—

=L 2
4

9. a) 'Exouvpe

f'(x)=%, X € (0,40),

1
onote f'(1) = 5 Ko eElomwon g
EQOTTOUEVNG € ElvarL:

1 1 1
“l=—(x-Deoy=—x+—-
yol=s@-hey="x+s

H & tépuver tov a€ova x'x 610 onpeio pe tetunuévn —1. Eropévog to ntovpevo
euPaddv sivar:

E:jo(lx+ljdx+jl(lx+l—&jdx
-\202 o\ 2 2

3

1] e x _x
=|—+=X| +|—+--2—
4 142 73

11 1 1 2 1
=——t—t—F— — T
42 4 2 3 3

B) E&etalovpie apyucd av vndpyet vbeia X = o pe a €[—1,0] n onola yopilet to
xopio (A) Tov (0) EpOTMHATOC G€ dVO 160eUPadikd ywpio. Aniadn av vdpyet
T tov o €[—1,0] térola, dote va 1oyvEL:

o1 1 E [« x| 1
_[ —xt— == | —+=| ==
2772 2 4 2|, 6
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2
<:>a—+g—l+l=l<:>3a2+6a+1=0.
4 2 4 2 6

3446 346
Ko = .

o, 3

Amd avt0g pévo o a, avikel oto ddotnua [-1,0]. Emopévag n (ntodpevn
evbela éyel e€lomon:

H tehevtaia e&iowon €xet pileg Toug apBpovs o, =

-3+/6
3
Av gpyactoipe avaroya yo o €[0,1], Bpiokovue 6Tt dev vdpyet dAAN gvbeia
X = a mov va yopilel 1o yopio A og dVo woepuPadikd yopia. Avtd, GAA®OTE,
NTAV OVOULEVOLEVO.

10."Eyxovpe
g(x)=Inl-lnx=-Inx,

TOL OTHaivel OTL M Cg etvon suppeTpcy
¢ C, ¢ npog tov dova X'X.
H tetunpévn tov A eivan pifa g

1
g&lowong In—=In2, mov &ivar o
X

1
apOuds X = 5 H tetunpévn tov B

glvar pifa g e&lcwong In X = In2,
7ov glvat 0 apBude X = 2. Emopévog
70 {nrovpevo epPadov givat:

1 1 2
E:j1 In2-In— dx+jl (In2 —In x)dx
2 X
1 1 2
:ln2(1——j+j1 Inxds +1n2(2 = 1)~ [ 'In xdx
2 3 1
:%ln2+[xlnx]} ~ [ildx+In2 - [xIn P +j121dx
2 T2

=lln2+llnl—llnl— 1—l +In2-2In2+1In1+2-1
2 2 2 2
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=lln2+lln2—l—ln2+1
2 2 2

11. 1) 'Exovpe f(0) =2 xon f'(X)=2x-3.
Amo OV TOTO .[f "(x)dx = f(x)+c &qovpe dradoyikd

j(zx—3)dx= F(x)+c
x*=3x=f(x)+c

f(x)=x"-3x—c.
Eivai dpog,
f0)=2 —<c=2<c=-2.
Enopévac,
f(x)=x>-3x+2.
i1) Ot TeTUNPEVES TV ONUEI®V TOUNG TG
C, uetov d&ova x’x eivan o1 piCeg g
e&iowong X* —3X+2=0 dnhadn X,
=1 ka1 X,=2. Eneldf X* —3x+2<0,

otav X € (1,2), to inrodpevo eppaddv
gtvo:

3 2 2
E=-[' —3x+2)dx=—{%—3%+2x}

1

:—[§—§-4+2-2]+(1—§+2]=l T.W.
3 2 3 2 6

12.1) H C, téuvei tov dEova tov X ota onpeio A(1,0) kot B(3,0).
Enedn f'(x) = (x* —4x+3) =2x—4, é&ovue
f'(1)y=—2«om f'(3)=2.
Emopévac, n e&icwon g epantopévng oto A(1,0) sivar:
y=f)=f(Hx-1) = y=-2x+2
evo M e&lcmon g gpomtopévng oto B(3,0) eiva:
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y=fB)=7/03)(x-3)=y=2x-6
i) H tetpunpévn tov onpeiov topng I tov epomtopévay gival Aon g e&icwmong
—2X+2=2X—6 drodn o apBuds X = 2. Emopévag to onpeio Toung tovg
glvarto 112, -2).
AOY® TNG CLUUUETPIOG TOV GYNLLOTOG EYOVLLE:
2. 2
oz = —2]1 (x* —4x +3)dx
3 2
- —2{X——2x2 +3x}
3

1
=2 §—2-4+3~2—1+2—3j:i
3 3 3
Ko

2 2 2 2
°:, =2jI (x —4x+3+2x—2)dx:2.[] (x* = 2x + )dix

3 2
21 X xix =2[§—4+2—1+1—1}=3.
3 A E 3 3

I'ENIKEX AXKHXEIX I'" OMAAAX

1. i) @étovpe U =7 — X, omdte du = —dx, U, = 7, u, = 0.'Etot éyovpe:
1= |7 xf )y ==z —u) f (np(e — )l
= [ 7w+ [ uf (npy
= ﬂ.[; f(Muu)du—1.

Enopévag 21 = ﬂj‘on f(Muu)du, omote I = %J.O” f(nux)dx.
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TENIKEX AZKHZEIX " OMAAAX

i) Zoppwva pe o gpotnua (i) £yovpe:
T Xnpx Torr_ Mux A |
=1, —2dx:—jo —zd’C:—L T dn
3+mux 290 34nux 270 4—couv'x
O¢tovpe U = ouvX, omote du = — nuxdx. Eropévog:

-l du -l du
I =-= == .
b2l 42 2Il u' —4

Avalnrtodpe o, B €R této10, dote va oydet:

2 =+ P
u'-4 u-2 u+2
6odvvopa, (o + BHu+2(a—B) =1, yiakabe U € R —{-2,2}.

n,

H tehevtaia woyvet yio kabe U € R —{-2,2}, av kot uévo av

{a+[3=0 1 1
Sa=—km f=——.
20a-p)=1 4 4

Enopévag
1 _1
11=Z t4 du+Z i 4
29 y-2 29 u+2
T 3
:§|:II'I|U—2|]] —§|:IH|U+2|]
T T
=—(n3-Inl)——(In1-1n3
8( ) 8( )
=Zm3+Zm3=2m3.
8 8 4
. , o 1 a B . ,
2. i) Avalnrodpe a, f této10 dote —— = + 1, 1odvvapa,

X' =1 x-1 x+1
1=(a+pB)x+(a—p), yokade X e R —{-113}.

H tehevtaia woyver yia kdbe X € R —{-1L1}, av xoi pévo av

a+p=0
h <:>Ot=lK(11ﬂ=—l.
a—-p=1 2 2
"Etot tehkd xovpe:
Il de 1 ldx_ljgdx
2

2 — 2
0 x+1

1 L .
o -1 2d 11 =E[ln|x—l|]§—5[ln|x+l|]g

[327]



TENIKEX AZKHZEIX " OMAAAX

=l£1nl—ln1j—l(ln§—lnlj
2 2 2 2

1
:l lnl—lnE :llnzzllnl
2\ 2 2) 2 3 23
2
—ll’ll_—h’l\/g
N .
i) Exovpe:
[y s R j_dx.
3 NHx fnux l-ocvv'x

. , T 1
®¢tovpe U = GuvX, omdte du = —nuxdx, U, = ooV — = 5 Kot U
Emopévag

O u

3 NUx 21l-u

3. Twu#-1,-2 avalnrodpe o, S € R tét0100¢, Dote:

1 :a+ﬁ

U+DHUu+2) u+l u+2

1, wodvvapa,
Il=aUu+2)+BUu+l), yio kdbe u£-1,-2

(a+pu+2a+p-1=0, yia kdbe U #—1,-2

H tehevtaia woyver yia kbe U € R —{-1,-2}, av kot péovo av
a+p=0 a=1
= .
200+ f =1 p=-1

J'(u-i-l)(u+2) Iu+1 J‘u+2

Enopévag

:1n|u+1|—1n|u+2|+c
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TENIKEX AZKHZEIX " OMAAAX

i) ®¢tovpie U =npX, ondte du = cuvxdx. Emopévog

j cLvx :I
(Mo +D(npr +2) (u+1)(u+2)
=Infu+1|-Infu+2|+c
:1n|nwc+l|—ln|nwc+2|+c

ii) @étovpe U = e*, ondte du = e*dx. 'Etot &yovpue

x

[ oo =]
(e" +1)(e* +2) - (u+l)(u+2)

=In|e* +l|—

e +2|+c

=1In(e" +1)—In(e” +2) +c.

4. 1)’Eyovpe:
[ I B 1t2v+l dt 1t2v+3 dt

2v+l

_J‘Owdt J‘Oltz”‘dt

1+7
202 ! 1
{2v+21):2v+2
i) 1, = = J.(t +1)
0]+¢ * +1)
—l[ln(terl)]1 —l(ln2—ln1)—lln2
2 ) 2
E&dAAov amod To epotnua i) govpe |, + 1 1 omoTE
pwTNU XH012_0+2 2’
1 11 1
ll=—I1l,=——=In2=—(1-1n2).
2 ' 2 2 2 )
Eniong etvon I, +1 12’ omoTE
I U P
4 4 2 2

5. @¢étovpe g(X) to 1° pélog kat A(X) to 2° péAog kat EYoupe:
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o &)= <], @~ uf iy

= [, S @)du+xf () =3/ (x) = [/ (w)dlu

Kot

o /'(x)= jo F()dt.

Ankadn woyvet 9'(X) = A'(X) Yo kdBe X € R. Emopévag, vrdpyet otabepd € tétota
wote g(X) = A(X) + ¢ 1), .oodvvoua,

X

[ F =y = | ( [ f(t)a’t)du te, yaxade xR
T x =0 éyovpe:
0 0 u
[ 0 -wydu = (jo f(t)dt)du+c<:> 0=04+cec=0
omoOTE EYOVE!

J; s edu= ([ sy

6. i) @ Houvvapmon g(u) =~u’ —1 éye1medio opiopod to chvoro
A = (o0, —1]U[1, +0).
Apa, o va opiletonn f wpéner ta dxpa 1, £ va ovijkovv 610 id10 didotnua
0V A. Apa nipénet ¢t € [1,+00), omdte 10 medio optopov g f givar to [1,+00).
I va opiletar, thpa, n F mpénel ta dkpa 1, X va aviikovv 6to dtdotnpa
[1,+00) mov eivon o medio opiopov g f. Apa mpémet X €[1,+0), omdte TO
nedio optopov g F eivat o [1,+00).

ii) @ Eyovpe
F'(x)=f(x)= Lx\/uz —1du

omoTE
F'"(x)= f'(x)=Vx" - 1.

Enedn F"(X) > 0 oto (1,+) xar F"(1) =0, F' elvar yvnoing avéovoa cto
[1,400), ombre:
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TENIKEX AZKHZEIX " OMAAAX

® 1 F givo kupth 670 [1,+00) Ko

o F'(X)>F'(l) =0 yur kdbe X € (1,+). Apa n F givar yvnoimg adéovca oto

[1,+0).

7. 1) F(x)+G(x) = [ € (covt+nunydi = e ~1,
Kot
F(x)-G(x)= J.(: e (ouvt —mu’t)dt

= Lx e'cuv2tdt = K (x).

Ouawcg, etvon
K (x) =[e'oov2r]; + [ "2emp2edr
=e'ouv2x —1+2emu2te]; - 4'[(: e'cuv2tdt
=e'ocuv2x—1+2e"Mu2x—4K (x)
omote
5K (x)=e"(ovv2x+2nu2x)—1.
Apa

K(x)=F(x)-G(x)= %(GUVZX +2nu2x) —é.

Me ntpdcbeom tov (1) kot (2) katd péAn TpokdmTet OtTu:

2F(x)= % (cuv2x +2nu2x)+e” —g

e’ et 6
F(x)=—(cuv2x+2nu2x)+ ———.
() =75 nu2x) T 10

Amd g (1) ko (3) éyovpe

e’ et 6
G(x)=e"—1-—(ovv2x+2nu2x) ——+—
(x) 10( nu2x) T

e’ e 4
=———(cuv2x+2nu2x)——
2 10" LT

ii) Enedn F'(¢) = e'cuv’t, éxovpe
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TENIKEX AZKHZEIX " OMAAAX

2n 2n 6 ei[ eﬂ 6
I =[F(X)]" = S (ovvdn + mudn) +S— -~ — < (covar + 2nu2rn) -+ —
[F()I; 10( nu4r) 510 10( nu2r) 5 70
e27[ e27[ eZn en
= + -~
10 2 10 2
3
==e"(e" -1).
5 ( )
Enedn G'(¢) = emu’t, éxovpe
2 2 T bl

J =[G = S~ - (cuvar + 2nudn) - S+ < (cuv2r + 2nu2
[G(x)]; 2 10(0 7T +2npdr) 2 10(6 7T +2nu2m)

2r Fid b3
_e e L e,
2 10 2 10 5

8. Ortetunpévec tov onpeimv A ko B eivan
ot pitec g ekiowong X +1 = 5, dnhadi ot
aplopoi X, = —2 kar X, = 2. Ot tetunpéveg
tov ko 4 givon ot pileg g e&icmong
X+ 1=a’+1, 5nhady ot apidpoi X, =—a
KOLX, = 0.

To egufadov E tov yopiov Q mov
nepicheietan oo v evbeio y = 5 ko
YPOPIKN TAPAGTOOT TG Y = X’ + 1 eivon:

3 2
E=["(5-x -l :[—x—+4x}
) 3 5

:_—8+8—§+8=£.
3 3 3

To epPaddv & Tov ywpiov Tov mepkAeieTol omd TV gvdeio y = o + 1 kon
YPOPIKN TAPAGTOCT TG Y = X’ + 1 eivon:

SZJ._aa(az +1—x2_1)dx:f;(a2_xz)dx:az(a_i_a)_{%}

3 3
VNN (AN R DR Y N )
3 3 3 3
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TENIKEX AZKHZEIX " OMAAAX

E 4, 32
E=—

To Q yopiletar amd vy = o + 1o€ 500 1oepPodikd yopic, av Kot povo av

a :—-l<:>4a3:16<:>a:%/2.
2 3 3 2
9. H)Av0<Ai<I1,101¢

_ 1] o
E(A)_L?dx_Lx dx
il
-1, A
Av 1> 1, tote

AvAi>1,16te

1
11 1o x! 1
E(A)ZL?G{XZLX 2dx=|:—:|
E(/"L)—J%de—rxzdx—[_—l}l
152 1 x |,
i) Av0<A<1,10te

EQy=tel j2laa2)
2 A
Av A> 1, tote:

E(/"t):l<:>1—l:l<:>l:2
2 A2

limE(A) = lim (l—lj = lim (1—1) = +0 Kol
20 20"\ A 2—0" A

lim E(A) = lim [1—1] =1.
A—>+o0 A

A—>+0

iii) 'Exovpe:

10. 1) Ioybder f(x) —g(x) >0, ya kabe X € [a, B], omdte Eyovpe Sradoykd
B
[ (@) -g)de=0
B B
j f(x)dx—j g(x)dx =0

[" reodr> [ g
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ii) T kB X €[a, B] woyderm < f(X) < M, ondte Exovpe Sradoykd:
_[ﬁ mdx < Iﬁf(x)dx < Ipde
B
m(p-a)< [, f(x)dv< M (f-a)
iii) Etvou:

<0

, XGLVX — X —&Qx
f(x) = ; nex _ 2(P
X X

ouvix

XZ
a@ov X — gpX < 0 Kot >0y Xe(O,Ej.
CLVX 2

Enmopévogn f givan yynoimg pbivovoa oto [0,%).

a) Mo Xe[%,%} lGXUSlg<X<§ onomf( j>f(x)>f( ) apov

n f eivar yvnoiog pbivovoa.
"Etot,

N wodbvapa, — < —.
X 27 X T

B) Zopeova pe o epdtnua i) Oo 1oyveL
j 3\/_d <j T“”Carx<j = dx
6

3\/_n7r"-nuxdx<37r7t
2 \3 6) % «x T\3 6

6

gzn_zf f kX
T

\/—sj”n”xdxs

4

o«\a

iv) Etvan
f'(x)= 2xe ™ < 0, ywa x € (0,+0)

enedn N f sivar ko suveyng oto [0,+0), n f Ba eivar yvnoing edivovoa
010 [0,+00).
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TENIKEX AZKHZEIX " OMAAAX

’ r ) . ’ 2 ,
o) Ao v avicdta e > 1+ x, av Bécovpe 6oV X T0 — X°, TPOKVITEL

e’ 21-x. (1
E&dAov, emedn 1 f elvan yynoing eBivovsa oto [0,+0), yo X €[0,1]
B woydet

)< FO) e <1 Q)

Amd (1) ko (2) TpoxvmTet 6T

1-x* <e™ <1,y X €[0,1].

B) Amd TV TELgLTAiN OVICOTNTO TPOKVTTEL
1 2 1 e 1
_[O(l—x )dxsjoe dxsjoldx

%S Ile’xzdxﬁl.
3~ Jo
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BdaoeiTou v. 3966/2011 Ta d10aKTIKA BIBAia TOU AnuoTIKoU,
Tou lNupvaaoiou, Tou Aukeiou, Twv EMA.A. kai Twv EMA.Z.
TuttovovTal a1to 10 ITYE - AIOPANTOZ kai diavéuovTal
dwpedv oTta Anuooia xoAeio. Ta BIAia ptropei va
diaTiBevTal Tpog TTwANGN, 6tav @Epouv oTn OeCId KATW
ywvia Tou eumTpooBo@uAlou Evdeitn «AIATIOETAI ME
TIMH NMQAHZHX». K&B¢e avritutto 1Tou d1aTiBeTan Tpog
TTWANGCN Kal OV QPEPEI TNV TTAPATTAVW £VOEIEn Bewpeital
KAEWITUTTO Kal O TTapaBdTtng SIWKETAI CUPGWVA HE TIG
dlatageig Tou dpbpou 7 TOU vopou 1129 Tng 15/21
MapTiou 1946 (PEK 1946, 108, A").

ArmrayopeueTal n avamapaywyr) OmmoIoUSHTTOTE TUNUATOS
autoU Tou PIBAiou, Tou kKaAdmTeETal ammd  OIKQIWUATA
(copyright), n n xpHon Tou g€ OTTOIAdNTTOTE HOPPN, XWPIS
N ypamry dbéeia tou Ymoupyeiou [aideiag Kai
Opnokeuudtwy / ITYE - AIOPANTOZ.
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